RMF tkol z 25.9.

Lukas Vacha
27. zart 2020

1 Veéty o zaméné v Lebegueové integralu
Véta 1 (Levi). Bud {pn}52; C A, 00 20,0 ~ > oy Pak ¢ € A a
Iy = Zzozl L,

Véta 2 (Lebesgue). Bud {¢,}5°, C L, pn — ¢ a (Fpo € L)(Vn € N)(Jpn| <
o). Pak p € L a
Io= lim Iy,.
n— oo

Posloupnost integrabilnich funkci je integrabilni, jestlize existuje integrabiln{
majoranta.

Véta 3 (o limité). Bud M C R", (P,p) metricky prostor, A C P, ap € A4,
f:M x A R a necht plati:

1. Pro skoro vSechna x € M

Jim f(z.) = p(a),
acA

2. (Va € A\ {ao})(f(,a) je méfitelnd na M),

3. (3g € L(M))(pro skoro viechna z € M)(Va € A\ ao)(|f(z,a)] < g(z)).
Potom

1. p € L(M),

2.

/M 7o O}LIEO /M f@, ).

a€cA

Véta 4 (o derivaci). Bud M méfitelnd mnozina, M C R™ a necht 7 =7° C R.
Necht f: M x Z + R je realnd funkce a plati:

1. Existuje ag € T takové, ze f( ,ap) € L(M),

2. pro kazdé a € T plati, ze f( ,«) je méfitelnd na M,



3. jeli N ¢ M, u(N) = 0, pak f(x, ) je diferencovatelnd na Z pro kazdé
r€M\N,

4. existuje g € L(M) tak, ze
Of(z, )

(67

(Ve e M\ N)(Va € 1) (‘

< g(ﬂﬂ)) :

Potom
1. f(,a) € L(M) pro kazdé a € Z,
2. Zf(,a) € L(M) pro kazdé o € T,

3. a plati

d 0
i f S = [ g sas

2 Skalarni soucin
Véta 5.

o= te
je skaldrn{ souc¢in na Cfa,b] x C|a,b]

Dikaz. 1. linearita:

b - b
(af+h.g) = / (o f (2)+h(x))g(@)dz = / (of (2)9(@) +h(z)g(@))da =

/ f(2)g@)dz + / ho)g@)dz = a(f.9) + (hg) (1)

2. hermitovskost:

/ e / s @)z = [ @7 = / ' (@) F @ = .7

3. Pozitivni definitnost:

b
Pa > 0 = / Pads > 0 ()

/a b Odx = 0 (4)



sporem:

b
/ F2(@)dz = 0A(3o)(f(w0) # 0) = (s, C [a,b])(Va € Uz, )(f(2) #0) =

b
2 = 2Z X 21’ X
| Paaa= [ P /[a’b]wmf (w)dz £0 (5)

, COZ je spor
]

3 spojitost f

Véta 6. g € C(R?); A C R omezena, pak

f(x) = [, 9(x,y)dy je spojitd na R

1. Diikaz. (V(JU y) € RQ)(V&) > 0)(3d0 > 0)(lg(x + 0,y) — g(x, y)| < eo)

[f(z+0) = ()| = | [, 9(x+6,9)dy — [y g(z,9)dy| < |[,19(z +6,y) — g(z,y)dy|| <
|fA€0‘—€0u(A)<6 O

2. Dikaz. g je spojtd, na A nabyva svého maxima M, g m4 integrabilni
majorantu M:

lim f(z) = lim [ g(z,y)dy = / lim g(z, y)dy = / 9(wo, y)dy = f(xo)
Tr—xQ Tr—xQ A A Tr—x0 A
(6)
O

4 derivace fce
1. ag=0,f(,a0) € L, [, cos(—mz)dx existuje

2. (Ve > 0)(Va € (e, +0))

’— /000 xQe_‘”zcos((a —m)x) — we = sin((a —m)z)| <

, coZ je integrabilni majoranta

Va € (g,00)

f(a) = 4 /00 e—ae” cos((a — m)x)dx = / —a2® cos ((a —m)z)dx =
0

—/0 g2’ cos((a —m)x) — ze —ax® sin((a — m)x)dz  (8)



RMF 1ukol do 9.10.

Lukas Vacha
4. tijna 2020

1 priklad 2
fean

a. (f,¢) = ¢(r) = (0r, ¢)
linearita: (f, ap +¢) = (ap +¢)(7) = ap(r) + ¢(7) = a(f, @) + (f,¢)
spojitost: ¢, Z, 0= o = e = limyioen = ¢ = lim(f,¢,) =
lim ¢ (1) = @(7) = (f, ¢)
fe9

b. (f,¢) = (¢(0))*
linearita: (f,ap + v
2ap(0)y(0) + *(0)
feo

) = [(ap + )(0)]* = (ap(0) + $(0))* = a’¢*(0) +
# a(f, ) + (f,)

2 priklad 3
fean

a. (f,) = ()
linearita: (f, ap +v) = (ap +¢)™ (1) = ap™ () + ) (7) = a(f, ) +
(f.¥)
spojitost: ¢y, 2, ¢ = YaD%, = D% = limp_4o0 gaén)
lim(f, i) = lim " (m) = ¢ (m) = (£, )
fe9

b. (f7 (P) = limg 400 (P(m) =0= <0a ©)
2’ je vektorovy prostor = 0 € 9’
feo



ad 1.

ad 2.

RMF kol ¢. 3

Lukas Vacha

13. tijna 2020

(LS, ) = (6(22); p(x)) = ...

30(0
(

(PS. ) = (26(2): (x)) = 2(6(2): p()) = 2(0)

Pro ¢ € 9 tak, ze ¢(0) = 1: 3¢(0
Takova ¢ testovaci urcité existuje

0(2x) # 26(x)

=5 #2=20(0)
rovnost pro ni neplati.
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1 prec.1l

{fn} CZ'(R") a f e 2(R"), pro kterou lim,,_, f, = [ v &'. Doklazte, ze
plati: lim,, o fn(Az +b) = f(Ax +b) v ' VA € R™" regularni a b € R".
Postup

(im0 fr(Az 4 0), 0(2)) = lim(fp(Az +b), o(x)) = [y = Az + 0] =

aora Hm(fa(y), (A (y = b)) = gz (lim fu(y), (A7 (y — b)) =

T ) (A (y — b)) = (F(A - b), pla))

= lim f,(Az+0b) = f(Az +) (1)

n—-+o0o



RMF tikol ¢. 3
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1 prc.3

Vpocitejte O(z)e 4 x O(z)e " a,b > 0:

s
O(x)e™mxO(x)e™* = [1 7 O(y)e O (z—y)e " Vdy = [1 7 O(y)e O(x—

Y-ty = ()
0,2 <0
OW)O(r —y) = { Lz>0Aye€ (0,x)
(%) = e *O(x) f+;° e~ Wt dy = e~ Q(z) fj;o eb=ydy =

b = O(x)e r = O(x)re ™

7& b] _ @(x)e—bzﬁ(e(b—a)x o 1) — iwa)(e—az - e—bz)



RMF tikol ¢. 6

Lukas Vacha
8. listopadu 2020

1 prec. 2
Vpocitejte (eI x e~ (z) =7

o @y <y

v =l _{ (x—y)sz >y

x - sgn(x) = |x|

? — (e_m * 6_‘t|>(‘r) — f+0000 6_‘x_y|€_|y‘dy —

ad 1. [z > 0] = [°_ e~ @ Devdy+ [ e~ Ve vdy+ [T ervevdy = e [1edy+
e~ * fOx dy + e fx‘f'oo e—dey e %e—z(l _ O) + re T — %ea:(o o e_QI) _
r+1)e ™

ad 2. [z < 0] = [ e’(‘”’y)eydy%—ff e“”yeydy%—f(;roo e"Veldy = e [T eMdy+
e” ff dy+e® [ 7 e dy = Le=®(e?* —0) —ze” — Le(0—1) = (—w+1)e”

dohromady:

? = (z - sgn(z) + 1)e =@ = (|z| + 1)e” (1)






RMF tikol ¢. 8

Lukas Vacha

15. listopadu 2020

1 prc.3
ad 1. Z[sin(ax)](&) = f;oo e~ sin(ax)de = L [

< e(iafé)z . e(fiaff)avdm —
i JO
1 1 1 _ tat+f—E€+ia a

2i \ —ia+€& ta+€ ) T 26(€2402) T £2+a?

Zsin(az)](€) = —

R (1)
ad 2. Z[cos(bx)](€) e cos(ba)dr = 1 [T 0T 4 b0y =
;( 1,1 )_z’b+s+£—z'b_ 3
2 \Tire T e ) T 2407 T 4

Zcos(bz)](€) = ﬁ (2)
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1 prc.4

du+ (4 — 2)0pu = uyu(z,0) = e
Charakteristiky: X'(t) =4 — X (t)
X(t)={e'+Clet =4+ Ce!
Xxo(()) =Ty = 4+ C

C = To — 4

Xoy(t) =4+ (xg —4)e ! =4 4 xpe™t — 4e?
xo = Xy (t)e! — de! + 4

zo(w,t) = et — 4et + 4

Pro funkci v mame ODR: v(t) = u(X (t),t)
V'(t) = Opu - X'(t) + Opu = (X (8),t) = v(t)

(&
v(0) = u(X(0),0) = u(xo,0) = e~
Vg () = e~ %o+t
Zf(‘r7 t) = Uy (t) |xo:$o(x,t):

Reseni rovnice je tedy:

e—(wet —4et+4)2 4t

(et _aet 1 a)2
u(x,t) —e (wet—4el+4)2+t



RMF tikol ¢. 10

Lukas Vacha

1. prosince 2020

1 prec1
Lu(t) = u"(t) + 3u/(t) — Tu(t) = V1 — t%;u(0) = 1;u/(0) = =3

Poc¢itame fundamentélni systém s poc¢. pominkami pomoci Laplaceovy trans-
formace:, ozn. Z[u(t)](p) = u(p)

LE=0/%

p*u(p) — u'(0) — pu(0) — 3pi(p) — 3u(0) — Ta(p) = 1

(P* =3p—Tu(p) =p+1

ﬂ(p) = p2£§;_7

E(t) = LM FS )0 = 27 [ — S Y )(8) = B(8)ed cosh(y/H)+

p2—3p—T7

5 sinh(, /24
Klasické feSent:

u(t) = 55 (E X OVT=72)(t) = [y E(r)\/1 = (t —7)%dr

u(t) = /0 37 [cosh(\/gT) + \/% sinh( 1?77')] V1= (t—7)2dr (1)



RMF tikol ¢. 10

Lukas Vacha

9. prosince 2020

1 prec.4

o(xr) =\ fo7r sin(x + y)p(y)dy + sin(x)

o(r) = A foﬂ [sin({r) Cos(y) + Cos( )sm(y)] gpﬂ(y)dy + Sln( )

g(m) = )\sinl({a:) o cos(y)e(y)dy + cos(z) [, sin(y)e(y)dy + sin(x)
1 oznacni konstant:

A=) [ cos(y)e(y)dy + 1

B =\ [ sin(y)dy

M4 rovnice tvar:

p(x) = Asin(x) + B cos(z)

Vypocitame konstanty A B:

A=\ [ cos(y)[Asin(y) + Bcos(y)|dy + 1
B =\ [ sin(y)[Asin(y) + B cos(y)]dy

A= X[ Acos(y)sin(y)dy + [ Beos®(y)dy + 1 = BAZ +1;!
B =\, Asin®(y)dy + [ Bsin(y) cos(y)dy = AN}

ATA‘)Q

13

(1 —)\21>N(1 —AZ 1 )% A=1+1((§g)2=
AT —1 |0 0 (Ag)? —AZ B=_22

(A5)?

wlaf™

Vysledek:

i lfoT; sin(y) cos(;;)dy = % fow sin(2y)dy = [n = 2y; 2dny = dy}% fo% sin(n)dn = 0
Jo sin®(y)dy = [ cos*(y)dy = %

1
1—(\2)2

(1)



RMF ukol ¢. 12
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1 prec1

p(x,y) = A [, de [} dna®€ynp (€, n) + ze?

Separace jadra: o

oz, y) = A2y [y [ Ene(&,n)dndE + xe

Oznaéilm gonstantu:

C= [y [y &ne(&,m)dndg

Pak m4a teSeni tvar:

o(z,y) = CAz’y + we?

Urceni liongtanty C: ) ; ,

C = [y Js EnCAPn + EeMdnds = [ (CAE! [ nPdn + & [ neldn)dE =
JIOCNE + €3(2¢ + 1))dE = 20N + (2¢° + 1)1

_ 1 (1y,.3 . 1y _ 10Xe3+5
¢ = 1%,\(2)‘6 + 1) = S50

s podminkou: \ # 2 =3
Resen{ je tedy:

36 8

1A% 4+ 50 ,
e 7 1
o(z,y) = 50 — 36 x°y + xe (1)



