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3.2 Homogenńı fce . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
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3.9 Systémy LDR 1. řádu s konst. koef. . . . . . . . . . . . . . . . . . 17

4 TEF 19
4.1 Variace . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
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4.6 Pozorovatelné . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4.7 intergrály pohybu . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.8 STR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

5 TSFA 22
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5.6 Statistické soubory . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1 Úvod

1.1 L egendrova duálńı transformace

Věta 1 Necht’ f je konvexńı/konkávńı (f ′′ 6= 0), f = f(xi, ti)

yi =
∂f

∂xi
(1)

g(yi, ti) = f(xi, ti)−
∑
j

xjyj (2)

potom:

xi = − ∂g
∂yi

(3)

1.2 funkce vnitřku skalárńıho součinu

(−→a · −→x )
−→
b = (

−→
b ⊗−→a )−→x (4)

2



1.3 sin a cos
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2 MAA4

2.1 Kvadriky

Kvadratická funkce:

Definice 1
F (−→x ) = −→x TA−→x − 2

−→
b T−→x + c

Kvadrika:

Definice 2
Q = {−→x ∈ Rn|f(−→x ) = 0}

1.
det(A− λI) = 0→ σ(A)→ −→x 1; ...;−→x n

vlastńı vektory

2.
A−→s =

−→
b

- s je střed

• Kanonický soubor souřadnic je ((

−→x 1

||x1||
; ...;

−→x n
||xn||

);−→s )

•
f0 = c−

−→
b T−→s

•

f1(−→y ) =

n∑
i=0

λiy
2
i + f0

•
n∑
i=1

((
|λi|
αi

)2
)

=

{
1; f0 6= 0
0; f0 = 0

(5)

3.
A−→s =

−→
b

- nemá řešeńı pro s

•

X
−→
k =

−→
b →

−→
b ker =

∑
ki
−→x0;
−→
b Im =

∑
ki
−→x∆ → A−→s =

−→
b Im∧(2b−bIm)T s = c

- s vrchol

•
−→y n+1 =

−→
b ker
||bker||

•
f1(−→y ) =

∑
λiy

2
i − 2||bker||−−→yn+1
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2.2 Implicitńı (inverzńı) fce extrémy

Definice 3
Φ : Rm+r → Rm

m jsou nezávislé; r jsou závislé

1.

h

(
∂Φ

∂x(r)

)
= m

2.
∂Φ

∂x(m)
= 0

x(r)(x(m))

odsud:

ϕ′ =
∂x(r)

∂x(m)
= 0

−→x (m)

jsou stacionárńı body

3.
ϕ′′(x(m))

PD nebo ND
→

ostré lokálńı min. nebo max.

2.3 Vázané extrémy

Definice 4
f : Rn → R

a varieta
M = {x ∈ Rn | Φ(x) = 0} ⊂ Domf

1.

Λ(−→x ) = f(x)−
m∑
j=1

λjΦj(x)

2. vyřešit systém:

•
Λ′(x0) = (gradΛ)(x0) = 0
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•
Φ(x0) = 0

3.
TM (x0) = ker(Φ′(x0))

4.
Λ′′(x0) |TM (x0)

(vlastě se obaĺı matice vektory patř́ıćı do ker) PD nebo ND

→

ostré lokálńı min. nebo max. vzhledem k M

2.4 Transformace souřadnic

zobrazeńı
Rn ↔ Rn

regulárńı:

1. otevřené

2. invezńı (lokálně) ← regulárńı

3. hladké (dle záměn diff. výraz̊u) i inverzńı

diferenciálńı výrazy z derivováńı základńı rovnosti! (vztah obsahj́ıćı všechny
závislé proměnné (y,u) nebo (z,w)

1. polárńı
x = ρ cosϕ
y = ρ sinϕ
ρ ∈ R+

ϕ ∈ (−π;π)(
x
y

)
∈ R2 \ Pπ

|J | = ρ

Pπ =
{(x

0

)
| x ∈ (−∞; 0)

}
2. válcová
x = ρ cosϕ
y = ρ sinϕ
z = ζxy
z

 ∈ (R2 \ Pπ)× R
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ρ ∈ R+

ϕ ∈ (−π;π)
ζ ∈ R
|J | = ρ

3. sférické
x = ρ cosϕ sinϑ
y = ρ sinϕ sinϑ
z = ρ cosϑxy
z

 ∈ (R2 \ Pπ)× R

ρ ∈ R+

ϕ ∈ (−π;π)
ϑ ∈ (0, π)
|J | = ρ2sinϑ

4. sférická v Rn
x1 = ρ sinϑ1

x2 = ρ cosϑ1 sinϑ2

...
xn = ρ cosϑ1... cosϑn−2 sinϕ
xn = ρ cosϑ1... cosϑn−2 cosϕ
ρ ∈ R+

ϑi ∈ (0, π)
ϕ ∈ (−π;π)

|J | = ρn−1
∏n−2
i=1 sinϑi

2.5 integrály

1. Substituce

ϕ : H → Rn :

∫
ϕ(H)

=

∫
H

f(ϕ(t))|Jϕ(t)|dt (6)

2. Fubini

∫
M

f =

∫
M1

∫
Mx

f(x, y)dy

 dx =

∫
M2

∫
My

f(x, y)dx

 dy (7)

3. poč́ıtáńı Riemanova integrálu
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4. Eulerovy integrály, fce Γ a B

Γ(p) =

+∞∫
0

tp−1e−tdt; p > 0 (8)

B(p, q) =

1∫
0

tp−1(1− t)q−1dt, p, q > 0 (9)

B(p, q) = B(q, p) = Γ(p)Γ(q)
Γ(p+q)

B(p, 1− p) = π
sin pπ ; p ∈ (0, 1)

Γ(p+ 1) = pΓ(p)
Γ(p)Γ(p+ 1

2 ) = π
22p−1 Γ(2p)

Γ(n+ 1) = n!;n ∈ N
Γ( 1

2 ) =
√
π

π
2∫

0

sinn t cosm tdt =
1

2
B

(
n+ 1

2
,
m+ 1

2

)
(10)

Koule v Rn:

Vn(B(
−→
0 , R)) =

π
n
2

Γ
(
n
2 + 1

)Rn (11)

2.6 Parametrické integrály

Pokud existuje pro každé alfa integrabilńı majoranta:

∂

∂α

∫
f(x, α)dx =

∫
∂f(x, α)

∂α
dx (12)

2.7 Křivkový integrál 1. druhu

L - křivka

Definice 5
f : Rn → R∫

L

fdl =

t2∫
t1

f(t)‖ϕ̇(t)‖2dt (13)

kde je parametrizace:

Definice 6
ϕ : 〈t1; t2〉 → L
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2.8 Křivkový integrál 2. druhu

Definice 7
F : Rn → Rn∫

L

−→
F ·
−→
dl =

t2∫
t1

−→
F (t) ·

−−→
ϕ̇(t)dt (14)

kde je parametrizace:

Definice 8
ϕ : 〈t1; t2〉 → L

2.9 Plošný integrál 1. druhu

Definice 9
f : Rn → R∫

S

fdS =

u2∫
u1

v2∫
v1

f(u, v)‖ϕ(u, v)

∂u
× ϕ(u, v)

∂v
‖2dudv (15)

kde je parametrizace:

Definice 10
ϕ : 〈u1;u2〉 × 〈v1; v2〉 → S

2.10 Plošný integrál 2. druhu

Definice 11

−→
dS =

dydzdxdz
dxdy

 (16)

F : Rn → R∫
S

FdS =

u2∫
u1

v2∫
v1

F (u, v)

(
ϕ(u, v)

∂u
× ϕ(u, v)

∂v

)
dudv (17)

kde je parametrizace:

Definice 12
ϕ : 〈u1;u2〉 × 〈v1; v2〉 → S

Věta 2 Greenova:
ϕ = ∂V

!orientace ∫
ϕ

Fxdx+ Fydy =

∫
V

(
∂Fy
∂x
− ∂Fx

∂y

)
(18)
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Věta 3 Gaussova: ∫
∂D

ω =

∫
D◦

dω (19)

2.11 Komplexńı analýza

Věta 4 Cauchy, Riemann podmı́nka:
f je diferencovatelná v z0

⇔
−→
f : R2 → R2diferencovatelne ∧ ∂Re(f)

∂x
=
∂Im(f)

∂y
;
∂Im(f)

∂x
= −∂Re(f)

∂y
(20)

ea+bi = ea(cosb+ isinb) (21)∫
ϕ

fdz =

b∫
a

f(ϕ(t))ϕ′(t)dt (22)

Lauerantovy řady:
∞∑
n=0

zn =
1

1− z
(23)

parciálńı zlomky

Věta 5 poznámka:

1. f je v z0 holomorfńı ⇒ f= Taylor

f(z) =

∞∑
n=0

f (n)(z0)

n!
(z − z0) (24)

2. f má v z0 singularitu:

f(z) =

∞∑
−∞

indϑz0

2πi

∮
ϑ

f(ξ)

(ξ − z0)n+1
dξ(z − z0)n (25)

∀y ∈ {z | r < |z − z0| < R}

Věta 6 reziduová:
f holomorfńı na M\{z1, ..., zm}, ϕ uzavřená, jednoduchá, + orientovaná, z1, ..., zm ∈
intϕ, [ϕ] ⊂M ⇒ ∫

ϕ

f(z)dz = 2πi

m∑
k=1

Rezf(zk) (26)

zk póly l-tého řádu

Rezf(zk) =
1

(l − 1)!
lim
z→z0

dl−1

dzl−1

(
(z − z0)lf(z)

)
(27)
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Integrál přes R

1. vypoč́ıtat singularity (póly) s jejich řády

2. Vypoč́ıtat Rez pól̊u s Im > 0

3.
∞∫
−∞

f(t)dt = 2πi

n∑
j=1

Rezf(aj) (28)

4. naj́ıt mocninu α > 1
lim
z→∞

zαf(z) = 0 (29)
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3 DIFR

3.1 Separace

1.
P (x) +Q(y)y′ = 0

2. ∫
P (X)dX +

∫
Q(Y )dY = konst.

3.
Φ(x, y) = p(x) + q(y)− c

-je implicitńı fce

4. pokud existuje a lze
y = y(x)

x = x(y)

řešeńı
y = c

5. diskuze
Dom(y)

v závislosti na c

3.2 Homogenńı fce

Definice 13
P (x, y) +Q(x, y)y′ = 0

tak, že
P,Q(tx, ty) = tαP,Q(x, y)

1.
y = xu

, kde
u = u(x)

y′ = u+ xu′

2. převést na separovatelnou a separovat

12



3.3 Kvazihomogenńı fce

Definice 14
y′ = f(x, y)

tak, že
f(tαx, tβy) = tβ−αf(x, y)

1.
y = xku(x)

y′ = kxk−1u+ xku′

→ F (x, u, u′) = 0

2. všechny exponenty x = a hledám řešeńı k (existuje?)

3. dosad́ım za k, vykrát́ım xk, separuji

3.4 DR tvaru y′ = f
(
ax+by+c
αx+βy+γ

)
r̊uzné př́ıpady:

1.

b 6= 0 ∧ β 6= 0 ∧ det
(
a b
α β

)
= 0

•
z = ax+ by

z′ = a+ by′

•
1

b
z′ − a = f

(
z + c
β
b z + γ

)
separovatelná

2.

b 6= 0 ∧ β 6= 0 ∧ det
(
a b
α β

)
6= 0

• (
a b
α β

)(
x0

y0

)
=

(
c
γ

)
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•
x = ξ − x0

y = η − y0

y′ = η′ =
dη

dξ

Definice 15

p, q ∈ C(I) : y′ + p(x)y = q(x) s pravou stranou y′ + p(x)y = 0bez pravé strany

1. Řešeńı na 2 kroky

y = C(x) exp

(
−
∫
p(x)dx

)
(30)

y(x) = C0e
−

∫
p(x)dx + e−

∫
p(x)dx

∫
q(x)e

∫
p(x)dxdx (31)

2. integračńı faktor
e
∫
p(x)dx

(
ye

∫
p(x)dx

)′
= q(x)e

∫
p(x)dx

3.5 Bernoulliho DR

Definice 16
y′ + p(x)y = q(x)yα;α 6= 0, 1; p, q ∈ C(I)

1.
/ · (1− α)y−α

2.
z = y1−α

z′ = (1− α)y−αy′
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3.6 Riccatiho DR

Definice 17 RDR:
y′ = a0 + a1y + a2y

2

1. Kánonický tvar:
y′ = a0 ± y2

2. Necht’ v řeš́ı RDR:

z′ = (a1 + 2a2v)z = −a2

y = v(x) +
1

z(x)

řeš́ı RDR

3.

u = exp

(∫
a2ydx

)
;u′′ −

(
a1 +

a′2
a2

)
+ a0a2u = 0⇔ y = − u′

ua2

řeš́ı RDR

4. Speciálńı Riccatiho rce

y′ = bxω − ay2 (32)

k = − ω

2ω + 4
∈ Z (33)

k je kladné
k je sudé:

t =

∫
dz

b
(ω+1)k

− a
(ω+1)k

z2
+ C (34)

k je liché:

t =

∫
dz

a
(ω+1)k

− b
(ω+1)k

z2
+ C (35)

x0 = t
xn+1 = xω+3

n

y0 = z
yn+1 = 1

x2
n(yn− 1

axn
)

→ y(x) = yk(xk)
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k je záporné
k je sudé:

t =

∫
dz

b
(ω+3)k

− a
(ω+3)k

z2
+ C (36)

k je liché:

t =

∫
dz

a
(ω+3)k

− b
(ω+3)k

z2
+ C (37)

x0 = t

xn+1 = x
1

ω+3
n

y0 = z
yn+1 = 1

ynx2
n

+ 1
axn

→ y(x) = yk = y(xk)

3.7 implicitńı DR

x = f(y′)⇒
{
x = f(t)

y =
∫
tḟ(t)dt = tf(t)−

∫
f(t)dt

(38)

y = g(y′)⇒
{
y = g(t)
x =

∫
1
t ġ(t)dt

(39)

Clairoutova DR

Definice 18
y = xy′ + g(y′)

y = Cx+ g(C) (40)

a
x = −ġ(t)

y = −tġ(t) + g(t)
(41)

3.8 Lineárńı DR n-tého řádu

Definice 19 LDR:
pk; q ∈ C ((a, b))

Ly = y(n) +

n−1∑
k=0

pky
(k) = q (42)

3.8.1 s konstatńımi koeficienty

Definice 20 LDR n-tého řádu s konstantńımi koef. a 0 PS

n∑
k=0

aky
(k) = 0 (43)
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,kde an 6= 0
charakteristický polynom:

l(λ) =

n∑
k=0

akλ
k (44)

Fundamentálńı systém (FS):

(yij)
n
i=1

m
j=1; yij(x) = xj−1eλi ;λ ∈ R;m = νa(λ) (45)

λk,l ∈ C; λ̄k = λl
yk(x) = eλkx+e−λkx

2

yl(x) = eλkx−e−λkx
2i

(46)

Ω0 = span(FS)

Definice 21 wronckián:

(Wy1,...,yn)ij = y
(i−1)
j (47)

Cramerovo pravidlo na:

W
−→
C ′ = q−→en;Ci =

∫
C ′idx+Di (48)

řešeńı:
y(x) =

∑
Dkyk +

∑
Ckyk (49)

Speciálńı tvar LS:

Ly = eβy(P1(x) cos γx+ P2(x) sin γx) (50)

β + γi je k-násobným kořenem Řešeńı tvaru:

yp = xkeβy (Q1(x) cos γx+Q2(x) sin γx) ; deg(Q1, Q2) ≤ max(deg(P1); deg(P2))
(51)

3.9 Systémy LDR 1. řádu s konst. koef.

Definice 22
−→y ′ = A−→y +

−→
b

1. řeš́ıme vlastńı č́ısla A, tj. |A− λI| = 0

2. ∀i vlastńı vektory −→y i,j(λi); j ∈ ν̂g(λi)
pokud jich neńı dost(νg(λi) < νa(λi)):
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3. voĺıme:

−→y i =



νa(λi)∑
k=0

a1kx
k

νa(λi)∑
k=0

a2kx
k

.

.

.
νa(λi)∑
k=0

ankx
k


dosad́ıme a dopoč́ıtáme soustavu (n+ k)× (n+ k)

4. v př́ıpadě komplexńıch λi a λ̄i+1 voĺıme:

zi = Re(yi); zi+1 = Im(yi) (52)

5. Metoda neurčitých koeficient̊u (Variace kontstant) - při jednoduchých
násobnostech lambd:

(Wy1,...,yn).j = −→y j (53)

Cramerovo pravidlo na:

W
−→
C ′ =

−→
b ;Ci =

∫
C ′idx+Di (54)
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4 TEF

4.1 Variace

ϕ : 〈x1, x2〉 → R ∧ ϕ ∈ C(1)(〈x1, x2〉) je prostor křivek (55)

I(ϕ) =

x2∫
x1

F (x, ϕ(x), ϕ′(x))dx je fuknkcionál (56)

(56) je extrmálńı⇔ ∂F

∂y
− d

dx

(
∂F

∂y′

)
= 0 (57)

4.2 Hamiltoniáni

1. Lagrangián:

L = T − U =
1

2
(ẋ2 + ẏ2 + ż2)− U(x, y, z, t) (58)

2. obecná hybnost:

pj =
∂L

∂q̇j
(−→q ,−→̇q, t)→ p−1

j = q̇j = f(−→q ,−→̇q , t) (59)

3. obecná energie

E =
∂L

∂q̇j
q̇j − L (60)

4. Hamiltonián

H = E(−→q , f(−→q ,−→p , t), t) = pj q̇j(
−→q ,−→p , t)− L(−→q ,

−→
f (−→q ,−→p , t), t) (61)

5. pohybové rce:

q̇j =
∂H

∂pj
= {qj , H} (62)

ṗj = −∂H
∂qj

= {pj , H} (63)

4.3 Poissonovy závorky

Definice 23

F (−→q ;−→p , t) je integrál pohybu ⇔ F = konst∀R trajektoríı⇔ dF

dt
= 0 = {F,H}+∂F

∂t

Poissonova závorka

Definice 24

{F,G} =

s∑
k=1

∂F

∂qk

∂G

∂pk
− ∂F

∂pk

∂G

∂qk
(64)
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vlastnosti: {G,F} = −{F,G}
{cF1 + F2, G} = c{F1, G}+ {F2, G}
{{F1 + F2}, G}+ {{F2, G}, F1}+ {{G,F1}, F2} = 0
{F1 · F2, G} = F1 · {F2, G}+ F2 · {F1, G}
∂
∂t{F,G} = {∂F∂t , G}+ {F, ∂G∂t }
{qi, qj} = 0
{pi, pj} = 0
{qi, pj} = δij
F1 a F2 jsou IP ⇒ {F1, F2}je IP

4.4 Kánonické transformace

vytvořuj́ıćı fce F1 a F2∀φ kánonické:

Ik[φ(D)] = Ik[D] (65)

Liouvilleova forma objemu:

V (D) =

∫
D

s∧
i

qi

s∧
i

pi (66)

V (D) = V (φ(D)) (67)

Theorém Noetherové:
∂F

∂t
= 0

a
∂H

∂t
= 0

, pak F je IP
⇔ {F,H} = 0 (68)

4.5 Hamilton-Jacobiho rovnice

S : Rs+1 → R;S(−→q , t) =?

H

(
−→q , ∂S

∂−→q
, t

)
+
∂S

∂t
= 0 (69)

4.6 Pozorovatelné

Každá pozorovatlná systému generuje 1-parametrickou množinu kánonických
transformaćı fázového prostoru.

G : Γ→ R; dG =
∂G

∂qi
dqi +

∂G

∂pi
dpi;XG =

∂G

∂pi

∂

∂qi
− ∂G

∂qi

∂

∂pi
= {G, } (70)

tedy:

ω : dpi ↔
∂

∂qi
; dqi ↔ −

∂

∂pi
(71)
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transformace:
Qi = qi(0) + ε ∂G∂pi
Pi = pi(0)− ε ∂G∂qi

(72)

nebo soustava:
∂qi
∂ε = ∂G

∂pi
∂pi
∂ε = − ∂G

∂qi

(73)

4.7 intergrály pohybu

∀Fi = 0, kde Fi je IP generuje obecnou varietu ve fázovém prostoru, H generuje
Energetickou nadplochu
∀ trajektorie ∈

⋂
variet

(∇Fi)i jsou LN

Definice 25 soustava (H, s), s = dimΓ je integrabilńı⇔ ∃ s nezávislých globálńıch
integrál̊u pohybu Pj:
P1 = H

1.
{Pj , H} = 0;∀j ∈ ŝ (74)

2.
{Pj , Pk} = 0;∀j, k ∈ ŝ (75)

3. (∇F1;∇F2, ...;∇Fs) je LN na Γ

Věta 7 Liouviellova: Pohybové rovnice integrabilńı soustavy jsou řešitelné kva-
draturami.

4.8 STR

Definice 26 Lorenzova speciálńı transformace (boost):

x′ = (x− vt)γ
t′ = (t− v

c2x)γ
y′ = y
z′ = z

β = v
c

γ = 1√
1− v2

c2

(76)

L =


γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1

 (77)

E = γm0c
2 (78)

E2

c2
+ p2 = m2

0c
2 (79)

Hamilton̊uv princip pole
Lagrangeovy rce
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5 TSFA

5.1 Pravděpodobnost...

množina možných výsledk̊u náhodného pokusu

Ω = {ωi | i ∈ I}

, I je indexová množina a ωi jsou elementárńı jevy
pravděpodobnopstńı rozděleńı jev̊u

P : P(Ω)→ R⇔

1.
P (A) ≥ 0

2.
P (Ω) = 1

3.
(∀{Bi | i ∈ I})(∀i 6= j)(Bi ∩Bj = ∅)⇒ (P (

⋃
i

Bi) =
∑
i

P (Bi))

náhodná veličina X tak, že
X : Ω→ R

hustota pravděpodobnosti w(X);

∀A ⊂ R;Pr(X ∈ A) = P (X−1(A))

a

w(X) =

∫
A

w(x)dx

nezávislé
x1 ∧ x2 ⇔ w(x1;x2) = w1(x1) · w2(x2)

středńı hodnota:

〈x〉 =

∫
R

x · w(x)dx

středńı kvadratická odchylka:

(∆X) =
√
〈(X − 〈X〉)2)〉 =

√
〈x2〉 − 〈x〉2

relativńı středmı́ kvadratická odchylka:

δX =
∆X

〈x〉
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kovariance
X1 ∧X2

:
(∆X1∆X2) = 〈X1X2〉 − 〈X1〉 〈X1〉

5.2 Typy rozděleńı

1. Binomické

pn =

(
N
n

)
pn(1− p)N−n

〈x〉 = Np

(∆X) =
√
Np(1− p)

2. Poissonovo

pn =
λn

n!
e−λ

〈n〉 = λ

(∆X) =
√
λ

3. Gaussovo

w(x) =
1√

2πσ2
e−

(x−µ)2

2σ2

〈w〉 = µ

(∆X) =
√
σ

∫
R

xne−ax
2

dx =

{
0; n liché

1

a
n+1
2

Γ(n+1
2 );n sudé (80)

∫
R

e−ax
2

dx =

√
π

a
(81)
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∫
R

e−ax
2+bxdx =

√
π

a
e
b2

4a (82)

4. Maxwell-Boltzmanovo rozděleńı

w(−→v ) =
( m

2πkT

) 3
2

e−
mv2

2kT

5. Nejpravděpodobněǰśı rozděleńı
informačńı obsah: I(A)=I(pA)

•
I(p) ≥ 0

•
I(1) = 0

•
I ′ < 0

• nezávislá

A ∧B : p(A ∩B) = pA · pB ⇒ I(A,B) = I(A) + I(B)

I = −k ln p

mikrostavy a makrostavy:

S = 〈I〉 = −k
∫
Ω

w(ω) lnw(ω)dω

min. S s danými podm.

⇔ pγ =
1

Z
exp

− n∑
j=1

λjA
γ
j

;Z =
∑
γ∈Ω

exp

− n∑
j=1

λjA
γ
j

 (83)

⇔ w(x) =
1

Z
exp

− n∑
j=1

λjAj(x)

;Z =

∫
Ω

exp

− n∑
j=1

λjAj(x)

dx
(84)
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5.3 Termodynamické potenciály

1. vnitřńı energie U

dU = TdS − PdV + µdN

2. volná (Hlemholtzova) energie F

F = U − TS

dF = −SdT − PdV + µdN

3. enthalpie H

H = U + PV

dH = TdS + V dP + µdN

4. Gibbs̊uv potenciál G

G = U − TS + PV

dG = −SdT + V dP + µdN

5. grandkanonický potenciál
Ω

Ω = U − TS − µN

dΩ = −SdT − pdV − ndµ
∂(P, V )

∂(T, S)
= 1 (85)

Gibbs - Duhemův vztah

SdT + ndµ− V dP = 0 (86)
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5.4 Ideálńı a neideáalńı plyny

pV
IP
= nRT = NkT (87)

Cv =
1

T

(
∂S

∂T

)
V

(88)

dU
IP
= CvdT (89)

Mayer̊uv vztah:

Cp − CV = T

(
∂P

∂T

)
V

(
∂V

∂T

)
P

IP
= R (90)

S(T, V, n)
IP
= nCv lnT + nR lnV − nR lnn+Kn+ konst. (91)

****: (
∂U

∂V

)
T

= T

(
∂P

∂T

)
V

− P (92)

Cp
CV

= κ
IP
= =

R

CV
+ 1 (93)

Clausiova-Clapeyronova rce:
dP

dT
=

l

T∆v
(94)

l - molárńı skupenské Q; ∆v - rozd́ıl molárńıch objemů

= vp(1−
vkap.
vp

) ≈ vp
IP
=
RT

P

Gulberg-Waageho zákon:

n1A↔ n2B + n3C

cn2

B c
n3

C

cn1

A

= K(T ) (95)

Le Chatelier̊uv princip:

n ∼ 1

P
(96)

5.5 Entropie

S = 〈I〉 = −kB
∑
γ

wγ ln(wγ) (97)

Vázané maximum S za podm.: ∑
γ

wγ = 1 (98)
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∑
γ

wγAlγ = 〈Al〉 ;∀l ∈ k̂ (99)

plat́ı:

Z =
∑
γ

exp

(
−

k∑
l=1

λlAlγ

)
=

∫
Ω/χ

exp

(
−

k∑
l=1

λlAl(x)

)
dx (100)

wγ =
1

Z
exp

(
−

k∑
l=1

λlAlγ

)
(101)

S = kB

(
lnZ +

k∑
l=1

λl 〈Al〉

)
(102)

dS = kB

k∑
l=1

λld 〈Al〉 (103)

〈Al〉 = − ∂

∂λl
(lnZ) (104)

(∆Ai∆Aj) = 〈AiAj〉 − 〈Al〉 =
∂2

∂λi∂λj
(lnZ) (105)

(∆Al)
2 =

〈
A2
l

〉
− 〈AiAj〉2 =

∂2

∂λ2
l

(lnZ) (106)

Nejpravděpodobněǰśı rozděleńı:

S(ρ) = −k
∫
ρ(x) ln ρ(x)dx (107)

ρ(x) =
1√

2πσ2
exp

(
− (x− µ)2

2σ2

)
(108)

〈x〉 = µ〈
(x− µ)2

〉
= σ2

5.6 Statistické soubory

plyn:

χ =
N×Γ = ΓN =

ΓN

N !

1. Kánonický soubor (F)
A = H(p, q)

〈A〉 = 〈HN 〉 = U

x = (p, q)
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λ = β =
1

kT

Zk =
zN

N !

z ==
1

h3

∫
Γ

exp (−βH)dqdp

dN = dV = 0

P =

(
−∂U
∂T

)
V,N

2. Grandkánonický soubor (Ω)

〈A〉 = 〈N〉

λ = α = −βc =
c

kT

ZG = exp zeα

dV = 0

Ω = −PV = −kt lnZG

3. Izotermicko-izobarický systém (G)

〈A〉 = 〈V 〉

λ = γ =
P

kT

Z =

∞∫
0

Zke
−γV dV

dN = dP = 0

4. IP v rotuj́ıćı nádobě

〈A〉 =
〈−→
L
〉

λ =
−→
λ = −β−→ω

ZG =
1

N !h3N

∫
ΓN

exp [−βHN ] exp [−
−→
λ
−→
LN ]dqdp

dN = 0

dW = −→ω
−→
dL
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1 částice IP p2

2m

ultrarelativistický IP H = pc

LHO p2

2m + 1
2kx

2

Homogenńı pole p2

2m +mgz

Tabulka 1: Hamiltoniáni
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