
Řešené přı́klady z kvantové mechaniky
Řešenı́ jednotlivých přı́kladů budou v tomto dokumentu průběžně doplňovány - podle
toho, jak je budeme počı́tat na cvičenı́ch a podle volného času :o).
Postupy řešenı́ nejsou kontrolovány žádným pedagogem, proto mi prosı́m napište,
pokud zde naleznete nějakou tu chybičku. Pomůžete tak nejen sobě, ale i ostatnı́m :o).
Děkuji.

c©Veronika Pickova
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Přı́klad 1 Napište rozdělovacı́ funkci Gaussova pravděpodobnostnı́ho rozdělenı́ (A). Inter-
pretujte význam jejı́ch parametrů (B). Vypočı́tejte jeho momenty (C).

Řešenı́ :

A) Gaussova rozdělovacı́ fce :

ρ(x) = Ae−
(x−α)2

2σ2 .

Výpočet konstanty A (z normalizace) :

∞∫
−∞

ρ(x)dx = 1,

∞∫
−∞

Ae−
(x−α)2

2σ2 dx = 1,

substituce : y = x−α√
2σ
⇒ dx =

√
2σdy

√
2σA

∞∫
−∞

e−y
2
dy = 1,

√
2σA

√
π = 1⇒ A = 1√

2πσ
.

B) Hledáme parametry - dvakrát zderivujeme ρ(x) :

dρ(x)
dx

= Ae−
(x−α)2

2σ2 .(−x−α
σ2

) = 0,

d2ρ(x)
dx2

= A[e−
(x−α)2

2σ2 .(−x−α
σ2

)2 + e−
(x−α)2

2σ2 .(− 1
σ2
)] = 0.

Inflexnı́ body x1, x2 zı́skáme řešenı́m rovnice : d
2ρ(x)
dx2

= 0

A[e−
(x−α)2

2σ2 .(−x−α
σ2

)2 + e−
(x−α)2

2σ2 .(− 1
σ2
)] = 0,

e−
(x−α)2

2σ2 .[(−x−α
σ2

)2 + (− 1
σ2
)] = 0,

(x−α)2
σ4

− 1
σ2

= 0,

(x− α)2 = σ2,

x1,2 = α± σ.

|x| = |x1 − x2| = 2σ ... rozptyl
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C) Momenty : I(n, a, b) =
∞∫
−∞

xnρ(x)dx

I(n, a, b) =< (x− α)n >ρ=
∞∫
−∞

(x− α)ne−
(x−α)2

2σ2 dx.

Počı́táme zvlášt’pro n sudé a n liché
n = 2k - 1 :

∞∫
−∞

(x− α)2k−1e−
(x−α)2

2σ2 dx,

substituce : y = x− α⇒ dx = dy

∞∫
−∞

(y)2k−1︸ ︷︷ ︸
lich.fce

e−
(y)2

2σ2︸ ︷︷ ︸
sud.fce

dy,

∞∫
−∞

lich.fce = 0.

n = 2k :

∞∫
−∞

(x− α)2ke−
(x−α)2

2σ2 dx,

substituce : y = x− α⇒ dx = dy

∞∫
−∞

(y)2ke−
(y)2

2σ2 dy,

substituce : a = 1
2σ2

∞∫
−∞

(y)2ke−ay
2
dy,

∞∫
−∞

(−1)k ∂k

∂ak (e
−ay2)dy,

zaměnı́me integrál a derivaci :

(−1)k ∂k

∂ak

∞∫
−∞

(e−ay
2
)dy = (−1)k ∂k

∂ak

√
π
a
=
√
π (2k−1)!!

2k a(−k−
1
2 ) =

=< (x− α)n >.

I(n, a, b) =
∞∫
−∞

xne−αx
2+bxdx =

∞∫
−∞

xne−α(x−
b
2α

)2+ b2
4αdx,
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substituce : c = e
b2
4α

I(n, a, b) = c
∞∫
−∞

xne−α(x−
b
2α

)2dx,

substituce : t = x− b
2α
⇒ x = t+ b

2α
⇒ dx = dt

I(n, a, b) = c
∞∫
−∞

(t+ b
2α
)ne−αt

2
dt,

binomická věta :

I(n, a, b) = c
∞∫
−∞

∑n
k=0(

n
k).t

k.( b
2α
)n−k.e−αt

2
dt = c

∑n
k=0(

n
k).(

b
2α
)n−k

∫∞
−∞ tk.e−αt

2
dt =

c.
√
π
∑[n2 ]

k=0(
n
2k).(

b
2α
)n−2k.a(−k−

1
2 )

(2k−1)!!
2k .

Pro n = 0 : I(0, a, b) = e
b2
4α .
√

π
a

,

pro n = 1 : I(1, a, b) = e
b2
4α . b

2a
.
√

π
a

,

pro n = 2 : I(2, a, b) = e
b2
4α .
√
π[( b

2a
)2. 1√

a
+ a−

3
2 .1

2
],
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Přı́klad 2 Jaká je pravděpodobnost nalezenı́ klasického jednorozměrného oscilátoru s energiı́
E v intervalu (x, x + dx)? Co potřebujeme znát, chceme-li tento pravděpodobnostnı́
výrok změnit v deterministickou předpověd’?

Řešenı́ :
Pravděpodobnost nalezenı́ oscilátoru v bodě x :

ρ(x)dx = doba v (x, x + dx) . 1
T
2
= 2dt

T

Vı́me :

_x = dx
dt
⇒ dt = dx

_x

E = T + U = 1
2
m _x2 + 1

2
kx2 ⇒ _x =

√
2E−kx2

m

ω2 = k
m

T = 1
f
= 2π

ω

Pak :

ρ(x)dx = 2dx
_xT

= 2
T
.
√

m
2E−kx2dx = ω

π
.
√

1
2E
m
−ω2x2dx

Ověřenı́ normalizace :

ρ(x) =
a∫
−a

ω
π
.
√

1
2E
m
−ω2x2dx

Kde :

E = 1
2
ka2 ⇒ a = ±

√
2E
k

Pak :

ρ(x) = ω
π

√
2E
k∫

−
√

2E
k

√
1

2E
m
−ω2x2dx = ω

π

√
m
2E

√
2E
k∫

−
√

2E
k

1√
1−(
√

m
2E
ωx)2

dx

Substituce :

z =
√

m
2E
ωx⇒ dx =

√
2E
m

1
ω
dz

Pak :

ρ(x) = ω
π

√
m
2E

1
ω

√
2E
m

ω
√

m
k∫

−ω
√

m
k

1√
1−y2

dy = ω
π

√
m
2E

1
ω

√
2E
m

1∫
−1

1√
1−y2

dy =

1
π
[arcsin(y)]1−1 =

1
π
[π
2
− (−π

2
)] = 1
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Přı́klad 3 Popište jednorozměrný harmonický oscilátor Hamiltonovskou formulacı́ klasické
mechaniky (A). Napište a vyřešte pohybové rovnice (B). Napište rovnice pro fázové
trajektorie (C). Hodnotou jaké fyzikálnı́ veličiny jsou určeny (D)?

Řešenı́ :

A )
Kinetická energie :

T = 1
2
m _q2

Potenciálnı́ energie :

U = 1
2
kq2

Lagrangeova funkce :

L = T − U = m _q2

2
− kq2

2

Hamiltonián :

H =
∑
j
∂L
∂ _q

_q − L = m _q2

2
+ kq2

2

B) Pohybové rovnice :

_p = −∂H
∂q

= −kq

_q = ∂H
∂p

= p
m

�p = −k _q = −k p
m
⇒ �p− k p

m
= 0

p = C[cos(
√

k
m
t+ ϕ)]

q = − _p
k
= − 1

k
C[−sin(

√
k
m
t+ ϕ).

√
k
m
] = C√

km
sin(

√
k
m
t+ ϕ)

C) Fázové trajektorie :

sin(
√

k
m
t+ ϕ) = q

√
km
C

cos(
√

k
m
t+ ϕ) = p

C

sin2(
√

k
m
t+ ϕ) + cos2(

√
k
m
t+ ϕ) = 1 =

(
q
√
km
C

)2
+
(
p
C

)2
⇒

⇒ C =
√
q2km+ p2
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Přı́klad 4 Spočtěte charakteristickou dobu života elektronu v atomu vodı́ku pokud jej po-
važujeme za klasickou částici pohybujı́cı́ se po kruhové dráze o (Bohrově) poloměru
a ≈−10 m.

Řešenı́ :
Chceme zjistit r = r(t) Vyzařovacı́ výkon elektronu :

P (t) = ∂E
∂t

= 2
3m2c3

( e2

4πε0
)3( 1

r4(t)
)

Vztah pro energii :

E = 1
2
mev

2 − e2

4πε0
1
r(t)

,

kde v = ωr(t)⇒

E = 1
2
meω

2r2(t)− e2

4πε0
1
r(t)

,

Výpočet ω(r)⇒ ω(t) :
Pro ∀t musı́ platit Fodstrediva = Fculombova ⇒

r(t)meω
2 = 1

4πε0
e2

r2(t)
⇒ ω2 = e2

4πε0r3(t)me
⇒

E = 1
2
me

e2r2(t)
4πε0r3(t)me

− e2

4πε0
1
r(t)

= − e2

8πε0
1
r(t)

P (t) = ∂E
∂t
⇒ C 1

r4(t)
= K

∂( 1
r(t) )

∂t
,

kde C = 2
3m2c3

( e2

4πε0
)3 a K = − e2

8πε0

C 1
r4(t)

= K(− 1
r2(t)

)∂r(t)
∂t

C
K
dt = −r2dr

C
K
t = − r3

3
+ B

3
⇒ r = 3

√
−3C

K
t+B = 3

√
e2

4π2m2c3e2ε20
t+B

Počátečnı́ podmı́nky : r(T ) = 0 a r(t0) = a⇒ T ≈ 10−10 s.
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Přı́klad 5 Necht’ statistická rozdělovacı́ funkce stavů klasického mechanického oscilátoru
je dána Gibbsovou formulı́ P = Ae−

E
kT . Spočtěte střednı́ hodnotu energie.

Řešenı́ :
Statistická rozdělovacı́ fce : ρ(p, q) = Ae−

E(p,q)
kT

Střednı́ hodnota energie : < E > = ?
Energie harmonického oscilátoru : E(p, q) = p2

2m
+ ω2mq2

2

Určenı́ konstanty A :

1 = A
∞∫
−∞

∞∫
−∞

e−
E(p,q)

kT dpdq = A
∞∫
−∞

∞∫
−∞

e−
p2
2m+ω2 mq2

2
kT dpdq =

A
∞∫
−∞

e−
p2

2mkT dp.
∞∫
−∞

e−
ω2mq2
2kT dq = A.

√
2πmkT .

√
2πkT
ω2m

A = ω
2πkT

Výpočet střednı́ hodnoty :

< E >= A
∞∫
−∞

∞∫
−∞

( p
2

2m
+ ω2mq2

2
).e−

p2
2m ω2 mq2

2
kT dpdq =

= ω
2πkT

[
∫ ∫ p2

2m
e−

p2
2m+ω2 mq2

2
kT dpdq +

∫ ∫ ω2mq2

2
e−

p2
2m+ω2 mq2

2
kT dpdq =

= ω
2πkT

[
∫ p2

2m
e−

p2
2mkT dp.

∫
e−

ω2mq2
2kT dq +

∫
e−

p2
2mkT dp.

∫ ω2mq2

2
e−

ω2mq2
2kT dq] =

= ω
2πkT

[ 1
2m
.1
2
.
√
π23m3k3T 3.

√
2πkT
ω2m

+
√
2πmkT .mω

2

2
.1
2
.
√

π23k3T 3

ω6m3 =

= ω
2πkT

[πk
2T 2

ω
+ πk2T 2

ω
] = kT
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Přı́klad 6 Jakou vlnovou délku má elektromagnetické zářenı́, jehož zdrojem je elektron -
pozitronová anihilace e+ + e− → γ + γ v klidu?

Řešenı́ :
Vyjdeme ze zákona zachovánı́ energie :

E = mc2 = hν ⇒ ν = mc2

h

λ = c
ν
= h

mc
= 6,62620.10−34

9,10956.10−31.2,99793.108
= 2, 426.10−12 m = 2,426 pm

Nutné ještě ověrit zákon zachovánı́ hybnosti :

Pcelk = Pγ1 + Pγ2 = 0

E = pc = hν ⇒ p = hν
c

0 = hν1
c
− hν2

c
/*

⇒ ν1 = ν2

/* Majı́ opačnou orientaci ⇒ znaménko -
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Přı́klad 7 Určete vlnovou délku a frekvenci de Broglieovy vlny pro molekulu kyslı́ku ve
vzduchu vašeho pokoje (A) a pro částici o hmotnosti 10µg pohybujı́cı́ se rychlostı́
zvuku (B).

Řešenı́ :

A) Pro molekulu kyslı́ku platı́ (viz. termika - hledáme vlnovou délku v závislosti na rychlosti,
tedy uvažujeme pouze přı́močarý pohyb bez rotace)

E = 3
2
kT

Kinetická energie ve vztahu k hybnosti :

E = mv2

2
= m2v2

2m
= p2

2m

Máme tedy :

3
2
kT = p2

2m
⇒ p =

√
3kTm

Vlnová délka je nepřı́mo úměrná hybnosti (de Broglieho vztah) :

λ = h
p
= h√

3kTm
= 6,6262.10−34√

1,38062.10−23293,15. 32.10−3
6,02217.1023

= 4, 52.10−11 m

B) I pro částici platı́ de Broglieho vztah :

λ = h
p
= h

mv
= 6,6262.10−34

10−8.343
= 1, 93.10−28 m
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Přı́klad 8 Podle de Broglieovy hypotézy určete ohyb způsobený průletem tenisového mı́čku
(m = 0, 1 kg) rychlostı́ v = 0, 5 m.s−1 s obdélnı́kovitým otvorem ve zdi o rozměrech
1 x 1,5 m.

Řešenı́ :
Rozptyl světla na mřı́žce s délkou štěrbiny L:

sin� = λ
L

Aproximace :

� = λ
L

Vı́me :

λ = h
p
= h

mv

Tedy :

� = h
mvL

V našem přı́padě :

�x =
h

mvLx
= 6,6262.10−34

0,1.0,5.1
= 1, 325.10−32 rad

�y =
h

mvLy
= 6,6262.10−34

0,1.0,5.1,5
= 8, 835.10−33 rad
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Přı́klad 9 Na jakou rychlost je třeba urychlit elektrony aby bylo možno pozorovat jejich
difrakci na krystalové mřı́ži s charakteristickou vzdálenostı́ atomů 0,1 nm?

Řešenı́ :
K difrakci může dojı́t, pokud λ ≈ a, kde a je vzdálenost atomů v krystalové mřı́žce.

De Broglieho vztah :

λ = h
p
= h

mev
⇒ v = h

meλ
= 6,6262.10−34

9,10956.10−31.10−10
= 7, 274.106 m.s−1
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Přı́klad 10 Necht’V (x) = 0 (volná částice). Pomocı́ Fourierovy transformace určete řešenı́
Schrödingerovy rovnice, které v čase t0 má tvar

	(~x, t0) = g(~x) = Ce−Ax
2+ ~B~x,

kde Re(A) > 0, ~B ∈ C3, C ∈ C

Řešenı́ :
Pro volnou částici (nepůsobı́ na nı́ žádné pole) má Schrödingerova rovnice tvar

i�h∂	(~x,t)
∂t

+ �h2

2M
�	(~x, t) = 0

Řešenı́ je velice obtı́žné - řešenı́ pomocı́ fourierovy transformace. Nejprve si musı́me
přetransformovat Schrödingerovu rovnici 	(~x, t) → ~	(~p, t) :

i�h∂	(~x,t)
∂t

+ �h2

2M
�	(~x, t) = 0

Vı́me : ~	(~p, t) = F̂	(~x, t), 	(~x, t) = F̂−1 ~	(~p, t) a F̂ P̂ F̂−1 = X̂ ⇒

i�h∂	(~x,t)
∂t

+ �h2

2M
�	(~x, t) = 0 /.F̂

i�h∂F̂	(~x,t)
∂t

= −F̂ �h2

2M
�	(~x, t)

i�h∂F̂	(~x,t)
∂t

= 1
2M

F̂ (−�h2�)F̂−1︸ ︷︷ ︸
~p2

F̂	(~x, t)︸ ︷︷ ︸
~	(~p,t)

i�h∂
~	(~p,t)
∂t

− ~~p2

2M
~	(~p, t) = 0

d~	(~p,t)
~	(~p,t)

= − i~p2

2M�h
dt

~	(~p, t) = C(~p) e−
i~p2
2M�h (t−t0)

Tato funkce nezávisı́ na dp ⇒ pokud bychom tuto fci vynásobili hybnostı́, bude také
řešenı́m Schrödingerovy rovnice.
Fourierova transfotmace (zde pro jednorozměrný přı́pad) :

F̂	(~x, t) = 1√
(2π�h)3

∫
R3
e−

i
�h ~p~x	(~x, t) d~x

F̂−1	(~x, t) = 1√
(2π�h)3

∫
R3
e

i
�h ~p~x	(~x, t) d~x

~	0(~p, t0) = F̂	(~x, t0) = F̂
[
Ce−Ax

2+ ~B~x
]
= 1√

(2π�h)3

∫
R3
Ce−

i
�h ~p~xe−Ax

2+ ~B~x d3x =

C
1
3√

2π�h

∞∫
−∞

e−
i
�h ~p~xe−Ax

2+ ~B~x d3x
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~	0j(~p, t0) =
C

1
3√

2π�h

∞∫
−∞

e−Ax
2
j+(Bj− i

�hpj)xj dxj =

.

∣∣∣∣∣ ∞∫−∞ e−ax
2+bx dx =

√
π
a
e

b2
4a

∣∣∣∣∣ .

= C
1
3√

2π�h

√
π
A
e
(Bj−

i
�h pj)

2

4A

Chceme aby ~	(~p, t = 0) = ~	(~p, t0)⇒ C(~p) = ~	(~p, t0)

Zpětná transformace :

	(~x, t) = F̂−1 ~	(~p, t) =

1√
(2π�h)3

∫
R3

3∏
j=1


C

1
3√

2π�h

√
π
A
e

[
(Bj−

i
�h pj)

2

4A
− i~p2

2M�h (t−t0) −
i
�hpjxj

] =

C
(
π
A

) 3
2

(2π�h)3︸ ︷︷ ︸
K

∫
R3

3∏
j=1

e

[
B2

j
4A

− ( i
2M�h (t−t0) +

1
4A�h2 )~p

2 + ( i
�hxj − 2i

4A�hBj)pj

]
d3pj =

K
∫
R3

e

[
~B2
4A

− ( i
2M�h (t−t0) +

1
4A�h2 )~p

2 + ( i
�h~x −

2i
4A�h

~B)~p
]
d3~p =

Ke
~B2
4A
∫
R3

e[−(
i

2M�h (t−t0) +
1

4A�h2 )~p
2 + ( i

�h~x −
2i
4A�h

~B)~p]d3~p =

Ke
~B2
4A

√(
π

i
2M�h (t−t0) +

1
4A�h2

)3
e

[
( i
�h ~x − 2i

4A�h
~B)

2

4( i
2M�h (t−t0) + 1

4A�h2 )

]

Po konečné úpravě dostáváme :

	(~x, t) = Ce
~B2
4A (χ(t))−

3
2 e

−A

(
~x− ~B

2A

)2
χ(t)


, kde

χ(t) = 1 + 2i�hA
M

(t− t0)
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Přı́klad 11 Necht’	(x, y, z, t) je řešenı́m Schrödingerovi rovnice pro volnou částici. Ukžte,
že

~	(x, y, z, t) = e−i
Mg
�h (zt+ gt3

6 )	(x, y, z + gt2

2
, t)

je řešenı́m Schrödingerovy rovnice pro částici v homogennı́m poli se zrychlenı́m g.

Řešenı́ :

Máme vlnovou funkci : ~	(x, y, z, t) = e−i
Mg
�h (zt+ gt3

6 )︸ ︷︷ ︸
A(z,t)

	(x, y, z+gt2

2
, t), kde	(x, y, z +

gt2

2︸ ︷︷ ︸
�z

, t)

splňuje Schrödingerovu rovnici pro volnou částici.

Schrödingerova rovnice :

i�h
∂ ~	(~x, t)

∂t︸ ︷︷ ︸
L

= − �h2

2M
�~	(~x, t) + V (~x)︸ ︷︷ ︸

Mgz

~	

︸ ︷︷ ︸
P

Pomocné výpočty : ∂�z
∂z

= 1; ∂�z
∂t

= gt

L :

i�h∂A
∂t
	+ i�hA∂	

∂t
= i�h

(
−iMg

�h

) (
z + gt2

2

)
A	+ i�hA

(
∂	
∂�z

∂�z
∂t

+ ∂	
∂t

)
=

iA�h
[
−iMg

�h

(
z + gt2

2

)
	+ gt∂	

∂�z
+ ∂	

∂t

]
= AMgz	+ AMg2t2

2
	+ iA�hgt∂	

∂�z
+ iA�h∂	

∂t

P :

− �h2

2M

[
A(z, t)

(
∂2	
∂x2

+ ∂2	
∂y2

)
+ ∂

∂z

(
∂A
∂z
	 + A∂	

∂�z
∂�z
∂z

)]
+Mgz ~	 =

− �h2

2M

[
A
(
∂2	
∂x2

+ ∂2	
∂y2

)
+ ∂

∂z

(
−iMgt

�h
A	 + A∂	

∂�z

)]
+Mgz ~	 =

− �h2

2M

[
A
(
∂2	
∂x2

+ ∂2	
∂y2

)
+
(
−iMgt

�h

)2
A	 − 2iMgt

�h
A∂	

∂�z
+ A∂2	

∂�z2

]
+Mgz ~	 =

− �h2

2M

A
(
∂2	

∂x2
+
∂2	

∂y2
+
∂2	

∂�z2

)
︸ ︷︷ ︸

A�	

+
(
−iMgt

�h

)2
A	 − 2iMgt

�h
A∂	

∂�z

+Mgz ~	 =

A

(
− �h2

2M

)
�	︸ ︷︷ ︸

i�h ∂	
∂t

+AMg2t2

2
	+ iA�hgt∂	

∂�z
+ AMgz	

L = P
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Přı́klad 12 Čemu je úměrná pravděpodobnost nalezenı́ částice popsané de Broglieovou
vlnou

	~p,E(~x, t) = Ae
i
�h (~p~x−Et)

v oblati (x1, x2)× (y1, y2)× (z1, z2)?

Řešenı́ : De Broglieova vlna :

	 ~E,~p = Ae[
i
�h (~p~x− ~Et)]

Hustota pravděpodobnosti :

ρ(~x) =
∣∣∣	 ~E,~p

∣∣∣2 = ∣∣∣∣Ae[ i
�h (~p~x− ~Et)]

∣∣∣∣2 = ∣∣∣Acos [ i
�h
(~p~x− ~Et)

]
+ iAsin

[
i
�h
(~p~x− ~Et)

]∣∣∣2 =[√
A2cos2

[
i
�h
(~p~x− ~Et)

]
+ A2sin2

[
i
�h
(~p~x− ~Et)

]]2
= |A|2

Pravděpodobnost výskytu částice v objemu V :

∫
V
ρ(~x)d3x = |A|2 V .

16



Přı́klad 13 Čemu je úměrná hustota pravděpodobnosti pro řešenı́

	(~x, t) = C [χ(t)]−
3
2 e

~B2
4A e−A

[
~x− ~B

2A

]2
χ(t) , kde

χ(t) = 1 + i2A�h
m

(t− t0)

(C je konstanta ovlivňujı́cı́ normalizaci) z přı́kladu 10. pro A > 0 (A)? Jak se měnı́
poloha jejı́ho maxima s časem (B)? Čemu je rovna jejı́ střednı́ kvadratická odchylka
(C)? Jak se měnı́ s časem (D)? Za jak dlouho se zdvojnásobı́ ”šı́řka” vlnového balı́ku
pro elektron lokalizovaný s přesnostı́ l cm (E) a pro hmotný bod o hmotě m = 1 g,
jehož těžiště je lokalizováno s přesnostı́ 10−6 m (F)?

Řešenı́ :

A )

Hustota pravděpodobnosti :

ρ(~x) =
∣∣∣	 ~E,~p

∣∣∣2 = |C1|2︸ ︷︷ ︸
C2

.
∣∣∣1 + i2A�h

m
(t− t0)

∣∣∣2 . ∣∣∣∣e ~B2
4A

∣∣∣∣2 .
∣∣∣∣∣∣∣∣e
−A

[
~x− ~B

2A

]2
χ(t)

∣∣∣∣∣∣∣∣
2

=

C2

(
1 +

4A2�h2

m2
(t− t0)

2

)
︸ ︷︷ ︸

C3(t2)

.
∣∣∣∣e ~B2

4A

∣∣∣∣2 .
∣∣∣∣∣∣∣∣e
−A

[
~x− ~B

2A

]2
χ(t)

∣∣∣∣∣∣∣∣
2

Pomocné výpočty :

ez = eRe(z)+iIm(z) = eRe(z)[cos(Im(z)) + isin(Im(z))]⇒∣∣∣∣∣ Re(ez) = eRe(z)cos(Im(z))
Im(ez) = eRe(z)sin(Im(z))

∣∣∣∣∣
|ez|2 = (Re(ez) + iIm(ez)) (Re(ez)− iIm(ez)) = (Re(ez))2 + (Im(ez))2 =

e2Re(z)cos2(Im(z)) + e2Re(z)sin2(Im(z)) = e2Re(z)

−A
[
~x− ~B

2A

]2
χ(t)

= z1
z2

= Re(z1)+iIm(z1)
Re(z2)+iIm(z2)

=
Re(z1)Re(z2)+Im(z1)Im(z2)+i(Re(z2)Im(z1)−Re(z1)Im(z2))

Re2(z2)+Im2(z2)
=

Re(−A
[
~x− ~B

2A

]2
)Re(χ(t))+Im(−A

[
~x− ~B

2A

]2
)Im(χ(t))+i

(
Re(χ(t))Im(−A

[
~x− ~B

2A

]2
)−Re(−A

[
~x− ~B

2A

]2
)Im(χ(t))

)
Re2(χ(t))+Im2(χ(t))

[
~x− ~B

2A

]2
=
[
~x− Re( ~B)+iIm( ~B)

2A

]2
=
[
~x− Re( ~B)

2A
− i Im( ~B)

2A

]2
=

~x2 − 2~xRe(
~B)

2A
+ Re2( ~B)

4A2 − i2 Im( ~B)
2A

[
~x− Re( ~B)

2A

]
− Im2( ~B)

4A2 ⇒∣∣∣∣∣∣∣
Re(

[
~x− ~B

2A

]2
) = ~x2 − ~xRe(

~B)
A

+ Re2( ~B)
4A2 − Im2( ~B)

4A2

Im(
[
~x− ~B

2A

]2
) = − Im( ~B)

A
~x− Re( ~B)Im( ~B)

2A2

∣∣∣∣∣∣∣
17



Použitı́ v našem přı́kladě (nezajı́má nás časový vývoj, pouze faktory závisejı́cı́ na ~x) :

ρ(~x) = C3(t
2).e

Re(~B2)
2A︸ ︷︷ ︸

C4(t2)

.

∣∣∣∣∣∣∣∣e
−A

[
~x− ~B

2A

]2
χ(t)

∣∣∣∣∣∣∣∣
2

=

C4(t
2).e

2

Re(−A

[
~x− ~B

2A

]2
)Re(χ(t))+Im(−A

[
~x− ~B

2A

]2
)Im(χ(t))

Re2(χ(t))+Im2(χ(t)) =

C4(t
2).e

−2A
Re(

[
~x− ~B

2A

]2
).1+Im(

[
~x− ~B

2A

]2
) 2A�h

m (t−t0)

1+4A2�h2
m2 (t−t0)2 =

C4(t
2).e

−2A

[
~x−Re(~B)

2A

]2
−
[

Im(~B)
2A

]2
+2 Im(~B)

2A

[
~x−Re(~B)

2A

]
2A�h
m (t−t0)

1+4A2�h2
m2 (t−t0)2 =

C4(t
2).e

−2A

[
~x−Re(~B)

2A

]2
−
[

Im(~B)
2A

]2
+2 �hIm(~B)

m

[
~x−Re(~B)

2A

]
(t−t0)

1+4A2�h2
m2 (t−t0)2 =

C4(t
2).e

−2A

[
~x−Re(~B)

2A
+�hIm(~B)

m (t−t0)

]2
−C5(t

2)−C6

1+4A2�h2
m2 (t−t0)2 =

C4(t
2).e

−C5(t
2)−C6

1+4A2�h2
m2 (t−t0)2︸ ︷︷ ︸

C7(t2)

.e
−2A

[
~x−Re(~B)

2A
+�hIm(~B)

m (t−t0)

]2
1+4A2�h2

m2 (t−t0)2 =

C7(t
2).e

−

[
~x−
(

Re(~B)
2A

− �hIm(~B)
m (t−t0)

)]2
2
1+4A2�h2

m2 (t−t0)2

4A ≈ e−
(x−x0)

2

2σ2 , kde

x0 =
Re( ~B)
2A

− �hIm( ~B)
m

(t− t0)

σ2 =
1+ 4A2�h2

m2 (t−t0)2

4A

C5(t
2) =

[
�hIm( ~B)

m
(t− t0)

]2
C6 =

[
Im( ~B)
2A

]2
⇒ Re( ~B) odpovı́dá poč. poloze částice
⇒ Im( ~B) odpovı́dá poč. hybnosti částice

B )
S časem se zvětšuje rozptyl částice (poloha maxima klesá) - je obtı́žnějšı́ určit polohu
částice - jedná se o tzv. rozplývajı́cı́ se vlnový balı́k

18



C )

σ2 =
1+ 4A2�h2

m2 (t−t0)2

4A

D )

σ2 = σ2(t2)

E )

σ(�t) = 2σ(�t = 0) = 2 1√
4A
⇒ A = 1

4σ2(�t=0)

√
1+ 4A2�h2

m2 (�t)2

4A
= 2 1√

4A
⇒

�t =
√
3
2

m
A�h

= 2
√
3mσ

2(�t=0)
�h

= 2
√
39,10956.10

−31.10−4

1,05459.10−34
= 2, 99s ≈ sekundy

F )

�t = 2
√
3 10−3.10−6

1,05459.10−34
= 3, 28.1019s ≈ 1012 let
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Přı́klad 14 Jaká je pravděpodobnost nalezenı́ elektronu vodı́kového obalu ve vzdálenosti
(r, r + dr) od jádra, je-li popsán (v čase t0) funkcı́

g(x, y, z) = Ae
−
√

x2+y2+z2
a0

kde a0 = 0, 53.10−8 cm je tzv. Bohrův poloměr?

Řešenı́ :
Pravděpodobnost nalezenı́ částice :

P (r) =
∞∫
0
|g|2 dr

Potřebujeme vyjádřit závislost na r - převedeme do sférických souřadnic a integrujeme
pouze přes ϑ a ϕ.

Sférické souřadnice :

x = r.cosϑ.cosϕ
y = r.cosϑ.sinϕ
z = r.sinϑ

Jakobián :

detD(x,y,z)
D(r,ϑ,ϕ)

=

∣∣∣∣∣∣∣
cosϑ.cosϕ −r.sinϑ.cosϕ −r.cosϑ.sinϕ
cosϑ.sinϕ −r.sinϑ.sinϕ r.cosϑ.cosϕ
sinϑ r.cosϑ 0

∣∣∣∣∣∣∣ = −r2cosϑ

Výpočet integrálu :

P (r) = −
π∫
−π
dϕ

π
2∫

−π
2

cosϑ dϑr2 |g|2 = −2π. (sin(π
2
)− sin(−π

2
))︸ ︷︷ ︸

2

r2 |A|2 e−
2r
a0

Konstantu A určı́me z normalizace :

1 = −
π∫
−π
dϕ

π
2∫

−π
2

cosϑ dϑ
∞∫
0
r2 |A|2 e−

2r
a0 = −4πA2 a

3
0
4
⇒ A2 = − 1

πa30

Dosadı́me do rovnice :

P (r) = 4
a30
r2e

− 2r
a0

Průběh této fce :

- maximum ⇒
(

4
a30
r2e

− 2r
a0

)′
=
(
2re

− 2r
a0 − 2

a0
r2e

− 2r
a0

)
= 0⇒ r = a0

- pro r →∞⇒ P (r)→ 0
- pro r = 0⇒ P (r) = 0

Tyto hodnoty odpovı́dajı́ předpokladu - Gaussovo rozdělenı́.
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Přı́klad 15 Nalezněte vlastnı́ hodnoty energie kvantové částice pohybujı́cı́ se v jednoroz-
měrné konstantnı́ nekonečně hluboké potenciálové jámě t.j. v potenciálu V (x) = 0 pro
|x| < a (B) a V (x) =∞ pro |x| > a (A).
Návod : Předpokládejte, že vlnové funkce jsou všude spojité a nulové pro |x| ≥ a.

Řešenı́ :

A )
Z předpokladu spojitosti vlnové funkce platı́ pro |x| ≥ a :

	(x) = 0,

B )
Pro |x| < a platı́ Schrödingerova rovnice pro volnou částici :

i�h∂	(~x)
∂t

+ �h2

2M
�	(~x) = 0

Pro naše zadánı́ pak speciálně :

i�h∂	(x)
∂t

+ �h2

2M
∂2	(x)
∂x2

= 0

Hledáme :

Ĥ	(~x) = λ	(~x) = E	(~x)

Dále upravujeme pro Ĥ = − �h2

2M
� = − �h2

2M
∂2

∂x2
:

− �h2

2M
∂2	(x)
∂x2

= E	(x),

∂2	(x)
∂x2

= −2EM
�h2

	(x),

	
′′
(x) + 2EM

�h2
	(x) = 0

	(x) = C1sin
(√

2EM
�h2

x
)
+ C2cos

(√
2EM
�h2

x
)

Konstanty C1 a C2 určı́me z počátečnı́ch podmı́nek :

	(a) = 0⇒ C1sin
(√

2EM
�h2

a
)
+ C2cos

(√
2EM
�h2

a
)
= 0

	(−a) = 0⇒ C1sin
(
−
√

2EM
�h2

a
)
+ C2cos

(
−
√

2EM
�h2

a
)
= 0

Máme soustavu dvou rovnic o dvou neznámých - řešenı́ pomocı́ determinantu :

∣∣∣∣∣∣ cos
(√

2EM
�h2

a
)

sin
(√

2EM
�h2

a
)

cos
(√

2EM
�h2

a
)
−sin

(√
2EM
�h2

a
)
∣∣∣∣∣∣ = 0
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−2cos
(√

2EM
�h2

a
)
sin

(√
2EM
�h2

a
)
= 0

sin
(
2
√

2EM
�h2

a
)
= 0

2
√

2EM
�h2

a = kπ, kde k ∈ Z

E = π2k2�h2

8ma2

Energie musı́ být kladné čı́slo, pokud by E < 0, dostali bychom jiné řešenı́ s hyperbo-
lickým sin a cos ⇒ nedokázali bychom splnit podmı́nky 	(a) = 0 a 	(−a) = 0.
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Přı́klad 16 Nalezněte vlastnı́ hodnoty energie kvantové částice pohybujı́cı́ se v jednoroz-
měrné konstantnı́ potenciálové jámě t.j. v potenciálu V (x) = − V0 < 0 pro |x| < a
(B) a V (x) = 0 pro |x| > a (A).
Návod : Předpokládejte, že vlnové funkce jsou všude spojité a majı́ spojité derivace
pro x ∈ R.

Řešenı́ :

Vycházı́me z rovnice :

Ĥ	 = E	

.
∣∣∣Ĥ	 = − �h2

2M
∂2

∂x2
	+ V (x)	

∣∣∣ .
− �h2

2M
	′′ + (V (x)− E)	 = 0

	′′ +
(E − V (x))

�h2

2M︸ ︷︷ ︸
ω2

	 = 0

Dostáváme tak :

x ∈ (−∞,−a) ... ω2
0 ... 	0 = A0e

iω0x +B0e
−iω0x

x ∈ (−a, a) ... ω2
1 ... 	1 = A1e

iω1x +B1e
−iω1x

x ∈ (a,∞) ... ω2
2 ... 	2 = A2e

iω2x +B2e
−iω2x

Ze symetrie platı́ :

ω2
0 = ω2

2

- pro E < V0 nenı́ kvadraticky integrabilnı́ řešenı́
- pro E > 0 vede na řešenı́ ve tvaru De Broglieovy vlny
- pro 0 > E > V0 částice se pohybuje bez ohledu na potenciálovou jámu - nepůsobı́
na nı́ žádný potenciál. Zı́skáme řešenı́ - zajı́má nás pouze kladná osa, jelikož zápornou
zı́skáme jako kombinaci lichého nebo sudého řešenı́ pro kladnou poloosu ⇒ 	′′ +
E 2M

�h2
	 = 0 zı́skáme komplexnı́ řešenı́

Řešenı́ :

ω1 =

√
2M(E+V0)

�h
. . .	1 = A1e

i

√
2M(E+V0)

�h x +B1e
−i

√
2M(E+V0)

�h x

ω2 =

√
2M |E|
�h

. . .	2 = A2e
√
2M(E)
�h x +B2e

−
√
2M(E)
�h x

Aby fce 	2 byla integrabilnı́, musı́ A2 = 0 (exp(−)→ 0 a A2exp(+) → 0)
Fce musı́ být spojité a musı́ mı́t spojitou prvnı́ derivaci ⇒ 	1(a) = 	2(a) a 	′

1(a) =
	′

2(a) :

A1e
iω1a +B1e

−iω1a = A2e
ω2a︸ ︷︷ ︸
0

+B2e
−ω2a
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iω1A1e
iω1a − iω1B1e

−iω1a = ω2A2e
ω2a︸ ︷︷ ︸

0

−ω2B2e
−ω2a

Převedeme na sinus a cosinus :

(−A1 +B1)︸ ︷︷ ︸
A

sin(ω1a) + (iA1 − iB1)︸ ︷︷ ︸
B

cos(ω1a) = B2e
−ω2a

ω1 (−A1 −B1)︸ ︷︷ ︸
A

cos(ω1a)− ω1 (iA1 + iB1)︸ ︷︷ ︸
B

sin(ω1a) = −ω2B2e
ω2a

Pro sudá řešenı́ je A = 0 :

Bcos(ω1a) = B2e
−ω2a

−ω1Bsin(ω1a) = −ω2B2e
ω2a︸ ︷︷ ︸

⇓

tg(ω1a) =
ω2
ω1︸ ︷︷ ︸

⇓

tg(

√
2M(E+V0)

�h
) =

√
|E|
E+V0

Pro lichá řešenı́ je B = 0 :

cotg(

√
2M(E+V0)

�h
) =

√
|E|
E+V0
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Přı́klad 17 Najděte ortonormálnı́ basi v C2, jejı́ž prvky jsou vlastnı́mi vektory matice

σ1 :=

(
0 1
1 0

)

Řešenı́ :
Vlastnı́ čı́sla zı́skáme z rovnice det(σ1 − λI) = 0 :

det(σ1 − λI) =

(
−λ 1
1 −λ

)
= λ2 − 1 = 0⇒

∣∣∣∣∣ λ1 = 1
λ2 = −1

∣∣∣∣∣
Vlastnı́ vektory jsou pak :

Pro λ1 = 1

(
−1 1
1 −1

)
≈
(
−1 1
0 0

)
⇒ ~~x1 = (1, 1)

Pro λ2 = −1

(
1 1
1 1

)
≈
(

1 1
0 0

)
⇒ ~~x2 = (1,−1)

V normalizovaném tvaru :

~x1 =
1√
2
(1, 1)

~x2 =
1√
2
(1,−1)
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Přı́klad 18 Ukažte, že Hermitovy polynomy lze definovat též způsobem

Hn(z) := (−)nez2
(
d
dz

)n
e−z

2 ∗

Návod: Ukažte že pravá strana této rovnice splňuje rovnici :

u
′′
= 2zu

′ − 2nu. ∗ ∗

Řešenı́ :
Vı́me že :

Hn(z) =
[n
2 ]∑

k=0
(−)n(2z)n−2k n!

k!(n−2k)! ∗ ∗∗

Musı́me dokázat, že * řešı́ **. Nalezneme dvě řenı́ - musı́me ale dokázat, že je přı́pustné
v tomto přı́padě pouze jedno a navı́c toto řešenı́ je stejné jako ***.
Dosadı́me * do ** :

d2

dz2

[
(−)nez2

(
d
dz

)n
e−z

2
]
= 2z d

dz

[
(−)nez2

(
d
dz

)n
e−z

2
]
− 2n

[
(−)nez2

(
d
dz

)n
e−z

2
]

Spočı́táme 2. derivaci podle z :

d
dz

[
2zez

2
(
d
dz

)n
e−z

2
+ ez

2
(
d
dz

)n+1
e−z

2
]
=

2z
[
2zez

2
(
d
dz

)n
e−z

2
+ ez

2
(
d
dz

)n+1
e−z

2
]
− 2n

[
ez

2
(
d
dz

)n
e−z

2
]

2ez
2
(
d
dz

)n
e−z

2
+ 2z

[
2zez

2
(
d
dz

)n
e−z

2
+ ez

2
(
d
dz

)n+1
e−z

2
]
+ 2zez

2
(
d
dz

)n+1
e−z

2
+

ez
2
(
d
dz

)n+2
e−z

2
= 2z

[
2zez

2
(
d
dz

)n
e−z

2
+ ez

2
(
d
dz

)n+1
e−z

2
]
− 2n

[
ez

2
(
d
dz

)n
e−z

2
]

2(n+ 1)
(
d
dz

)n
e−z

2
+ 2z

(
d
dz

)n+1
e−z

2
+
(
d
dz

)n+2
e−z

2
= 0

Pro dalšı́ výpočet použijeme Leibnitzovo pravidlo pro n-tou derivaci :

(uv)(n) =
n∑
k=0

(
n
k

)
u(k)v(n−k)

(n +2)-tou derivaci můžeme tedy vyjádřit jako :

(
d
dz

)n+2
e−z

2
=
(
d
dz

)n+1 (
−2ze−z2

)
=

−2
n+1∑
k=0

(
n+ 1
k

) (
d

dz

)(k)

z︸ ︷︷ ︸
=0pro∀k−{0,1}

(
d
dz

)(n+1−k)
e−z

2
=

−2z
(
d
dz

)(n+1)
e−z

2 − 2(n+ 1)
(
d
dz

)(n)
e−z

2
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Dosadı́me zpět :

2(n+1)
(
d
dz

)n
e−z

2
+2z

(
d
dz

)n+1
e−z

2−2z
(
d
dz

)(n+1)
e−z

2−2(n + 1)
(
d
dz

)(n)
e−z

2
= 0

Nynı́ musı́me dokázat, že se toto řešenı́ rovná *** :
Jelikož se jedná o diferenciálnı́ rovnici 2. řádu, zı́skáme 2 řešenı́. Jedno řešenı́ je
polynomem (má konečný počet členů ⇒ *** = polynom) a druhé řešenı́ je rozvoj (má
nekonečně mnoho členů). Naše řešenı́, tzn. * je polynom. Jelikož lineárnı́ kombinacı́
polynomu a rozvoje lze zı́skat pouze rozvoj, musı́ tedy platit : * = ***.

∗ = α ∗ ∗∗︸ ︷︷ ︸
polynom

+ βu(x)︸ ︷︷ ︸
rozvoj

⇒

β 6= 0 . . . ∗ je rozvoj
β = 0 . . . ∗ je polynom ⇒ ∗ = α ∗ ∗∗
vypočı́tánı́m libovolného členu dostaneme α = 1⇒ ∗ = ∗ ∗ ∗
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Přı́klad 19 Ukažte, že

∞∑
n=0

Hn(x)
n!

ξn = ex
2−(x−ξ)2

Řešenı́ :
Vyjdeme ze zadánı́ :

∞∑
n=0

Hn(x)
n!

ξn = ex
2−(x−ξ)2 |. ∂n

∂ξn

Hn(x)
∞∑
n=0

∂n

∂ξn
1
n!
ξn = ∂n

∂ξn e
x2−(x−ξ)2

Hn(x) =
∂n

∂ξn e
x2−(x−ξ)2

Z přı́kladu č. 18 vı́me, že :

Hn(x) := (−1)nex2
(
d
dx

)n
e−x

2

Stačı́ tedy dokázat rovnost

Hn(x) =
(
d
dξ

)n
ex

2−(x−ξ)2 |ξ=0
?︷︸︸︷
= (−1)nex2

(
d
dx

)n
e−x

2

Zavedeme dalšı́ proměnnou η :

η = x− ξ ⇒ ∂
∂ξ

= − ∂
∂η
⇒ ∂n

∂ξn = (−1)n ∂n

∂ηn

Hn(x) =
(
d
dξ

)n
ex

2−(x−ξ)2 |ξ=0 = (−1)n
(
d
dη

)n
ex

2−η2 |x=η =
(−1)nex2

(
d
dη

)n
e−η

2 |x=η

Dosadı́me zpět η = x− ξ, ξ = 0 :

Hn(x) = (−1)nex2
(
d
dx

)n
e−x

2
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Přı́klad 20 Použitı́m vytvořujı́cı́ funkce ze cvičenı́ 19 ukažte, že

∞∫
−∞

Hn(x)Hm(x)e
−x2dx = 2nn!π

1
2 δnm

Ukažte, že odtud plyne ortonormalita vlastnı́ch funkcı́ harmonického oscilátoru.

Řešenı́ :
Stavy harmonického oscilárotu jsou popsány fcı́ :

ψn(x) = e−
x2
2 Hn(x)

Z přı́kladu č. 19 vı́me :

Hn(x) =
∂n

∂ξn e
x2−(x−ξ)2|ξ=0

Řešı́me rovnici :

∞∫
−∞

Hn(x)Hm(x)e
−x2dx =

∞∫
−∞

ψn(x).ψm(x) dx =

∞∫
−∞

∂n

∂ξn e
x2−(x−ξ)2 ∂m

∂ηm e
x2−(x−η)2e−x

2
dx |ξ,η=0 =

∞∫
−∞

∂n

∂ξn
∂m

∂ηm e
−[x2−2x(ξ+η)+(ξ2+η2)]dx |ξ,η=0 =

∞∫
−∞

∂n

∂ξn
∂m

∂ηm e
−[(x−(ξ+η))2−2ξη]dx |ξ,η=0

Přehodı́me integrál a derivaci (lze to - řı́kal to p. cvičı́cı́ :o)

∂n

∂ξn
∂m

∂ηm e
2ξη

∞∫
−∞

e−[(x−(ξ+η)
2]dx

︸ ︷︷ ︸√
π

|ξ,η=0 =
√
π ∂n

∂ξn
∂m

∂ηm e
2ξη |ξ,η=0 =

√
π2m ∂n

∂ξn ξ
me2ξη |ξ,η=0

Protože ξ a η = 0 ⇒ e2ξη = 1 ⇒ ∂n

∂ξn ξ
me2ξη = 0 pro m 6= n ⇒ abychom dostali

nenulové řešenı́ musı́ m = n ⇒
√
π2m ∂n

∂ξn ξ
me2ξη |ξ,η=0,n=m =

√
π2mn! ξm−n︸ ︷︷ ︸

ξ0=1

δnm =

√
π2mn!δnm
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Přı́klad 21 Jaká je hustota pravděpodobnosti nalezenı́ kvantového jednorozměrného osci-
látoru s energiı́ hω(n + 1

2
) v bodě x ? Spočı́tejte a nakreslete grafy této hustoty pro

n = 0, l, 2, . . . a srovnejte je s hustototu pravděpodobnosti výskytu klasického oscilá-
toru v daném mı́stě.

Řešenı́ :
Při řešenı́ vycházı́me z těchto vztahů :

ψn(ξ) = Ane
− ξ2

2 Hn(ξ)

ξ =
√

mω
�h

1
x

Hn(ξ) := (−)neξ2
(
d
dξ

)n
e−ξ

2

Hn(ξ) =
[n
2 ]∑

k=0
(−)n(2ξ)n−2k n!

k!(n−2k) !

Pro n = 0 zı́skáme tato řešenı́ :

E0 =
1
2
�hω

H0(ξ) = 1

ρ0(ξ) = |ψ0(ξ)|2 = |A0|2 e−ξ
2

=︸︷︷︸
normalizace

1√
π
e−ξ

2

ψ0(ξ) =
1
4√πe

− ξ2
2

Pro n = 1 zı́skáme tato řešenı́ :

E1 =
3
2
�hω

H1(ξ) = 2ξ

ρ1(ξ) = |ψ1(ξ)|2 = |A1|2 e−ξ
2
4ξ2 = 1

2
√
π
e−ξ

2
4ξ2 = 2ξ2√

π
e−ξ

2

ψ1(ξ) =
√
2

4√πξe
− ξ2

2

Pro n = 2 zı́skáme tato řešenı́ :

E2 =
5
2
�hω

H2(ξ) = 4ξ2 − 2
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ρ2(ξ) = |ψ2(ξ)|2 = |A2|2 e−ξ
2
(16ξ2 − 16ξ + 4) = 1

8
√
π
e−ξ

2
(16ξ2 − 16ξ + 4) =

4ξ2−4ξ+1
2
√
π

e−ξ
2

ψ2(ξ) =
√
2

4 4√π (4ξ
2 − 2) e−

ξ2
2

Pro n = 3 zı́skáme tato řešenı́ :

E3 =
7
2
�hω

H3(ξ) = −8ξ3 + 12ξ

ρ3(ξ) = |ψ3(ξ)|2 = |A3|2 e−ξ
2
(64ξ6 − 192ξ4 + 144ξ2) =

1
48
√
π
e−ξ

2
(64ξ6 − 192ξ4 + 144ξ2) = 4ξ6−12ξ4+9ξ2

3
√
π

e−ξ
2

ψ3(ξ) =
√
3

12 4√π (−8ξ
3 + 12ξ) e−

ξ2
2

Pro n = 4 zı́skáme tato řešenı́ :

E4 =
9
2
�hω

H4(ξ) = 16ξ4 − 48ξ2 + 12

ρ4(ξ) = |ψ4(ξ)|2 = |A4|2 e−ξ
2
(256ξ8 − 1536ξ6 + 2688ξ4 − 1152ξ2 + 144) =

1
384

√
π
e−ξ

2
(64ξ6 − 192ξ4 + 144ξ2) = 16ξ8−96ξ6+168ξ4−72ξ2+9

24
√
π

e−ξ
2

ψ4(ξ) =
√
6

48 4√π (16ξ
4 − 48ξ2 + 12) e−

ξ2
2 atd.

Pro srovnánı́ - hustota pravděpodobnosti výskytu klasického oscilátoru v daném mı́stě
(viz. přı́klad č. 5) :

ρ(ξ) = ω

π

√
2
m

(
E−mω2

2 ξ2
)
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Přı́klad 22 Spočı́tejte komutátory

[
L̂j, X̂k

]
,
[
L̂j, P̂k

]
,
[
L̂j, L̂k

]
,

kde

L̂j := εjklX̂kP̂l

Řešenı́ :
Vycházı́me ze vztahů :

[A,BC] = [A,B]C +B [A,C]

[AB,C] = [A,C]B + A [B,C]

[
X̂j, P̂k

]
= i�hδjk

[
X̂j, X̂k

]
= 0

[
P̂j, P̂k

]
= 0

[
Â, B̂

]
= ÂB̂ − B̂Â

Nynı́ můžeme snadno vypočı́tat :

[
L̂j, X̂k

]
=
[
εjabX̂aP̂b, X̂k

]
= εjab

X̂a

[
P̂b, X̂k

]
︸ ︷︷ ︸
−[X̂k,P̂b]

+
[
X̂a, X̂k

]
︸ ︷︷ ︸

0

P̂b

 =

−εjabX̂a

[
X̂k, P̂b

]
= −εjabX̂ai�hδbk = −i�hεjakX̂a

[
L̂j, P̂k

]
=
[
εjabX̂aP̂b, P̂k

]
= εjab

X̂a

[
P̂b, P̂k

]
︸ ︷︷ ︸

0

+
[
X̂a, P̂k

]
P̂b

 = εjab
[
X̂a, P̂k

]
P̂b =

εjabP̂bi�hδak = i�hεjkbP̂b

[
L̂j, L̂k

]
=
[
εjabX̂aP̂b, εklmX̂lP̂m

]
= εjabεklm

[
X̂aP̂b, X̂lP̂m

]
=

εjabεklm
(
P̂b
[
X̂a, X̂lP̂m

]
+ X̂a

[
P̂b, X̂lP̂m

])
=

εjabεklm

P̂b [X̂a, X̂l

]
︸ ︷︷ ︸

0

P̂m + X̂lP̂b
[
X̂a, P̂m

]
︸ ︷︷ ︸

i�hδam

+X̂a

[
P̂b, X̂l

]
︸ ︷︷ ︸
−i�hδbl

P̂m + X̂lX̂a

[
P̂b, P̂m

]
︸ ︷︷ ︸

0

 =

εjabεklm
(
i�hδamX̂lP̂b − i�hδblX̂aP̂m

)
= εjmbεklmi�hX̂lP̂b − εjalεklmi�hX̂aP̂m =
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⇒ |εijkεlmk = δilδjm − δimδlj|;
Pozn. sčı́tacı́ index musı́ být na 3. pozici, pokud ne, násobı́me (- 1) ⇒

= −(δjkδbl − δjlδkb)i�hX̂lP̂b + (δjkδam − δjmδka)i�hX̂aP̂m =

−i�h(δjkδblX̂lP̂b − δjlδkbX̂lP̂b) + i�h(δjkδamX̂aP̂m − δjmδkaX̂aP̂m) =

−i�h(δjkX̂lP̂l − δjlδkbX̂lP̂b) + i�h(δjkX̂mP̂m − δjmδkaX̂aP̂m) =

i�h(δjlδkbX̂lP̂b − δjmδkaX̂aP̂m)⇒ |m → b, a → l| ⇒
i�h(δjlδkbX̂lP̂b−δjbδklX̂lP̂b) = i�h(δjlδkb−δjbδkl)X̂lP̂b = i�hεjkmεlbmX̂lP̂b = i�hεjkmL̂m

33



Přı́klad 23 Ukažte, že vzájemně komutujı́ operátory Ĥ = 1
2m
P̂ 2 + V (|~x|), L̂3 a L̂2 =

L̂2
1 + L̂2

2 + L̂2
3

Řešenı́ :
Vycházı́me ze vztahů :

[
L̂i, L̂j

]
= ihεijkL̂k

[
P̂i, L̂j

]
= −ihεijkP̂k

L̂3 = −ih ∂
∂ϕ

V = V (|~x|) = V (r)

Zkoumáme vzájemnou komutaci :[
L̂2, L̂3

]
=

=
[
L̂iL̂i, L̂3

]
= L̂i

[
L̂i, L̂3

]
+
[
L̂i, L̂3

]
L̂i = L̂1

[
L̂1, L̂3

]
+
[
L̂1, L̂3

]
L̂1+ L̂2

[
L̂2, L̂3

]
+[

L̂2, L̂3

]
L̂2 = −ihL̂1L̂2 − ihL̂2L̂1 + ihL̂2L̂1 + ihL̂1L̂2 = 0

[
Ĥ, L̂3

]
=

=
[

1
2m
P̂ 2
i , L̂3

]
+
[
V (|~x|), L̂3

]
= 1

2m

(
P̂i
[
P̂i, L̂3

]
+
[
P̂i, L̂3

]
P̂i
)
+
(
V (|~x|)L̂3 − L̂3V (|~x|)

)
=

1
2m

(
P̂1

[
P̂1, L̂3

]
+
[
P̂1, L̂3

]
P̂1 + P̂2

[
P̂2, L̂3

]
+
[
P̂2, L̂3

]
P̂2

)
+

(
−ihV (|~x|) ∂

∂ϕ
+ ih

∂

∂ϕ
V (|~x|)

)
︸ ︷︷ ︸

V 6=V (ϕ)⇒=0

=

1
2m

(
ihP̂1P̂2 + ihP̂2P̂1 − ihP̂2P̂1 − ihP̂1P̂2

)
= 0

[
Ĥ, L̂2

]
=

=
[
Ĥ, L̂i

]
L̂i + L̂i

[
Ĥ, L̂i

]
= 1

2m

[
P̂ 2
j , L̂i

]
L̂i +

[
V (|~x|), L̂i

]
L̂i +

1
2m
L̂i
[
P̂ 2
j , L̂i

]
+

L̂i
[
V (|~x|), L̂i

]
= 1

2m

(
P̂j
[
P̂j, L̂i

]
L̂i +

[
P̂j, L̂i

]
L̂iP̂j + P̂jL̂i

[
P̂j, L̂i

]
+ L̂i

[
P̂j, L̂i

]
P̂j
)
+

L̂i
(
V (|~x|)L̂i − L̂iV (|~x|)

)
+
(
V (|~x|)L̂i − L̂iV (|~x|)

)
L̂i︸ ︷︷ ︸

L̂i 6=L̂i(r)−pr.24⇒=0

= ih
2m

(P̂jεijkP̂kL̂i+εijkP̂kL̂iP̂j+

+P̂jL̂iεijkP̂k + L̂iεijkP̂kP̂j) =
ih
2m

(
L̂iP̂jP̂k + L̂iP̂jP̂k − L̂iP̂jP̂k − L̂iP̂jP̂k

)
= 0
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Přı́klad 24 Jak vypadajı́ operátory X̂j, P̂j, L̂j , kde j = 3̂ ve sférických souřadnicı́ch?

Řešenı́ :
Sférické souřadnice :

x1 = r sin(�)cos(ϕ)

x2 = r sin(�)sin(ϕ)

x3 = r cos(�)

Inverznı́ vztahy :

r =
√
x21 + x22 + x23

ϕ = arctg
(
x2
x1

)

� = arccos
(

x3√
x21+x

2
2+x

2
3

)

Pro X̂j platı́ : X̂j = xj ⇒

X̂1 = r sin(�)cos(ϕ)

X̂2 = r sin(�)sin(ϕ)

X̂3 = r cos(�)

Pro P̂j platı́ : P̂j = −i�h ∂
∂xj

⇒

P̂1 = −i�h ∂
∂x1

= −i�h
(
∂
∂r

∂r
∂x1

+ ∂
∂ϕ

∂ϕ
∂x1

+ ∂
∂�

∂�
∂x1

)
=

∣∣∣∣∣∣∣∣∣∣

∂r
∂x1

= x1√
x21+x

2
2+x

2
3
= sin(�)cos(ϕ)

∂ϕ
∂x1

= − x2
x21+x

2
2
= − sin(ϕ)

r sin(�)
∂�
∂x1

= x1x3

(x21+x22+x23)
√
x21+x

2
2
= cos(�)cos(ϕ)

r

∣∣∣∣∣∣∣∣∣∣
=

−i�h
(
sin(�)cos(ϕ) ∂

∂r
− sin(ϕ)

r sin(�)
∂
∂ϕ

+ cos(�)cos(ϕ)
r

∂
∂�

)

P̂2 = −i�h ∂
∂x2

= −i�h
(
∂
∂r

∂r
∂x2

+ ∂
∂ϕ

∂ϕ
∂x2

+ ∂
∂�

∂�
∂x2

)
=

∣∣∣∣∣∣∣∣∣∣

∂r
∂x2

= x1√
x21+x

2
2+x

2
3
= sin(�)sin(ϕ)

∂ϕ
∂x2

= x1
x21+x

2
2
= cos(ϕ)

r sin(�)
∂�
∂x2

= x2x3

(x21+x22+x23)
√
x21+x

2
2
= cos(�)sin(ϕ)

r

∣∣∣∣∣∣∣∣∣∣
=

−i�h
(
sin(�)sin(ϕ) ∂

∂r
+ cos(ϕ)

r sin(�)
∂
∂ϕ

+ cos(�)sin(ϕ)
r

∂
∂�

)

P̂3 = −i�h ∂
∂x3

= −i�h
(
∂
∂r

∂r
∂x3

+ ∂
∂ϕ

∂ϕ
∂x3

+ ∂
∂�

∂�
∂x3

)
=

∣∣∣∣∣∣∣∣∣∣

∂r
∂x3

= x3√
x21+x

2
2+x

2
3
= cos(�)

∂ϕ
∂x3

= 0

∂�
∂x3

= −
√
x21+x

2
2

x21+x
2
2+x

2
3
= − sin(�)

r

∣∣∣∣∣∣∣∣∣∣
=

−i�h
(
cos(�) ∂

∂r
− sin(�)

r
∂
∂�

)
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Pro L̂j platı́ : L̂j = εjklX̂kP̂l ⇒

L̂1 = εjklX̂2P̂3 = −i�hεjklx2 ∂
∂x3

= −i�h
(
x2

∂
∂x3

− x3
∂
∂x2

)
=

−i�h
{
r sin(�)sin(ϕ)

(
− sin(�)

r
∂
∂�

)
− r cos(�)

(
cos(ϕ)
r sin(�)

∂
∂ϕ

+ cos(�)sin(ϕ)
r

∂
∂�

)}
=

−i�h
{
−
(
r sin2(�)sin(ϕ)+r cos2(�)sin(ϕ)

r

)
∂
∂�
− cos(�)cos(ϕ)

sin(�)
∂
∂ϕ

}
=

i�h
{
sin(ϕ) ∂

∂�
+ cos(ϕ)cotg(�) ∂

∂ϕ

}
L̂2 = εjklX̂3P̂1 = −i�hεjklx3 ∂

∂x1
= −i�h

(
x3

∂
∂x1

− x1
∂
∂x3

)
=

−i�h
{
r cos(�)

(
− sin(ϕ)
r sin(�)

∂
∂ϕ

+ cos(�)cos(ϕ)
r

∂
∂�

)
− r sin(�)cos(ϕ)

(
− sin(�)

r
∂
∂�

)}
=

−i�h
{(

r cos2(�)cos(ϕ)+r sin2(�)cos(ϕ)
r

)
∂
∂�
− cos(�)sin(ϕ)

sin(�)
∂
∂ϕ

}
=

i�h
{
−cos(ϕ) ∂

∂�
+ sin(ϕ)cotg(�) ∂

∂ϕ

}
L̂3 = εjklX̂1P̂2 = −i�hεjklx1 ∂

∂x2
= −i�h

(
x1

∂
∂x2

− x2
∂
∂x1

)
=

−i�h
{
r sin(�)

(
cos2(ϕ)
r sin(�)

∂
∂ϕ

+ cos(ϕ)cos(�)sin(ϕ)
r

∂
∂�

+ sin2(ϕ)
r sin(�)

∂
∂ϕ
− sin(ϕ)cos(�)cos(ϕ)

r
∂
∂�

)}
=

−i�h ∂
∂ϕ
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Přı́klad 25 ”Kvantové tuhé těleso” (např. dvouatomová molekula) s momentem setrvačnosti
Iz volně rotuje v rovině. Najděte jejı́ možné hodnoty energie.

Řešenı́ :

E = 1
2
m _x2 ≈ E = 1

2
Iz _ϕ

2

Ĥ = 1
2m
P̂ 2
x ≈ 1

2Iz
P̂ 2
ϕ ⇒

∣∣∣P̂ϕ = −i�h ∂
∂ϕ
; P̂ 2

ϕ = −�h2 ∂2

∂ϕ2

∣∣∣⇒ − �h2

2Iz
∂2

∂ϕ2

Dále vı́me že :

Ĥψ(ϕ) = λψ(ϕ)

−�h2 ∂2ψ
∂ϕ2

= λψ(ϕ)

ψ′′(ϕ) +
2Iz
�h2
λ︸ ︷︷ ︸

ω2

ψ(ϕ) = 0

ψ(ϕ) = Aeiωϕ +Be−iωϕ

Z požadavku jednoznačnosti ψ(ϕ) = ψ(ϕ+ 2π) plyne rovnost:

Aeiωϕ +Be−iωϕ = Aeiω(ϕ+2π) +Be−iω(ϕ+2π)

Aby platila tato rovnost musı́ se rovnat výrazy u konstant A a B, což je splněno pro
eiω2π = e0 = 1⇒

cos ω2π = 1⇒ ω2π = 2kπ ⇒ ω = k ⇒
√

2Iz
�h2
λ = k ⇒ λ = k2�h2

2Iz
, kde k ∈ Z
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Přı́klad 26 S použitı́m vzorců pro jednotlivé složky momentu hybnosti ukažte, že operátor
L̂2 má ve sférických souřadnicı́ch tvar :

L̂2 = −�h2
[

1
sin2�

∂2

∂ϕ2
+ 1

sin�
∂
∂�

(sin� ∂
∂�

)
]

Řešenı́ :

L̂2 = L̂2
1 + L̂2

2 + L̂2
3

Operátory L̂2
i vyjádřené ve sférických souřadnicı́ch známe z přı́kladu č. 24 :

L̂1 = i�h
(
cosϕ cotg� ∂

∂ϕ
+ sinϕ ∂

∂�

)

L̂2 = i�h
(
sinϕ cotg� ∂

∂ϕ
− cosϕ ∂

∂�

)

L̂3 = −i�h ∂
∂ϕ

Dále řešı́me již jen matematicky :

L̂2
1 = L̂1.L̂1 = −�h2[cosϕ cotg� ∂

∂ϕ

(
cosϕ cotg� ∂

∂ϕ
+ sinϕ ∂

∂�

)
+

sinϕ ∂
∂�

(
cosϕ cotg� ∂

∂ϕ
+ sinϕ ∂

∂�

)
] =

−�h2[cosϕ cotg�
(
−sinϕ cotg� ∂

∂ϕ
+ cosϕ cotg� ∂2

∂ϕ2
+ cosϕ ∂

∂�

)
+

sinϕ
(
− cosϕ
sin2�

∂
∂ϕ

+ sinϕ ∂2

∂�2

)
]

L̂2
2 = L̂2.L̂2 = −�h2[sinϕ cotg� ∂

∂ϕ

(
sinϕ cotg� ∂

∂ϕ
− cosϕ ∂

∂�

)
−

cosϕ ∂
∂�

(
sinϕ cotg� ∂

∂ϕ
− cosϕ ∂

∂�

)
] =

−�h2[sinϕ cotg�
(
cosϕ cotg� ∂

∂ϕ
+ sinϕ cotg� ∂2

∂ϕ2
+ sinϕ ∂

∂�

)
−

cosϕ
(
− sinϕ
sin2�

∂
∂ϕ
− cosϕ ∂2

∂�2

)
]

L̂2
3 = L̂3.L̂3 = −�h2 ∂2

∂ϕ2

Doplnı́me do vztahu pro L̂2 :

L̂2 = −�h2[
(
− sinϕ cosϕ cos2�

sin2�
− sinϕ cosϕ

sin2�
+ sinϕ cosϕ cos2�

sin2�
+ sinϕ cosϕ

sin2�

)
∂
∂ϕ

+

(
cos2ϕ cos2�

sin2�
+ sin2ϕ cos2�

sin2�
+ 1

)
∂2

∂ϕ2
+
(
cos2ϕ cos�

sin�
+ sin2ϕ cos�

sin�

)
∂
∂�

+

(sin2ϕ+ cos2ϕ) ∂2

∂�2 ] = −�h2
(

1
sin2�

∂2

∂ϕ2
+ cos�

sin�
∂
∂�

+ ∂2

∂�2

)
=

−�h2
(

1
sin2�

∂2

∂ϕ2
+ 1

sin�

(
cos� ∂

∂�
+ sin� ∂2

∂�2

))
= −�h2

(
1

sin2�
∂2

∂ϕ2
+ 1

sin�
∂
∂�
sin� ∂

∂�

)
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Přı́klad 27 Odvod’te pravděpodobnosti nalezenı́ částice v daném prostorovém úhlu pro stavy
s, p, d.

Řešenı́ :
Vycházı́me ze vztahů :

dw = |Yl,m(θ,�)|2 d


Yl,m(θ,�) = Cl,m︸ ︷︷ ︸
cons

Pm
l (cosθ)︸ ︷︷ ︸
polynom

eim�︸ ︷︷ ︸
cons

l ≥ 0, |m| ≤ l

Pm
l (cosθ) = (1−cos2θ)

m
2

2ll!
dl+m

d cosθl+m (cos2θ − 1)l

|Cl,m|2 = (2l+1)(l−m)!
4π(l+m)!

Pro stavy s platı́ : l = 0⇒ m = 0

|C0,0|2 = (0+1)(0−0)!
4π(0+0)!

= 1
4π

P 0
0 (cosθ) =

(1−cos2θ)0
200!

d0

d cosθ0
(cos2θ − 1)0 = 1

1
1 = 1

Y0,0(θ,�) = C0,0P
0
0 (cosθ)e

0 =
√

1
4π

dw = |Y0,0(θ,�)|2 d
 = 1
4π
d


Pro stavy p platı́ : l = 1⇒ m = −1, 0, 1

|C1,−1|2 = (2+1)2!
4π0!

= 3
2π

|C1,0|2 = (2+1)1!
4π1!

= 3
4π

|C1,1|2 = (2+1)0!
4π2!

= 3
8π

P−1
1 (cosθ) = (1−cos2θ)−

1
2

211!
d0

d cosθ0
(cos2θ − 1)1 = 1

2sinθ
(−sin2θ) = − sinθ

2

P 0
1 (cosθ) =

(1−cos2θ)0
211!

d
d cosθ

(cos2θ − 1)1 = 1
2
2cosθ = cosθ

P 1
1 (cosθ) =

(1−cos2θ)
1
2

211!
d2

d cosθ2
(cos2θ − 1)l = sinθ

2
2 = sinθ

Y1,−1(θ,�) = C1,−1P
−1
1 (cosθ)e−i� = −

√
3
2π

sinθ
2
e−i�

Y1,0(θ,�) = C1,0P
0
1 (cosθ)e

0 =
√

3
4π
cosθ
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Y1,1(θ,�) = C1,1P
1
1 (cosθ)e

i� =
√

3
8π
sinθei�

dw = |Y1,−1(θ,�)|2 d
 = 3
8π
sin2θd


dw = |Y1,0(θ,�)|2 d
 = 3
4π
cos2θd


dw = |Y1,−1(θ,�)|2 d
 = 3
8π
sin2θd


Pro stavy d platı́ : l = 2⇒ m = −2,−1, 0, 1, 2

|C2,−2|2 = (4+1)4!
4π0!

= 30
π

|C2,−1|2 = (4+1)3!
4π1!

= 15
2π

|C2,0|2 = (4+1)2!
4π2!

= 5
4π

|C2,1|2 = (4+1)1!
4π3!

= 5
24π

|C2,2|2 = (4+1)0!
4π4!

= 5
96π

P−2
2 (cosθ) = (1−cos2θ)−1

222!
d0

d cosθ0
(cos2θ − 1)2 = 1

8sin2θ
(−sin2θ)2 = sin2θ

8

P−1
2 (cosθ) = (1−cos2θ)−

1
2

222!
d

d cosθ
(cos2θ − 1)2 = 1

8sinθ
(−4cosθsin2θ) = − cosθsinθ

2

P 0
2 (cosθ) =

(1−cos2θ)0
222!

d2

d cosθ2
(cos2θ − 1)2 = 1

8
(12cos2θ − 4) = 3cos2θ−1

2

P 1
2 (cosθ) =

(1−cos2θ)
1
2

222!
d3

d cosθ3
(cos2θ − 1)2 = sinθ

8
(24cosθ) = 3sinθcosθ

P 2
2 (cosθ) =

(1−cos2θ)1
222!

d4

d cosθ4
(cos2θ − 1)2 = sin2θ

8
24 = 3sin2θ

Y2,−2(θ,�) = C2,−2P
−2
2 (cosθ)e−i2� =

√
30
π
sin2θ
8
e−i2� =

√
15
32π
sin2θe−i2�

Y2,−1(θ,�) = C2,−1P
−1
2 (cosθ)e−i� = −

√
15
2π

cosθ
2
e−i� = −

√
15
8π
sinθcosθe−i�

Y2,0(θ,�) = C2,0P
0
2 (cosθ)e

0 =
√

5
4π

3cos2θ−1
2

=
√

5
16π

(3cos2θ − 1)

Y2,1(θ,�) = C2,1P
1
2 (cosθ)e

i� =
√

5
24π

3sinθcosθei� =
√

15
8π
sinθcosθei�

Y2,2(θ,�) = C2,2P
2
2 (cosθ)e

i2� =
√

5
96π

3sin2θei2� =
√

15
32π
sin2θei2�

dw = |Y2,−2(θ,�)|2 d
 = 15
32π
sin4θd


dw = |Y2,−1(θ,�)|2 d
 = 15
8π
sin2θcos2θd


dw = |Y2,0(θ,�)|2 d
 = 5
16π

(3cos2θ − 1)2d


dw = |Y2,1(θ,�)|2 d
 = 15
8π
sin2θcos2θd


dw = |Y2,2(θ,�)|2 d
 = 15
32π
sin4θd
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Přı́klad 28 Napište všechny vlnové funkce harmonického oscilátoru pro stavy s energiemi
3
2
�hω, 5

2
�hω, 7

2
�hω

Řešenı́ :
Vycházı́me ze vztahu :

E = (n1 + n2 + n3 +
3
2
)�hω

Kulová funkce :

Yn1,n2,n3 = Yn1(x1).Yn2(x2).Yn3(x3) = Cn1,n2,n3Hn ⇒∣∣∣ξi = √
Mω
�h
xi; ξ

2 = ξ21 + ξ22 + ξ23 ;n = n1 + n2 + n3
∣∣∣⇒

Cn1,n2,n3Hn1(ξ1)Hn2(ξ2)Hn3(ξ3)e
− ξ2

2 ,

kde

Hn(ξi) =
[n
2 ]∑

k=0
(−1)k(2ξi)n−2k n!

k!(n−2k)! ⇒

∣∣∣∣∣∣∣
H0(ξi) = 1
H1(ξi) = 2ξi
H2(ξi) = 4ξ2i − 2

∣∣∣∣∣∣∣
A) E = 3

2
�hω ⇒

Yn1,n2,n3 = Y0,0,0 = C0,0,0H0(ξ1)H0(ξ2)H0(ξ3)e
− ξ2

2 = C0,0,0e
− ξ2

2 ,

B) E = 5
2
�hω ⇒

Yn1,n2,n3 ⇒
Y1,0,0 = C1,0,0H1(ξ1)H0(ξ2)H0(ξ3)e

− ξ2
2 = 2C1,0,0ξ1e

− ξ2
2

Y0,1,0 = C0,1,0H0(ξ1)H1(ξ2)H0(ξ3)e
− ξ2

2 = 2C0,1,0ξ2e
− ξ2

2

Y0,0,1 = C0,0,1H0(ξ1)H0(ξ2)H1(ξ3)e
− ξ2

2 = 2C0,0,1ξ3e
− ξ2

2

C) E = 7
2
�hω ⇒

Yn1,n2,n3 ⇒

Y1,1,0 = C1,1,0H1(ξ1)H1(ξ2)H0(ξ3)e
− ξ2

2 = 4C1,1,0ξ1ξ2e
− ξ2

2

Y1,0,1 = C1,0,1H1(ξ1)H0(ξ2)H1(ξ3)e
− ξ2

2 = 4C1,0,1ξ1ξ3e
− ξ2

2

Y0,1,1 = C0,1,1H0(ξ1)H1(ξ2)H1(ξ3)e
− ξ2

2 = 4C0,1,1ξ2ξ3e
− ξ2

2

Y2,0,0 = C2,0,0H2(ξ1)H0(ξ2)H0(ξ3)e
− ξ2

2 = C2,0,0(4ξ
2
1 − 2)e−

ξ2
2

Y0,2,0 = C0,2,0H0(ξ1)H2(ξ2)H0(ξ3)e
− ξ2

2 = C0,2,0(4ξ
2
2 − 2)e−

ξ2
2

Y0,0,2 = C0,0,2H0(ξ1)H0(ξ2)H2(ξ3)e
− ξ2

2 = C0,0,2(4ξ
2
3 − 2)e−

ξ2
2
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Přı́klad 29 Napište operátor L̂2 vyjádřený pomocı́ posunovacı́ch operátorů L̂± a L̂3

Řešenı́ :
Platı́ :

L̂2 = L̂2
1 + L̂2

2 + L̂2
3

L̂± = L̂1 ± iL̂2

Vypočı́táme :

L̂+L̂− = (L̂1 + iL̂2)(L̂1 − iL̂2) = L̂2
1 − iL̂1L̂2 + iL̂2L̂1 + L̂2

2 =
L̂2
1 + L̂2

2 + i[L̂2L̂1 − L̂1L̂2] = L̂2
1 + L̂2

2 + i[L̂2, L̂1] = L̂2
1 + L̂2

2 + i2�h ε2,1,3︸ ︷︷ ︸
−1

L̂3 =

L̂2
1 + L̂2

2 + �hL̂3 ⇒ L̂2
1 + L̂2

2 = L̂+L̂− − �hL̂3

Dosadı́me do L̂2 :

L̂2 = L̂2
3 + L̂+L̂− − �hL̂3

Dále spočı́táme :

[L̂+L̂−] = L̂+L̂− − L̂−L̂+ = [L̂1 + iL̂2, L̂1 − iL̂2] = [L̂1, L̂1]︸ ︷︷ ︸
0

−i[L̂1, L̂2] +

i[L̂2, L̂1] + [L̂2, L̂2]︸ ︷︷ ︸
0

= −i(i�hε1,2,3L̂3− i�hε2,1,3L̂3) = 2�hL̂3 ⇒ L̂+L̂− = L̂−L̂+ + 2�hL̂3

Opět dosadı́me :

L̂2 = L̂2
3 + L̂−L̂+ + �hL̂3
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Přı́klad 30 Posunovacı́ operátory momentu hybnosti působı́ na kulové funkce způsobem :

L̂±ψlm = α±lmψl,m±1.

Spočı́tejte koeficienty α±lm

Řešenı́ :

Poznámka :
L̂+ψ11 = 0

L̂−ψ1−1 = 0

Vycházı́me ze vztahů :

L̂2 = L̂2
3 + L̂+L̂− − �hL̂3

〈A〉ψ = 〈ψ,Aψ〉
‖ψ‖

L̂2ψlm = l(l + 1)�hψlm

〈
L̂2
〉
ψlm

= l(l + 1)�h2

Na našem přı́padě :

〈
L̂2
〉
ψl,m

=
〈ψl,m,L̂

2ψl,m〉
‖ψl,m‖︸ ︷︷ ︸

1

=
〈
ψl,m, L̂

2ψl,m
〉
=
〈
ψl,m, (L̂

2
3 + L̂+L̂− − �hL̂3)ψl,m

〉
=

〈
ψl,m, L̂

2
3ψl,m︸ ︷︷ ︸

m2�h2ψl,m

〉
+
〈
ψl,m, L̂+L̂−ψl,m

〉
− �h

〈
ψl,m, L̂3ψl,m︸ ︷︷ ︸

�hmψl,m

〉
=

m2�h2 〈ψl,m, ψl,m〉︸ ︷︷ ︸
1

+
〈
L̂−ψl,m, L̂−ψl,m

〉
−m�h2 〈ψl,m, ψl,m〉︸ ︷︷ ︸

1

=

|α−lm|2 〈ψl,m−1, ψl,m−1〉︸ ︷︷ ︸
1

+m2�h2 −m�h2

|α−lm|2 +m2�h2 −m�h2 = l(l + 1)�h2

|α−lm| =
√
�h2[l(l + 1)−m(m− 1)]

〈
L̂2
〉
ψl,m

=
〈
ψl,m, (L̂

2
3 + L̂−L̂+ + �hL̂3)ψl,m

〉
= m2�h2 +

〈
L̂+ψl,m, L̂+ψl,m

〉
+m�h2 =

|α+
lm|2 〈ψl,m+1, ψl,m+1〉︸ ︷︷ ︸

1

+m2�h2 +m�h2

|α+
lm|2 +m2�h2 +m�h2 = l(l + 1)�h2

|α+
lm| =

√
�h2[l(l + 1)−m(m+ 1)]
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Přı́klad 31 Kreačnı́ a anihilačnı́ operátory působı́cı́ na vlastnı́ funkce operátoru energie
harmonického oscilátoru způsobem

â±ψn = α±nψn±1.

Spočı́tejte koeficienty α±n .

Řešenı́ :
Vycházı́me ze vztahů :

â± =
√

Mω
2�h

(
X̂ ∓ i

Mω
P̂
)

Ĥ = 1
2M
P̂ 2 + Mω2

2
X̂2

â++ = â−

â+− = â+[
X̂, X̂

]
= 0

[
P̂ , P̂

]
= 0

[
X̂, P̂

]
= −

[
P̂ , X̂

]
= i�h

A) Vypočı́táme [â+, â−] a [â−, â+] :

[â+, â−] =
(√

Mω
2�h

)2 [
X̂ − i

Mω
P̂ , X̂ + i

Mω
P̂
]
=

Mω
2�h

[X̂, X̂]︸ ︷︷ ︸
0

+ i
Mω

[
X̂, P̂

]
︸ ︷︷ ︸

i�h

− i
Mω

[
P̂ , X̂

]
︸ ︷︷ ︸
−i�h

+ 1
M2ω2

[
P̂ , P̂

]
︸ ︷︷ ︸

0

 = Mω
2�h

i22�h
Mω

= −1

[â−, â+] =
(√

Mω
2�h

)2 [
X̂ + i

Mω
P̂ , X̂ − i

Mω
P̂
]
=

Mω
2�h

[X̂, X̂]︸ ︷︷ ︸
0

− i
Mω

[
X̂, P̂

]
︸ ︷︷ ︸

i�h

+ i
Mω

[
P̂ , X̂

]
︸ ︷︷ ︸
−i�h

+ 1
M2ω2

[
P̂ , P̂

]
︸ ︷︷ ︸

0

 = −Mω
2�h

i22�h
Mω

= 1

Tento výpočet je také možný z
[
Â, B̂

]
=
(
ÂB̂ − ÂB̂

)
B) Vypočı́táme â+â−, â−â+ a (â+â− + â−â+):

â+â− = Mω
2�h

(
X̂ − i

Mω
P̂
) (
X̂ + i

Mω
P̂
)
=

Mω
2�h

(
X̂2 + i

Mω
X̂P̂ − i

Mω
P̂ X̂ + 1

M2ω2
P̂ 2
)
=

Mω
2�h

(
X̂2 + i

Mω

(
X̂P̂ − P̂ X̂

)
+ 1

M2ω2
P̂ 2
)
= Mω

2�h

X̂2 + i
Mω

[
X̂, P̂

]
︸ ︷︷ ︸

i�h

+ 1
M2ω2

P̂ 2

 =

Mω
2�h

(
X̂2 − �h

Mω
+ 1

M2ω2
P̂ 2
)
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â−â+ = Mω
2�h

(
X̂ + i

Mω
P̂
) (
X̂ − i

Mω
P̂
)
=

Mω
2�h

(
X̂2 − i

Mω
X̂P̂ + i

Mω
P̂ X̂ + 1

M2ω2
P̂ 2
)
=

Mω
2�h

(
X̂2 − i

Mω

(
X̂P̂ − P̂ X̂

)
+ 1

M2ω2
P̂ 2
)
= Mω

2�h

X̂2 − i
Mω

[
X̂, P̂

]
︸ ︷︷ ︸

i�h

+ 1
M2ω2

P̂ 2

 =

Mω
2�h

(
X̂2 + �h

Mω
+ 1

M2ω2
P̂ 2
)

â+â− + â−â+ = Mω
2�h

(
X̂2 − �h

Mω
+ 1

M2ω2
P̂ 2
)
+ Mω

2�h

(
X̂2 + �h

Mω
+ 1

M2ω2
P̂ 2
)
=

Mω
�h

(
X̂2 + 1

M2ω2
P̂ 2
)
= 2

�hω

(
Mω2

2
X̂2 + 1

2M
P̂ 2
)
= 2

�hω
Ĥ ⇒ Ĥ = �hω

2
(â+â− + â−â+)

[â+, â−] = â+â− − â−â+ = −1⇒
∣∣∣∣∣ â−â+ = â+â− + 1
â+â− = â−â+ − 1

∣∣∣∣∣⇒
Ĥ = �hω

(
â+â− + 1

2

)
= �hω

(
â−â+ − 1

2

)

Obložı́me Ĥ vlastnı́ funkcı́ harmonického oscilátoru :

(ψn, Ĥψn) = �hω[(ψn, â+â−ψn) +
1
2
(ψn, ψn)︸ ︷︷ ︸

1

] = �hω[(â++ψn, â−ψn) +
1
2
] =

�hω[ (â−ψn, â−ψn)︸ ︷︷ ︸
(α−nψn−1, α

−
nψn−1)︸ ︷︷ ︸

|α−n |2 (ψn−1, ψn−1)︸ ︷︷ ︸
1

+1
2
] = �hω[|α−n |2+ 1

2
] = �hω(n+ 1

2
)⇒ |α−n |2 = n⇒ α−n =

√
n

(ψn, Ĥψn) = �hω[(ψn, â−â+ψn)− 1
2
(ψn, ψn)︸ ︷︷ ︸

1

] = �hω[(â+−ψn, â+ψn) +
1
2
] =

�hω[ (â+ψn, â+ψn)︸ ︷︷ ︸
(α+

nψn+1, α
+
nψn+1)︸ ︷︷ ︸

|α+n |2 (ψn+1, ψn+1)︸ ︷︷ ︸
1

−1
2
] = �hω[|α+

n |2 − 1
2
] = �hω((n+ 1)− 1

2
)⇒ |α+

n |2 =

n+ 1⇒ α+
n =

√
n+ 1
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Přı́klad 32 Ukažte, že pro kreačnı́ a anihilačnı́ operátory energie harmonického oscilátoru
platı́ :

â+â−ψn = nψn

Řešenı́ :
Vycházı́me z přı́kladu č. 31 :

â±ψn = α±nψn±1

α−n =
√
n

α+
n =

√
n+ 1

Upravujeme :

â+(â−ψn) = â+(α
−
nψn−1) = â+(

√
nψn−1) =

√
n(â+ψn−1) =

√
n(α+

n−1ψn−1+1) =√
n
√
n− 1 + 1ψn = nψn
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Přı́klad 33 Spočtěte střednı́ hodnoty složek hybnosti kvantové částice v Coulombově poli s
energiı́ −MQ2

2�h2
a nulovým momentem hybnosti (elektron v atomu vodı́ku ve stavu 1s)

Řešenı́ :
Vycházı́me ze vztahů :

E = −MQ2

2�h2

V (r) = −Q
r

Bohrův poloměr : a = �h2

|Q|M

P 0
0 (cosθ) = 1(viz. přı́klad č. 27)

Zobecněné Laguerrovy polynomy : Lbn(z) =
1
n!
ezz−b d

n

dzn (e
−zzn+b)

Stačı́ spočı́tat
〈
P̂1

〉
	100

, ostatnı́ složky jsou kulově symetrické :

	nlm(r, ϑ, ϕ) = Cnlm rl e−
r

na L2l+1
n−l−1

(
2r
n a

)
Pm
l (cosϑ)eimϕ

	100(r, ϑ, ϕ) = C100 r
0 e−

r
a L1

0

(
2r

a

)
︸ ︷︷ ︸

1

P 0
0 (cosϑ)︸ ︷︷ ︸

1

e0 = C100 e
− r

a

〈
P̂1

〉
	100

= (	100, P̂1 	100)

Z přı́kladu č. 24 vı́me :

P̂1 = −i�h
(
sin(ϑ)cos(ϕ) ∂

∂r
− sin(ϕ)

r sin(ϑ)
∂
∂ϕ

+ cos(ϑ)cos(ϕ)
r

∂
∂ϑ

)
A tedy :

P̂1	100 =
i�hC100
a

sin(ϑ)cos(ϕ) e−
r
a

Použı́tı́m sférických souřadnic (Jakobián = r2sin(ϑ)) zı́skáváme rovnici :

〈
P̂1

〉
	100

=
∞∫
0

π∫
0

2π∫
0
	100 P̂1	100 r

2sin(ϑ) dr dϑ dϕ =

∞∫
0

π∫
0

2π∫
0

i�hC2
100
a

e−2
r
a r2sin2(ϑ)cos(ϕ) dr dϑ dϕ =

[sin(ϕ)]2π0
∞∫
0

π∫
0

i�hC2
100
a

e−2
r
a r2sin2(ϑ) dr dϑ = 0

Tento výsledek jsme očekávali - nebot’
〈
P̂1

〉
	100

= i
∫

reálná funkce = ireálná fukce =

komplexnı́ fukce (ryze imaginárnı́ čı́slo), ale
〈
P̂1

〉
	100

∈ R vždycky→ samozdružený

operátor → nenı́ význačný směr ⇒
〈
P̂2

〉
	100

= 0 a
〈
P̂3

〉
	100

= 0.

47



Přı́klad 34 Spočtěte střednı́ hodnoty složek polohy kvantové částice popsané vlnovou funkcı́

	(~x, t0) = g(~x) = Ce−Ax
2+ ~B~x

Řešenı́ :
Předpokládáme :

A ∈ C

Re(A) > 0

Vycházı́me ze vztahů :

∫
R
|C|2e−(Ax2− ~B~x) d3x = |C|2

√
π
A
e

~B2
4A

∫
R
xi|C|2e−(Ax

2− ~B~x) d3x = |C|2
√

π
A

(
~B
2A

)
e

~B2
4A

Střednı́ hodnoty složek polohy :

〈
X̂i

〉
	
=
∫
R3
xi ω(~x) d

3x =

∫
R3

xi|	(~x)|2 d3x∫
R3

|	(~x)|2 d3x

Spočteme si, čemu se rovná |	(~x)|2 :

|	(~x)|2 = |C|2e−Ax2+ ~B~x . e− �Ax2+~�B~x =
|C|2e−Re(A)x2−Im(A)x2+Re(Bi)~x+Im(Bi)~x−Re(A)x2+Im(A)x2+Re(Bi)~x−Im(Bi)~x =

|C|2e−Re(A)x2+Re(Bi)~x−Re(A)x2+Re(Bi)~x = |C|2e−2Re(Ax2−Bi~x)

Dosadı́me zpět a vypočteme integrál (pozor integrujeme přes R3 !!!) :

〈
X̂i

〉
	
=

∫
R3

xi|	(~x)|2 d3x∫
R3

|	(~x)|2 d3x =

|C|6
(√

π
2Re(A)

)3 (
e
(2Re(Bi))

2

8Re(A)

)3
2Re(Bi)
4Re(A)

|C|6
(√

π
2Re(A)

)3 (
e
(2Re(Bi))2
8Re(A)

)3 = Re(Bi)
2Re(A)
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Přı́klad 35 Spočtěte střednı́ hodnoty složek hybnosti kvantové částice popsané vlnovou
funkcı́

	(~x, t0) = Ce−Ax
2+ ~B~x,

kde Re(A) > 0, ~B ∈ C3, C ∈ C.

Napište tvar této funkce popisujı́cı́ vlnový balı́k se střednı́ hodnotou hybnosti ~p0, který
má v čase t0 střednı́ hodnotu polohy ~x0.

Řešenı́ :
Vyjdeme ze vztahů :

	(~x, t0) = Ce−Ax
2+ ~B~x,

P̂j	 = −i�h ∂ 	
∂ xj

= −i�h
(
Ce−Ax

2+ ~B~x
)
(−2Axj +Bj),〈

Â
〉
	
= (	,Â	)

‖	‖2

Dále vypočı́táme
〈
P̂j
〉
	

(musı́ být reálné čı́slo ⇒ integrujeme přes R) :

〈
P̂j
〉
	
= (	,P̂j	)

‖	‖2 =

∫
R3

�	P̂j	 dx3∫
R3

�		 dx3
=

∫
R3

�	(−i�h(−2Axj+Bj))	 dx3∫
R3

�		 dx3
|∗ =

C2

C2

∫
R

−i�h(−2Axj+Bj)e
−(A+ �A)x2j+(Bj+ �Bj) dxj∫

R

e
−(A+ �A)x2

j
+(Bj+ �Bj) dxj

=

i�h2A

∫
R

xje
−(A+ �A)x2j+(Bj+ �Bj) dxj∫

R

e
−(A+ �A)x2

j
+(Bj+ �Bj) dxj

− i�hBj

∫
R

e
−(A+ �A)x2j+(Bj+ �Bj) dxj∫

R

e
−(A+ �A)x2

j
+(Bj+ �Bj) dxj

|∗ integracı́ přes ostatnı́ složky k 6= j dostaneme 1⇒ integrujeme pouze přes R.

Za pomoci výsledku z př. č. 34 můžeme psát :〈
P̂j
〉
	
= i�h2A 〈xj〉− i�hBj =

i�h2A Re(Bj)

2 Re(A)
− i�hBj |∗ = i�h (Re(Bj −Bj) = �h Im(Bj)

|∗ pro A ∈ R+

Označı́me :

~P0 =
〈
P̂
〉

~x0 =
〈
X̂
〉 ⇒ ~B,

a tedy :

~P0j = �h Im(Bj)

~x0j =
Re(Bj)

2A

⇒ ~B = 2A~x0j︸ ︷︷ ︸
Re(Bj)

+i
~P0j

�h︸︷︷︸
Im(Bj)

	(x0, t0) = CX− 3
2 (t)e

B2
4A e−A

(~x− ~B
2A

)2

X(t)
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Přı́klad 36 Určete pravděpodobnost nalezenı́ hybnosti částice popsané vlnovou funkcı́

	(x) = C e−~x
2+ix1

v intervalu J = (a1, b1)×(a2, b2)×(a3, b3). Určete hustotu pravděpodobnosti nalezenı́
hybnosti v okolı́ hodnoty p̂0.

Řešenı́ :
Vycházı́me ze vztahů :
- de Brougliho vlna :

	~p = Ae
i
�h ~p~x

- výpočet integrálu :

I(n, a, b) =
∫
R
xne−ax

2+bx = e
b2
4a

[n
2 ]∑
j=0

(
b
2a

)n−2j n!
√
π

(n−2j)! j! 22j aj+1
2

Hledáme pravděpodobnost Pp̂ ∈J (= pravděpodobnost přechodu z 	 do 	p).
- hustota pravděpodobnosti nalezenı́ dané hybnosti ~p :

ρ~p =
|(	,	~p)|2

|(	,	)| |(	~p,	~p)|

- pravděpodobnost nalezenı́ hybnosti z intervalu, přes který integrujeme (jednotlivé
pravděpodobnosti se sčı́tajı́, zde jich je ale nekonečne mnoho, proto integrujeme;
pokud bychom integrovali přes celé R3 museli bychom dostat 1)

P~p ∈J =
∫
J
ρ~p d

3p =
∫
J

|(	,	~p)|2
|(	,	)| |(	~p,	~p)|

d3p =∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(	,	~p) =
∫
R3
Ce−~x

2+ix1 Ae
i
�h ~p~x d3x = CA

∫
R3
e−~x

2+i(x1+ 1
�h ~p~x) d3x =

CA
∞∫
−∞

e−x
2
1+i(1+ 1

�hp1)x1 dx1
∞∫
−∞

e−x
2
2+

i
�hp2x2 dx2

∞∫
−∞

e−x
2
3+

i
�hp3x3 dx3 =

CA (
√
π)

3
ei

2 (1+
1
�h p1)

2

4 + i2
p22
4�h2

+ i2
p23
4�h2 = CA (

√
π)

3
e−

(�h+p1)
2

4�h2
−

p22
4�h2

−
p23
4�h2

⇒ |Substituce : ~k = (1, 0, 0)| ⇒ CA (
√
π)

3
e−

(~k− ~p
�h)

2

4

(	~p,	~p) =
∫
R3
|A|2e i

�h ~p~xe
i
�h ~p~x d3x→∞ ... nelze, ale z w~p∈R3 = 1

(	~p,	~p) = |A|28�h3π3

(	,	) =
∫
R3
|C|2e−x21+i(1+

1
�hp1)x1e−x

2
1+i(1+ 1

�hp1)x1 d3x =
∫
R3
|C|2e−2~x2 =

|C|2
(√

π
2

)3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∫
J

|C|2|A|2 (
√
π)

6
e−2

(~k− ~p
�h)

2

4

|C|2(
√

π
2 )

3
|A|28�h3π3

d3~p =
∫
J

e−2
(~k− ~p

�h)
2

4

(
√
2π�h)

2 d3~p
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Přı́klad 37 Necht’”jednorozměrná” částice s hmotou M v potenciálu harmonického oscilá-
toru s vlastnı́ frekvencı́ ω = h

M
je ve stavu popsaném vlnovou funkcı́

	(x) = C e−x
2+ix.

S jakou pravděpodobnostı́ naměřı́me hodnoty jejı́ energie rovné 1
2
hω (1) resp. hω (2),

3
2
hω (3)?

Řešenı́ :
Jedná se o úlohu jednorozměrného harmonického oscilátoru.

Vycházı́me ze vztahů :

	n = Ane
− ξ2

2 Hn(ξ) =
∣∣∣ξ = √

Mω
�h
x =

√
M�h
�hM
x = x

∣∣∣ = Ane
−x2

2 Hn(x)

Hn(x) =
[n
2 ]∑

k=0
(−1)k(2x)n−2k n!

k!(n−2k)! ⇒

∣∣∣∣∣∣∣
H0(x) = 1
H1(x) = 2x
H2(x) = 4x2 − 2

∣∣∣∣∣∣∣
I(0, a, b) =

∫
R
e−ax

2+bx = e
b2
4a

√
π
a

I(1, a, b) =
∫
R
xe−ax

2+bx = e
b2
4a

(
b
2a

)√
π
a

1 .

E1 =
1
2
�hω

	0 = A0e
−x2

2

P1 =
|(	,	0)|2

(	,	)(	0,	0)
=

∣∣∣∣∫ Ce−x2+ixA0e
−x2

2 dx

∣∣∣∣2∫
|C|2e−2x2 dx

∫
|A0|2e−x2 dx

=

∣∣∣∫ e− 3
2x2+ix dx

∣∣∣2√
π
2
√
π

= 2
√
2

3
e−

1
3

2 .

P2 = 0⇒ energie E2 = �hω neležı́ ve spektru.

3 .

E3 =
3
2
�hω

	1 = A1e
−x2

2 2x

P3 =
|(	,	1)|2

(	,	)(	1,	1)
=

∣∣∣∣∫ Ce−x2+ixA1e
−x2

2 2x dx

∣∣∣∣2∫
|C|2e−2x2 dx

∫
|A1|24x2e−x2 dx

=

∣∣∣∫ 2xe−
3
2x2+ix dx

∣∣∣2√
π
2 2
√
π

= 4
√
2

27
e−

1
3
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Přı́klad 38 Necht’ částice s hmotou M v potenciálu harmonického osciátoru s vlastnı́ frek-
vencı́ ω = �h

M
je ve stavu popsaném vlnovou funkcı́ :

	(x) = C e−x
2+ix1 .

S jakou pravděpodobnostı́ naměřı́me hodnoty jejı́ energie rovné 5
2
�hω ?

Řešenı́ :
Jedná se o úlohu trojrozměrného harmonického oscilátoru.⇒ E =

(
n1 + n2 + n3 +

3
2

)
�hω

V úvahu připadajı́ tyto možnosti :

~k = {n1, n2, n3} = {(1, 0, 0); (0, 1, 0); (0, 0, 1)}

Celková pravděpodobnost je pak :

P =
∑
k

|(	,	k)|2
(	,	)(	k,	k)

Z přı́kladu č. 28 vı́me :

	100 = 2 C100 x1 e
−x2

2

	010 = 2 C010 x2 e
−x2

2

	001 = 2 C001 x3 e
−x2

2

Nebot’:

ξ =
√

Mω
�h
x =

√
M�h
�hM
x = x

Abychom vypočı́tali celkovou pravděpodobnost musı́me určit :

(	100,	100) =
∫
R3
|C100|24x21

(
e−

x2
2

)2
d3x = 4|C100|2

∫
R3
x21e

−x2d3x =

4|C100|2
∞∫
−∞

x21e
−x21dx1

∞∫
−∞

e−x
2
2dx2

∞∫
−∞

e−x
2
3dx3 = 4|C100|2 12

√
π(
√
π)2

Stejně tak :

(	010,	010) = 4|C010|2 12
√
π(
√
π)2

(	001,	001) = 4|C001|2 12
√
π(
√
π)2
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Dále určı́me :

(	,	) = |C|2
∫
R3
e−x

2+ix1e−x
2−ix1d3x = |C|2

∫
R3
e−2x

2
d3x =

|C|2
∞∫
−∞

e−2x
2
1dx1

∞∫
−∞

e−2x
2
2dx2

∞∫
−∞

e−2x
2
3dx3 = |C|2

(√
π
2

)3

(	,	100) =
∫
R3
Ce−x

2−ix12C100x1e
−x2

2 d3x = 2CC100

∫
R3
x1e

− 3
2x

2−ix1d3x =

2CC100

∞∫
−∞

x1e
− 3

2x
2
1−ix1dx1

∞∫
−∞

e−
3
2x

2
2dx2

∞∫
−∞

e−
3
2x

2
3dx3 .

∣∣∣∣∣−∞∫∞ xe−ax
2+bx dx =

√
π
a
b
2a
e

b2
4a

∣∣∣∣∣.
2CC100

√
2π
3

(
− i

3

)
e−

1
6

(√
2π
3

)2

|(	,	100)|2 = 4|C|2|C100|2 2π3
1
9
e−

1
3

(
2π
3

)2
= |C|2|C100|2 32π

3

243
e−

1
3

(	,	010) =
∫
R3
Ce−x

2−ix12C010x2e
−x2

2 d3x = 2CC010

∫
R3
x2e

− 3
2x

2−ix1d3x =

2CC010

∞∫
−∞

e−
3
2x

2
1−ix1dx1

∞∫
−∞

x2e
− 3

2x
2
2dx2

︸ ︷︷ ︸
0

∞∫
−∞

e−
3
2x

2
3dx3 = 0

(	,	001) =
∫
R3
Ce−x

2−ix12C001x3e
−x2

2 d3x = 2CC001

∫
R3
x3e

− 3
2x

2−ix1d3x =

2CC001

∞∫
−∞

e−
3
2x

2
1−ix1dx1

∞∫
−∞

e−
3
2x

2
2dx2

∞∫
−∞

x3e
− 3

2x
2
3dx3

︸ ︷︷ ︸
0

= 0

A tedy :

P = |(	,	100)|2
(	,	)(	100,	100)

=
|C|2|C100|2 32π3

243 e
− 1
3

|C|2(
√

π
2 )

3
4|C100|2 12

√
π(
√
π)2

=
32π3
243

2
√

π6
2
√
2

e−
1
3 = 32

243

√
2e−

1
3
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Přı́klad 39 Necht’částice je ve stavu popsaném vlnovou funkcı́

	 = 1
2
√
π

(
ei�sinθ + cosθ

)
g(r).

Jaké hodnoty Lz můžeme naměřit a s jakou pravděpodobnostı́? Jaká je střednı́ hodnota
Lz v tomto stavu?

Řešenı́ :

l = 1⇒
m = −1
m = 0
m = 1

⇒ viz. přı́klad č. 27 ⇒
Y1,−1(θ,�) = −

√
3
2π

sinθ
2
e−i�

Y1,0(θ,�) =
√

3
4π
cosθ

Y1,1(θ,�) =
√

3
8π
sinθei�

A tedy :

	 =
(√

2
3
Y1,1 +

1√
3
Y1,0

)
g(r)⇒

můžeme naměřit pouze stavy Lz odpovı́dajı́cı́ stavům l = 1, m = 1 a l = 1, m = 0

tj. Lz	 = m�h	 = m�h 1√
3
Y1,0 +m�h

√
2
3
Y1,1 = 0�h 1√

3
Y1,0 + 1�h

√
2
3
Y1,1 =

√
2
3
�hY1,1 . Pro

vlastnı́ stavyL2 platı́ :L2	 = l(l+1)�h2	 = 1(1 + 1)�h2 1√
3
Y1,0+1(1 + 1)�h2

√
2
3
Y1,1 =

2�h2	

Pravděpodobnost naměřenı́ stavu odpovı́dajı́cı́ l = 1, m = 0 :

w1,0 =
|(	,Y1,0)|2

(	,	) (Y1,0, Y1,0)︸ ︷︷ ︸
1

=
|(
√

2
3Y1,1+

1√
3
Y1,0,Y1,0)|2∥∥∥√ 2

3Y1,1+
1√
3
Y1,0

∥∥∥2 =

∣∣∣∣∣∣∣∣∣∣∣
∫ √

2

3
Y1,1 �Y1,0︸ ︷︷ ︸

OG fce⇒0

+

∫ 1√
3
Y1,0 �Y1,0︸ ︷︷ ︸
1√
3

∣∣∣∣∣∣∣∣∣∣∣

2

∫ 2

3
Y1,1 �Y1,1︸ ︷︷ ︸
2
3

+

∫ 1√
3

√
2

3
(Y1,0Y1,1 + Y1,1Y1,0)︸ ︷︷ ︸

OG fce⇒0

+

∫ 1

3
Y1,0 �Y1,0︸ ︷︷ ︸
1
3

= 1
3

Jiný stav než Y1,0 a Y1,1 nemůže nastat ⇒ w1,1 = 1− w1,0 =
2
3

Střednı́ hodnota Lz v tomto stavu :

〈Lz〉 = (	,Lz	)

‖	‖2︸ ︷︷ ︸
1

= (
√

2
3
Y1,1 +

1√
3
Y1,0,

√
2
3
�hY1,1) =

∫ √
2

3

√
2

3
�hY1,1Y1,1︸ ︷︷ ︸

2
3�h

+
∫ 1√

3

√
2

3
�hY1,0Y1,1︸ ︷︷ ︸

0

= 2
3
�h
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Přı́klad 40 Necht’částice je popsáná vlnovou funkcı́

	 = (x+ y + 2z)e−α
√
x2+y2+z2

Jaká je pravděpodobnost nalezenı́ částice v prostorovém úhlu (�,�+d�)×(�,�+d�),
kde �,� jsou polárnı́, respektive azimutálnı́ úhel? Jaké hodnoty kvadrátu momentu
hybnosti můžeme naměřit? Jaká je střednı́ hodnota z-ové složky momentu hybnosti?
Jaká je pravděpodobnost naměřenı́ z-ové složky momentu hybnosti Lz = +h?
Návod: zapište 	 pomocı́ kulových funkcı́.

Řešenı́ :

Sférické souřadnice :

x1 = r sin�cos�

x2 = r sin�sin�

x3 = r cos�

A tedy :

	 = r(sin�cos� + sin�sin� + 2cos�)e−αr

Z přı́kladu č. 27 vı́me :

Y1,−1(θ,�) = −
√

3
8π
sin�e−i� = −

√
3
8π

(sin�cos�− isin�sin�)

Y1,0(θ,�) =
√

3
4π
cos�

Y1,1(θ,�) =
√

3
8π
sin�ei� =

√
3
8π

(sin�cos� + isin�sin�)

A tedy :

	 = r
(√

2π
3
(Y1,1 − Y1,−1)− i

√
2π
3
(Y1,1 + Y1,−1) +

√
16π
3
Y1,0

)
e−αr

Označı́me :

K =
∞∫
0
r4e−2αr =

∣∣∣∣∣∣∣
t = 2αr
r = t

2α

dr = 1
2α
td

∣∣∣∣∣∣∣ = 1
(2α)5

∞∫
0
t4e−t = 1

(2α)5
�(5) = 4!

(2α)5
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Jelikož nás nezajı́má r vyintegrujeme přes něj a tedy :

Pd
(�,�) =
∞∫
0
|	(r,�,�)|2r2 sin� d� d�︸ ︷︷ ︸

d


dr = K(sin�cos� + sin�sin� +

2cos�)2 d
 = K
(√

2π
3
(Y1,1 − Y1,−1)− i

√
2π
3
(Y1,1 + Y1,−1) +

√
16π
3
Y1,0

)2
=

K
(
4
√

π
3
Y1,0 + (1− i)

√
2π
3
Y1,1 − (1 + i)

√
2π
3
Y1,−1

)2
=

K(16π
3
|Y1,0|2 + (1− i)(1 + i)2π

3
|Y1,1|2 + (1 + i)(1− i)2π

3
|Y1,−1|2 + nulové členy ) =

K
(
16π
3
|Y1,0|2 + 4π

3
|Y1,1|2 + 4π

3
|Y1,−1|2

)
Konstantu K určı́me z normalizace :

1 = ‖	‖2 =
∫
R3
|	|2 d3x = K

∫ ∫ (16π
3
|Y1,0|2 + 4π

3
|Y1,1|2 + 4π

3
|Y1,−1|2

)
sin� d� d� =

K
(
16π
3

+ 4π
3
+ 4π

3

)
= 8πK ⇒ K = 1

8π

A tedy :

Pd
(�,�) =
1
8π

(
16π
3
|Y1,0|2 + 4π

3
|Y1,1|2 + 4π

3
|Y1,−1|2

)
Hohnoty L̂2, které můžeme naměřit :

L̂2Yl,m = l(l + 1)�h2Yl,m

Můžeme naměřit pouze hodnotu l = 1 ⇒ naměřı́me pouze jedno vlastnı́ čı́lo (jeden
vlastnı́ stav) :

L̂2Yl,m = 1(1 + 1)�h2Yl,m = 2�h2Yl,m,

kde 2�h2 je vlastnı́ čı́slo.

Z-tová složka momentu hybnosti :

〈
L̂z
〉
	
=
(
	, L̂z	

)
=

�h
(8π)2

((1− i)(1 + i)2π
3
‖Y1,1‖2︸ ︷︷ ︸

1

−(1 + i)(1− i)2π
3
‖Y1,−1‖2︸ ︷︷ ︸

1

+ nulové členy ) = 0

Nebot’platı́ :

L̂z	 = m�h	 = �h 1
8π

(
0.4
√

π
3
Y1,0 + 1.(1− i)

√
2π
3
Y1,1 − (−1).(1 + i)

√
2π
3
Y1,−1

)
Pravděpodobnost naměřenı́ z-ové složky momentu hybnosti Lz = +�h⇒ m = Lz

�h
= 1

(l = 1 vždy) :

Pm=1 = |(	, Y1,1)|2 = 1
8π
|(4
√

π
3
Y1,0 + (1− i)

√
2π
3
Y1,1 − (1 + i)

√
2π
3
Y1,−1, Y1,1)|2 =

1
8π
|(1− i)

√
2π
3
‖Y1,1‖2︸ ︷︷ ︸

1

+ nulové členy |2 = 1
6
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Přı́klad 41 Spočtěte střednı́ kvadratické odchylky složek polohy a hybnosti kvantové částice
při měřenı́ na stavu popsaném vlnovou funkcı́

	(~x, t0) = Ce−Ax
2+ ~B~x,

kde A > 0. Ukažte, že pro tento stav platı́

�	(X̂k)�	(P̂k) =
�h
2

Řešenı́ :

Vycházı́me ze vztahu :

(
�	(Â)

)2
=
〈
Â2 −

〈
Â
〉2
	

〉
	
=
〈
Â2
〉
	
−
〈
Â
〉2
	

Z přkladu č. 34 vı́me :

〈
X̂j

〉
	
= Re(Bj)

2A

Z přkladu č. 35 vı́me :

〈
P̂j
〉
	
= �h Im(Bj)

Dále vı́me :

P̂j	 = −i�h ∂	
∂xj

= −i�hCe−Ax2+ ~B~x(−2Axj +Bj)

A tedy :

P̂ 2
j 	 = (−i�h)2 ∂2	

∂x2j
= −�h2C ∂

∂xj

[
e−Ax

2+ ~B~x(−2Axj +Bj)
]
=

−�h2C
[
e−Ax

2+ ~B~x(−2Axj +Bj)
2 + e−Ax

2+ ~B~x(−2A)
]
=

−�h2Ce−Ax2+ ~B~x
[
4A2x2j − 4AxjBj +B2

j − 2A
]

A dále :

〈
X̂2
j

〉
	
=
〈	,X̂2

j 	〉
‖	‖2 =

C2
∫

R3
x2je

−Ax2+Re(~B)~x+iIm(~B)~xe−Ax2+Re(~B)~x−iIm(~B)~x

C2
∫

R3
e−Ax2+Re(~B)~x+iIm(~B)~xe−Ax2+Re(~B)~x−iIm(~B)~x d3x =

∫
R3

x2je
−2Ax2+2Re(~B)~x∫

R3
e−2Ax2+2Re(~B)~x d3x =

∞∫
−∞

x2je
−2Ax2

j
+2Re(~B)xj dxj

∞∫
−∞

e
−2Ax2

k
+2Re(~B)xk dxk

∞∫
−∞

e
−2Ax2

l
+2Re(~B)xl dxl

∞∫
−∞

e
−2Ax2

j
+2Re(~B)xj dxj

∞∫
−∞

e
−2Ax2

k
+2Re(~B)xk dxk

∞∫
−∞

e
−2Ax2

l
+2Re(~B)xl dxl

=
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∞∫
−∞

x2je
−2Ax2

j
+2Re(~B)xj dxj

∞∫
−∞

e
−2Ax2

j
+2Re(~B)xj dxj

⇒

∣∣∣∣∣∣∣∣∣∣∣

∫
R
e−ax

2+bxdx = e
b2
2a

√
π
a∫

R
x2e−ax

2+bxdx = e
b2
2a
√
π
[
( b
2a
)2 1√

a
+ a−

3
2 1
2

]
a = 2A, b = 2Re(Bj)

∣∣∣∣∣∣∣∣∣∣∣
⇒

e
4Re(Bj)

2

4A
√
π

[
4Re(Bj)

2

16A2
1√
2A

+ 1
2A
√
2A

1
2

]
e

4Re(Bj)2

4A

√
π
2A

=

√
π

[
4Re(Bj)

2

16
√
2A2√A

+ 1
4
√
2A
√

A

]
√

π
2A

= Re(Bj)
2+A

4A2

Ze vztahu pro
(
�	(Â)

)2
vypočı́táme �	(X̂j) :

�	(X̂j) =

√〈
X̂2
j

〉
	
−
〈
X̂j

〉2
	
=

√
Re(Bj)2+A

4A2 −
(
Re(Bj)

2A

)2
=
√

1
4A

Nynı́ můžeme určit
〈
P̂ 2
j

〉
	

:

〈
P̂ 2
j

〉
	
=
〈	,P̂ 2

j 	〉
‖	‖2 =

−�h2C2
∫

R3
[4A2x2j−4AxjBj+B

2
j−2A]e−Ax2+Re(~B)~x+iIm(~B)~xe−Ax2+Re(~B)~x−iIm(~B)~x

C2
∫

R3
e−Ax2+Re(~B)~x+iIm(~B)~xe−Ax2+Re(~B)~x−iIm(~B)~x d3x =

−�h2
∫

R3
[4A2x2j−4AxjBj+B

2
j−2A]e−2Ax2+2Re(~B)~x∫

R3
e−2Ax2+2Re(~B)~x d3x = −�h24A2

∫
R3

x2je
−2Ax2+2Re(~B)~x∫

R3
e−2Ax2+2Re(~B)~x d3x+

�h24ABj

∫
R3

xje
−2Ax2+2Re(~B)~x∫

R3
e−2Ax2+2Re(~B)~x d3x− �h2(B2

j − 2A)

∫
R3

e−2Ax2+2Re(~B)~x∫
R3

e−2Ax2+2Re(~B)~x d
3x =

−�h2
[
4A2

〈
X̂2
j

〉
	
− 4A

〈
X̂j

〉
	
Bj +B2

j − 2A
]
=

−�h2
[
4A2Re(Bj)

2+A

4A2 − 4ARe(Bj)

2A
Bj +B2

j − 2A
]
=

−�h2
[
Re(Bj)

2 − 2Re(Bj)Bj +B2
j − A

]
= −�h2 [(Re(Bj)−Bj)

2 − A] =

�h2Im(Bj)
2 + �h2A

Ze vztahu pro
(
�	(Â)

)2
vypočı́táme �	(P̂j) :

�	(P̂j) =

√〈
P̂ 2
j

〉
	
−
〈
P̂j
〉2
	
=
√
�h2Im(Bj)2 + �h2A− �h2Im(Bj)2 = �h

√
A

A tedy konečně :

�	(X̂j)�	(P̂j) =
√

1
4A
�h
√
A = �h

2
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Přı́klad 42 Ukažte, že v jednorozměrném přı́padě podmı́nka

[
Â−

〈
Â
〉
	
− iα(B̂ −

〈
B̂
〉
	
)
]
	 = 0

pro operátory Â = X̂, B̂ = P̂ je integrodiferenciálnı́ rovnicı́, jejı́miž jedinými řešenı́mi
jsou funkce

g(x) = Ce−Ax
2+Bx,

které jsme nazvali minimálnı́ vlnové balı́ky.

Řešenı́ :
Vycházı́me ze vztahů :

P̂ = −i�h ∂
∂x

〈
X̂
〉
	
=
∫ �	X̂	→ označı́me jako X (= konstanta závislá na 	)

〈
P̂
〉
	
=
∫ �	P̂	→ označı́me jako P (= konstanta závislá na 	)

Potom : [
X̂ −

〈
X̂
〉
	
− iα(P̂ −

〈
P̂
〉
	
)
]
	 = 0

X̂	− X	+ iαP	− α�h ∂
∂x
	 = 0

X̂ + (iαP− X) = 1
	
α�h ∂

∂x
	

∫
X̂ + (iαP− X)︸ ︷︷ ︸

konstanta

dx =
∫ 1

	
α�h d	

x2

2
+ (iαP− X)x = α�h ln(	)− C

	 = e
1

α�h

(
x2
2 +(iαP−X)x

)
+C

≈ De−Ax
2+Bx,

kde A = − 1
2α�h

, B =
(iαP−X)

α�h
a D = eC

α < 0 aby bylo 	 integrabilnı́.

Z přkladu č. 34 vı́me :

〈
X̂j

〉
	
= Re(B)

2A
=

−X
α�h

− 2
2α�h

= X

Z přkladu č. 35 vı́me :
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〈
P̂j
〉
	
= �h Im(B) = �hαP

α�h
= P

A tedy :

|	|2 =
∫
R

�		 =
∫
R
D2e

x2
2α�h+

iP
�h x−X

α�hx e
x2
2α�h−

iP
�h x−X

α�hx dx =
∫
R
D2e

x2
α�h−

2X
α�h x dx⇒

∣∣∣∣∣∫R e−ax2+bx = e
b2
4a

√
π
a

∣∣∣∣∣⇒ D2e

4X2

α2�h2
− 4

α�h
√
− π

1
α�h

= D2e
−X2

α�h
√
−πα�h

Konstantu D určı́me z normalizace :

1 = |	|2 = D2e
−X2

α�h
√
−πα�h⇒ D =

√
e
−X2

α�h√
−πα�h

A tedy :

|	|2 = e
−X2

α�h√
−πα�he

−X2

α�h
√
−πα�h = e−

2X2

α�h
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Přı́klad 43 Necht’Hamiltonián kvantového systému má čistě bodové spektrum. Na systému
byla naměřena hodnota a pozorovatelné Â, která má čistě bodové spektrum a a
je nedegenerovaná vlastnı́ hodnota. Jaká je pravděpodobnost, že naměřı́me stejnou
hodnotu, budeme-li měřenı́ opakovat po čase t?

Řešenı́ :

Platı́ :

Â	a = a	a

Vı́me, že hamiltonián má čı́ste bodové spektrum, neboli :

Ĥ	k = Ek	k,

potom platı́ :

	a = 	(0) =
∑
k
ck	k(~x, 0)

Časový vývoj :

	k(~x, t) = e−
i
�hEkt	k(~x, 0)

A tedy :

	(t) =
∑
k
ck	k(~x, t) =

∑
k
cke

− i
�hEkt	k(~x, 0)

Pravděpodobnost, že naměřı́me hodnotu a v čase t :

PÂ→a(t) = |(	(0),	(t))|2 = |∑
j,k
ck�cje

− i
�hEkt (	k,	j)︸ ︷︷ ︸

δkj

|2 = |∑
k
c2ke

− i
�hEkt|2 ⇒

||c|2 = c.�c| ⇒ ∑
k,j
|ck|2|cj|2e−

i
�h (Ek−Ej)t
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Přı́klad 45 Necht’jednorozměrná částice v poli harmonického oscilátoru je v čase t = 0 ve
stavu

	(x, 0) = A	0 +B	1

kde A,B ∈ R,	n vlastnı́ stavy energie normalizované k 1. V jakém stavu je v
libovolném čase t > 0?

Řešenı́ :

Pro t > 0 platı́ (časový vývoj) :

	(x, t) =
∑
n
Cn	ne

−iEn
�h (t−t0)

Hamiltonián HO :

Ĥ = 1
2M
P̂ 2 + 1

2
Mω2X̂2

Dále platı́ :

Ĥ	n = En	n

En = �hω
(
n+ 1

2

)
⇒ E0 =

�hω
2

E1 =
3�hω
2

V libovolném čase je tedy :

	(x, t) = A	0e
−i

�hω
2
�h (t−t0) +B	1e

−i
3�hω
2
�h (t−t0) = A	0e

−iω
2 (t−t0) +B	1e

−i 3ω
2 (t−t0)
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Přı́klad 47 Nalezněte operátor rychlosti pro částici v elektromagnetickém poli.

Řešenı́ :

Hledáme ~̂X pro částici v el-ma poli.

Vı́me :

X̂j =
i
�h
[Ĥ, X̂j],

kde :

Ĥ = − �h2

2M
�+ i�h

M
~A(~x, t)~∇+ i�he

2M
div ~A(~x, t) + e2

2M
~A2(~x, t) + e�(~x, t)

Maxwellovy rovnice :

~E = −grad�− ∂ ~A
∂t

~B = rot ~A

Platı́ :

[Ĥ, X̂j]f =
(
ĤX̂j − X̂jĤ

)
f =

− �h2

2M
�xjf + �h2

2M
xj�f + i�h

M
~A(~x, t)~∇xjf − i�h

M
xj ~A(~x, t)~∇f + i�he

2M
div ~A(~x, t)xjf −

i�he
2M
xjdiv ~A(~x, t)f + e2

2M
~A2(~x, t)xjf − e2

2M
xj ~A2(~x, t)f + e�(~x, t)xjf − exj�(~x, t)f

�(xjf) =
∂2

∂x2j
fxj +

∂2

∂x2
k
fxj +

∂2

∂x2
l
fxj =

∂2

∂x2j
f + ∂

∂xj
f + ∂2

∂x2
k
f + ∂2

∂x2
l
f = �f + ∂

∂xj
f

~∇(xj, f) =
(

∂
∂xj

; ∂
∂xk

; ∂
∂xl

)
(xj, f) = xj ~∇f + f

~̂Xj =
i
�h

(
�h
M

∂
∂xj

)
= i

�h

(
�h2

M
∂
∂xj

+ i�he
2M
Aj
)
= P̂j

M
− e

2M
Aj
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Přı́klad 48 Ukažte, že vlastnı́ čı́sla operátoru ~̂µ ~B jsou ±µ0| ~B|. Najděte vlastnı́ funkce.

Řešenı́ :

Vycházı́me ze vstahu :

~̂µ = µ0~̂σ

kde ~σ jsou Pauliho matice.

A tedy :

~̂µi ~B = µ0~̂σ ~B =
3∑
i=1

σiBi = µ0

(
B3 B1 − iB2

B1 + iB2 −B3

)

Vlastnı́ čı́la :

det

(
µ0B3 − λ µ0(B1 − iB2)

µ0(B1 + iB2) −µ0B3 − λ

)
= λ2 − µ20B

2
3 − µ20(B

2
1 +B2

2)⇒ λ =

±µ0
√∑

i
B2
i = ±µ0| ~B|

Vlastnı́ stavy :

pro λ = +µ0| ~B| :

(
µ0B3 − µ0| ~B| µ0(B1 − iB2)

µ0(B1 + iB2) −µ0B3 − µ0| ~B|

)
⇒ 	+ =

(
µ0(B1 − iB2)

µ0(−B3 + | ~B|)

)

pro λ = −µ0| ~B| :

(
µ0B3 + µ0| ~B| µ0(B1 − iB2)

µ0(B1 + iB2) −µ0B3 + µ0| ~B|

)
⇒ 	− =

(
µ0(B1 − iB2)

µ0(−B3 − | ~B|)

)
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Přı́klad 49 Ukažte že ~̂S
2

= 3
4
�h2I. Porovnejte tento výsledek s ~̂L

2

.

Řešenı́ :

Vycházı́me ze vztahu :

Ŝj =
�h
2
σj ,

kde σj jsou Pauliho matice.

A tedy :

~̂S
2

= Ŝj.Ŝj =
�h2

4
σjσj =

�h2

4

[(
1 0
0 1

)
+

(
1 0
0 1

)
+

(
1 0
0 1

)]
= 3�h2

4
I

Porovnánı́ :

~̂L
2

Yl,m = l(l + 1)�h2Yl,m,

l(l + 1) = 3
4
⇒ l = 1

2
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Přı́klad 50 Necht’ pro volnou částici se spinemje naměřena hodnota z-ové složky spinu
sz = �h

2
. Jestliže vzápětı́ měřı́me hodnotu spinu ve směru, který se z-ovou osou svı́rá

úhel , jaké můžeme naměřit hodnoty a s jakou pravděpodobnostı́?

Řešenı́ :

Po měřenı́ je částice ve stavu

(
	1

	2

)
:

(
�h
2

0
0 −�h

2

)(
	1

	2

)
= �h

2

(
	1

	2

)
⇒ −�h

2
	2 =

�h
2
	2 ⇒ 	2 = 0

Spin pod úhlem � S� - osu x zvolı́me v rovině (z,�) :

S� = cos�Sz + sin�Sx =
�h
2

[
cos�

(
1 0
0 −1

)
+ sin�

(
0 1
1 0

)]
=

�h
2

(
cos� sin�
sin� −cos�

)

Vlastnı́ čı́sla S� :

∣∣∣∣∣ cos�− λ sin�
sin� −cos�− λ

∣∣∣∣∣ = λ2 − cos2�− sin2� = λ2 − 1 = (λ+ 1)(λ− 1)⇒

λ = ±1⇒ s� = ±�h
2

Odpovı́dajı́cı́ vlastnı́ vektory (nejsou normalizované):

s� = +�h
2
: C1

(
sin�

1− cos�

)

s� = −�h
2
: C2

(
sin�

1 + cos�

)

Vlastnı́ funkce (nejsou normalizované):

u1 = C1

(
sin�

1− cos�

)
	

u2 = C2

(
sin�

1 + cos�

)
	

Normalizace :

‖u1‖2 = C2
1 (sin

2�+ (1− cos�)2) ‖	‖2︸ ︷︷ ︸
1

= C2
1(2− 2cos�) = 1⇒ C2

1 = 1
2(1−cos�)
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‖u2‖2 = C2
2 (sin

2�+ (1 + cos�)2) ‖	‖2︸ ︷︷ ︸
1

= C2
2(2 + 2cos�) = 1⇒ C2

2 = 1
2(1+cos�)

Vı́me v jakém stavu se nacházı́, ale neznáme výchozı́ stav :

w+ �h
2
= |(	,u1)|2

‖	‖2︸ ︷︷ ︸
1

‖u1‖2︸ ︷︷ ︸
1

= 1
2(1−cos�) ‖	‖

2

∣∣∣∣∣
(

sin�
1− cos�

)(
1
0

)∣∣∣∣∣
2

= sin2�
2(1−cos�) =

1+cos�
2

w− �h
2
= |(	,u2)|2

‖	‖2︸ ︷︷ ︸
1

‖u2‖2︸ ︷︷ ︸
1

= 1
2(1+cos�)

‖	‖2
∣∣∣∣∣
(

sin�
1 + cos�

)(
1
0

)∣∣∣∣∣
2

= sin2�
2(1+cos�)

= 1−cos�
2
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Přı́klad 51 Uvažujte systém (tzv. supersymetrický harmonický oscilátor) popsaný na Hil-
bertovu prostoru L2(R, dx)⊗ C2 hamiltoniánem

Ĥ = − h2

2m
�⊗ I + mω2

2
x2 ⊗ I + hω

2
I⊗ σ3.

Dále je dán operátor

Q̂ = 1
2
√
m
σ1(P̂ + iωmσ3X̂).

Nalezněte Q̂+, Q̂2, [Ĥ, Q̂] a výsledky vyjádřete pomocı́ operátorů Ĥ, Q̂. Jaké omezenı́
lze vyvodit z těchto relacı́ na spektrum hamiltoniánu (tj. zda je shora či zdola omezené
a čı́m )? ( Postačı́ uvažovat bodovou část spektra. )

Řešenı́ :
σ1 a σ3 jsou Pauliho matice a tedy :

Q̂ = 1
2
√
m

(
0 1
1 0

)
(P̂ + iωm

(
1 0
0 −1

)
X̂) =

1
2
√
m

(
0 P̂ − iωmX̂

P̂ + iωmX̂ 0

)
= Q̂+

Q̂+ je samozdružený operátor - pokud uděláme z této matice transponovanou a kom-
plexně sdruženou, zı́skáme opět tuto matici.

A dále :

Ĥ = 1
2m
P̂ 2

(
1 0
0 1

)
+ mω2

2
X̂2

(
1 0
0 1

)
+ hω

2

(
0 1
−1 0

)
=

1
2m

(
P̂ 2 +m2ω2X̂2 +m�hω 0

0 P̂ 2 +m2ω2X̂2 −m�hω

)

Q̂2 = 1
4m

(
0 P̂ − iωmX̂

P̂ + iωmX̂ 0

)(
0 P̂ − iωmX̂

P̂ + iωmX̂ 0

)
⇒∣∣∣∣∣∣∣∣∣∣

±P̂ iωmX̂ ∓ iωmX̂P̂ =

−iωm(±X̂P̂ ∓ P̂ X̂) = −iωm±[X̂, P̂ ]︸ ︷︷ ︸
±i�h

=

±�hωm

∣∣∣∣∣∣∣∣∣∣
⇒

1
4m

(
P̂ 2 +m2ω2X̂2 +m�hω 0

0 P̂ 2 +m2ω2X̂2 −m�hω

)
= 1

2
Ĥ

[Ĥ, Q̂] = [2Q̂2, Q̂] = 2Q [Q̂, Q̂]︸ ︷︷ ︸
0

−2 [Q̂, Q̂]︸ ︷︷ ︸
0

Q = 0
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Přı́klad 52 Částice se spinem �h
2

je umı́stěna v konstantnı́m magnetickém poli směřujı́cı́mı́m
ve směru osy x ⇒ ~B = (Bx, 0, 0). V čase t = 0 byla naměřena hodnota jejı́ z-
ové složky spinu +�h

2
. S jakou pravděpodobnostı́ nalezneme v libovolném dalšı́m čase

hodnotu jejı́ y-ové složky spinu +�h
2
?

Řešenı́ :

V čase t = 0 je sz = �h
2
.

V čase t > 0 je sy = �h
2

a platı́ :

�h
2
σy

(
	1

	2

)
= �h

2

(
	1

	2

)

�h
2

(
0 −i
i 0

)(
	1

	2

)
= �h

2

(
	1

	2

)

Určenı́ vlastnı́ch čı́sel a vlastnı́ho vektoru :∣∣∣∣∣ −λ −i
i −λ

∣∣∣∣∣ = λ2 − 1 = (λ+ 1)(λ− 1)⇒ λ = ±1

λ = −1(
1 −i
i 1

)
|.i ≈

(
1 −i
0 0

)
⇒ vl. v. :

(
−1
i

)
	⇒ normovaný : 1√

2

(
−1
i

)
	

Časový vývoj (řešenı́ Pauliho rovnice):(
	1(~x, t)
	2(~x, t)

)
= e

i
�h ~̂µ.

~Bt

(
�1(~x, t)
�2(~x, t)

)
,

kde e
i
�h ~̂µ.

~Bt = cos
(
µ0
�h
| ~B|t

)
+ i

~B~σ

| ~B|sin
(
µ0
�h
| ~B|t

)
V našem přı́padě : (

�1(~x, t)
�2(~x, t)

)
=

(
�1

0

)

A tedy :

(
	1(~x, t)
	2(~x, t)

)
=

cos
µ0�h | ~B|︸ ︷︷ ︸

ω0

t

 I + i
~B~σ

| ~B|sin

µ0�h | ~B|︸ ︷︷ ︸
ω0

t



(

�1

0

)
⇒

∣∣∣∣∣∣∣∣
~B~σ

| ~B| =

Bxσ1+By︸︷︷︸
0

σ2+Bz︸︷︷︸
0

σ3

| ~B| = Bxσ1
| ~B| = σ1 =

(
0 1
1 0

)∣∣∣∣∣∣∣∣⇒[
cos (ω0t)

(
1 0
0 1

)
+ i

(
0 1
1 0

)
sin (ω0t)

](
�1

0

)
=(

cos (ω0t) isin (ω0t)
isin (ω0t) cos (ω0t)

)(
�1

0

)
=

(
cos (ω0t)
isin (ω0t)

)
�1
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Pravděpodobnost naleznı́ y-ové složky spinu +�h
2

v libovolném čase :

wSy=
�h
2
= w

	(t)→ 1√
2

(
−1
i

)
	

=

∣∣∣∣∣
(
cos (ω0t)
isin (ω0t)

)
�1,

	√
2

(
−1
i

)∣∣∣∣∣
2

∥∥∥∥∥
(
cos (ω0t)
isin (ω0t)

)
�1

∥∥∥∥∥
2

︸ ︷︷ ︸
1

∥∥∥∥∥ 	√
2

(
−1
i

)∥∥∥∥∥
2

︸ ︷︷ ︸
1

Doted’byla 	(~x, t) libovolná normovaná, kvadraticky integrabilnı́ funkce. Nynı́ zvo-
lı́me 	(~x, t) = �1(~x, t) :

wSy =

∣∣∣∣∣
(
cos (ω0t)
isin (ω0t)

)
�1,

�√
2

(
−1
i

)∣∣∣∣∣
2

= ‖�1‖2︸ ︷︷ ︸
1

∣∣∣∣∣
(
cos (ω0t)
isin (ω0t)

)
, 1√

2

(
−1
i

)∣∣∣∣∣
2

=

1
2
(cosω0t+ sinω0t)

2 = 1
2

[
cos

(
µ0
�h
| ~B|t

)
+ sin

(
µ0
�h
| ~B|t

)]2
Pozn. Pro t = 0 je wSy = 1

2
[1 + 0]2 = 1

2
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Přı́klad 53 Ukažte, že pokud výraz e[i~a.~σ] definujeme pomocı́ řady

e[i~a.~σ] :=
∞∑
n=0

(i~a.~σ)n

n!
,

pak platı́

e[i~a.~σ] = cos(|~a|) + i~a.~σ|~a| sin(|~a|)

Řešenı́ :
Vycházı́me ze vztahu :

~a~σ = a1σ1 + a2σ2 + a3σ3,

(~a~σ)2 = (~a~σ)(~�a~�σ) = a21σ
2
1 + a1a2σ1σ2 + a1a3σ1σ3 + a1a2σ2σ1 + a22σ

2
2 + a2a3σ2σ3 +

a1a3σ3σ1 + a2a3σ3σ2 + a23σ
2
3 = a2I

Potom :

(i~a~σ)2k = (−1)k|~a|2kIk = (−1)ka2kI,

(i~a~σ)2k+1 = i(−1)ka2kI~a~σ = i(−1)k a2k+1

a
I~a~σ,

A tedy :

e[i~a.~σ] =
∞∑
n=0

(−1)k a2k

(2k)!︸ ︷︷ ︸
cos(a)

+i
∞∑
n=0

(−1)k a2k+1

(2k + 1)!︸ ︷︷ ︸
sin(a)

~a~σ
a
= cos(a) + i~a~σ

a
sin(a)
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Přı́klad 54 Napište vlnovou funkci 	(~x, ξ) základnı́ho stavu částice v poli Coulom-bova
potenciálu s hodnotou z-ové, resp. x-ové, resp. y-ové složky spinu rovné h

2
.

Řešenı́ :
Vycházı́me ze vztahů :
Základnı́ stav elektronu v coulumbově poli :

	(~x) = Ce−
r
a = 1√

2πa3
e−

r
a ∈ L2

Dále : (
α
β

)
∈ C2,

a tedy :

	(~x, ξ) = 	(~x)⊗
(
α
β

)
=

(
αe−

r
a

βe−
r
a

)
∈ L2(R3)⊗ C2

Dále vı́me :

Ŝn	 = �h
2
	,

kde Ŝn = �h
2
σn, kde σn jsou Pauliho matice :

σ1 =

(
0 1
1 0

)

σ2 =

(
0 −i
i 0

)

σ3 =

(
1 0
0 −1

)

x-ová složka spinu :

�h
2

(
0 1
1 0

)(
	1

	2

)
= �h

2

(
α
β

)

(
β
α

)
=

(
α
β

)
⇒ α = β

	(~x) =

( 1√
2πa3

e−
r
a

1√
2πa3

e−
r
a

)

y-ová složka spinu :
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�h
2

(
0 −i
i 0

)(
	1

	2

)
= �h

2

(
α
β

)

(
−iβ
iα

)
=

(
α
β

)
⇒ α = 1

β = i

	(~x) =

( 1√
2πa3

e−
r
a

i√
2πa3

e−
r
a

)

z-ová složka spinu :

�h
2

(
1 0
0 −1

)(
	1

	2

)
= �h

2

(
α
β

)

(
α
−β

)
=

(
α
β

)
⇒ α = 1

β = 0

	(~x) =

(
1√
2πa3

e−
r
a

0

)
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Přı́klad 56 Atom uhlı́ku má čtyři valenčnı́ elektrony (přesvědčte se). Můžeme na něj tedy
nahlı́žet jako na systém čtyř elektronů ve sféricky symetrickém poli. Jaká je pak
degenerace jeho základnı́ho stavu?

Řešenı́ :
Jedná se o nerozlišitelné částice :
1 elektron ⇒ 6 možnostı́
2 elektrony ⇒ 5 možnostı́
oba elektrony ⇒ 6.5

2
= 15
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