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1 Prvńı část

Částice ve sféricky symetrickém potenciálu ve stavu:
ψ(r, θ, φ) = C(sin2 θ cos 2φ+ i sin 2θ sinφ)f(r)
ψ(r, θ, φ) = Cf(r)[1

2
sin2 θe2iφ + 1

2
sin2 θe−2iφ + sin θ cos θeiφ − sin θ cos θe−iφ]

To je lineárńı kombinace kulových funkćı:
ψ(r, θ, φ) = 2Cf(r)[Y2,2(θ, φ) + Y2,−2(θ, φ) − Y2,1(θ, φ) − Y2,−1(θ, φ)] Po nor-
malizaci:

1.1 Rozpis do kulových funkćı

ψ(r, θ, φ) = 1
2
f(r)[Y2,2(θ, φ) + Y2,−2(θ, φ)− Y2,1(θ, φ)− Y2,−1(θ, φ)]

|ψ〉 = 1
2
f(r)[|2, 2〉+ |2,−2〉 − |2, 1〉 − |2,−1〉]

Vyskytuj́ı se zde kulové funkce s kvantovými č́ısly:
l = 2 a m ∈ {−2;−1; 1; 2}

1.2 Výskyt hodnot L̂2

L̂2 může nabývat hodnoty pouze 6~2, protože σ(L̂2) = {~2l(l+ 1)} = {6~2},
a tedy P (L2 = 6~2) = 1
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1.3 Výskyt hodnot L̂z

L̂z může nabývat hodnoty σ(L̂z) = {~m} = {−2~;−~; ~; 2~}, a to s pravděpodobnostmi
P (L̂z = −2~) = |〈ψ|2,−2〉|2 = P (L̂z = −~) = |〈ψ|2,−1〉|2 = P (L̂z = ~) =
|〈ψ|2, 1〉|2 = P (L̂z = 2~) = |〈ψ|2, 2〉|2 = 1

4

1.4 Středńı hodnoty L̂i

〈L̂z〉ψ = 1
4
(−2~− ~ + ~ + 2~) = 0

L̂x = 1
2
(L̂+ + L̂−) → 〈L̂x〉ψ = 1

2
〈ψ| L̂+ + L̂− |ψ〉 = 1

32
[(〈2,−2| + 〈2,−1| −

〈2, 1|−〈2, 2|)L̂++L̂−(|2,−2〉+|2,−1〉−|2, 1〉−|2, 2〉)] = ~
32

[(〈2,−2|+〈2,−1|−
〈2, 1|− 〈2, 2|)(2 |2,−1〉+

√
6 |2, 0〉− 2 |2, 2〉+ 2 |2,−2〉−

√
6 |2, 0〉− 2 |2, 1〉) =

~
32

(2 + 2 + 2 + 2) = 8~
32

= ~
4

L̂y = 1
2
(L̂+ − L̂−) → 〈L̂y〉ψ = 1

2
〈ψ| L̂+ − L̂− |ψ〉 = 1

32
[(〈2,−2| + 〈2,−1| −

〈2, 1|−〈2, 2|)L̂+−L̂−(|2,−2〉+|2,−1〉−|2, 1〉−|2, 2〉)] = ~
32

[(〈2,−2|+〈2,−1|−
〈2, 1|− 〈2, 2|)(2 |2,−1〉+

√
6 |2, 0〉− 2 |2, 2〉− 2 |2,−2〉+

√
6 |2, 0〉+ 2 |2, 1〉) =

~
32

(−2 + 2− 2 + 2) = 0

1.5 Energie

Energii určit nelze, protože záv́ıśı na funkci f(r).

1.6 Časový vývoj

Časový vývoj též nelze určit explicitně. ψ(r, θ, φ, t) =
∑∞

m=0−
i

~m!
Ĥmψ(r, θ, φ)
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2 Druhá část

Systém s Hilbertovým prostorem H = C3, kde Hamiltonián je: Ĥ = ε√
2

0 1 0
1 0 1
0 1 0


s pozorovatelnou Â = i√

3

 0 1 0
−1 0 1
0 −1 0

 je v t = 0 ve stavu |ψ〉 =

0
1
0

.

2.1 Možné hodnoty Ĥ

0 = detL =

∣∣∣∣∣∣
−λ 1 0
1 −λ 1
0 1 −λ

∣∣∣∣∣∣ = −λ3 + 2λ = λ(2− λ2)

σ(L) = {0,−
√

2,
√

2} → σ(Ĥ) = {0,−ε, ε}
L a Ĥ maj́ı stejné vlastńı vektory.

2.1.1 Vlastńı podprostor k λ = 00 1 0
1 0 1
0 1 0

 ∼
1 0 1

0 1 0
0 1 0

→ 1√
2

 1
0
−1

 = |0〉

2.1.2 Vlastńı podprostor k λ =
√

2−√2 1 0

1 −
√

2 1

0 1 −
√

2

 ∼
−√2 1 0

0 −1
√

2

0 1 −
√

2

→ 1
2

 1√
2

1

 = |ε〉

2.1.3 Vlastńı podprostor k λ = −
√

2√2 1 0

1
√

2 1

0 1
√

2

 ∼
√2 1 0

0 1
√

2

0 1
√

2

→ 1
2

 1

−
√

2
1

 = |−ε〉
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2.2 Pravděpodobmost naměřeńı hodnot energie

P (E = 0) = |〈ψ|0〉|2 = 1
2

∣∣∣∣∣∣
〈0

1
0

∣∣∣∣∣∣
 1

0
−1

〉∣∣∣∣∣∣
2

= 0

P (E = ε) = |〈ψ|ε〉|2 = 1
4

∣∣∣∣∣∣
〈0

1
0

∣∣∣∣∣∣
 1√

2
1

〉∣∣∣∣∣∣
2

= 1
4
2 = 1

2

P (E = −ε) = |〈ψ|−ε〉|2 = 1
4

∣∣∣∣∣∣
〈0

1
0

∣∣∣∣∣∣
 1

−
√

2
1

〉∣∣∣∣∣∣
2

= 1
4
2 = 1

2

2.3 Časový vývoj

ψ(t) =
∑

n∈σ(Ĥ) 〈ψ|n〉 e−
i
~Ent |n〉 = 1√

2
e−

i
~ εt

 1√
2

1

− 1√
2
e

i
~ εt

 1

−
√

2
1

 = 1√
2

 i sin
(
i
~εt
)

√
2 cos

(
i
~εt
)

i sin
(
i
~εt
)


2.4 Hodnoty pozorovatelné Â

0 = detA′ =

∣∣∣∣∣∣
−λ 1 0
−1 −λ 1
0 −1 −λ

∣∣∣∣∣∣ = −λ3 − 2λ = −λ(λ2 + 2)

σ(L) = {0,−i
√

2, i
√

2} → σ(Â) = {0,−1, 1}
A’ a Â maj́ı stejné vlastńı vektory.

2.4.1 Vlastńı podprostor k λ = 0 0 1 0
−1 0 1
0 −1 0

 ∼
−1 0 1

0 1 0
0 −1 0

→ 1√
2

1
0
1

 = |A0〉

2.4.2 Vlastńı podprostor k λ = i
√

2−i√2 1 0

−1 −i
√

2 1

0 −1 −i
√

2

→ 1
2

 −1

−i
√

2
1

 = |A+〉
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2.4.3 Vlastńı podprostor k λ = −i
√

2i√2 1 0

−1 i
√

2 1

0 −1 i
√

2

→ 1
2

−1

i
√

2
1

 = |A−〉

2.5 Pravděpodobnost namřeńı hodnot Â

P (Â = 0) = |〈ψ(t)|A0〉|2 = 1
4

∣∣∣∣∣∣
〈 i sin

(
i
~εt
)

√
2 cos

(
i
~εt
)

i sin
(
i
~εt
)
∣∣∣∣∣∣
1

0
1

〉∣∣∣∣∣∣
2

= sin2( i~εt)

P (Â = −1) = |〈ψ(t)|A−〉|2 = 1
8

∣∣∣∣∣∣
〈 i sin

(
i
~εt
)

√
2 cos

(
i
~εt
)

i sin
(
i
~εt
)
∣∣∣∣∣∣
−1

i
√

2
1

〉∣∣∣∣∣∣
2

= 1
2

cos2( i~εt)

P (Â = 1) = |〈ψ(t)|A+〉|2 = 1
8

∣∣∣∣∣∣
〈 i sin

(
i
~εt
)

√
2 cos

(
i
~εt
)

i sin
(
i
~εt
)
∣∣∣∣∣∣
 −1

−i
√

2
1

〉∣∣∣∣∣∣
2

= 1
2

cos2( i~εt)

2.6 Středńı hodnota Â v čase

〈Â〉|ψ(t)〉 = −1
2

cos2( i~εt) + 1
2

cos2( i~εt) = 0
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