
RMF úkol z 25.9.

Lukáš Vácha

27. zář́ı 2020

1 Věty o záměně v Lebegueově integrálu

Věta 1 (Levi). Bud’ {ϕn}∞n=1 ⊂ Λ, ϕn & 0, ϕ ∼
∑∞
n=1 ϕn. Pak ϕ ∈ Λ a

Iϕ =
∑∞
n=1 Iϕn.

Věta 2 (Lebesgue). Bud’ {ϕn}∞n=1 ⊂ L, ϕn → ϕ a (∃ϕ0 ∈ L)(∀n ∈ N)(|ϕn| .
ϕ0). Pak ϕ ∈ L a

Iϕ = lim
n→∞

Iϕn.

Posloupnost integrabilńıch funkćı je integrabilńı, jestliže existuje integrabilńı
majoranta.

Věta 3 (o limitě). Bud’ M ⊂ Rn, (P, ρ) metrický prostor, A ⊂ P , α0 ∈ A′,
f : M ×A 7→ R a necht’ plat́ı:

1. Pro skoro všechna x ∈M

lim
α→α0
α∈A

f(x, α) = ϕ(x),

2. (∀α ∈ A \ {α0})(f( , α) je měřitelná na M),

3. (∃g ∈ L(M))(pro skoro všechna x ∈M)(∀α ∈ A \ α0)(|f(x, α)| ≤ g(x)).

Potom

1. ϕ ∈ L(M),

2. ∫
M

ϕ = lim
α→α0
α∈A

∫
M

f(x, α).

Věta 4 (o derivaci). Bud’ M měřitelná množina, M ⊂ Rn a necht’ I = I◦ ⊂ R.
Necht’ f : M × I 7→ R je reálná funkce a plat́ı:

1. Existuje α0 ∈ I takové, že f( , α0) ∈ L(M),

2. pro každé α ∈ I plat́ı, že f( , α) je měřitelná na M ,
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3. je-li N ⊂ M , µ(N) = 0, pak f(x, ) je diferencovatelná na I pro každé
x ∈M \N ,

4. existuje g ∈ L(M) tak, že

(∀x ∈M \N)(∀α ∈ I)

(∣∣∣∣∂f(x, α)

∂α

∣∣∣∣ ≤ g(x)

)
.

Potom

1. f( , α) ∈ L(M) pro každé α ∈ I,

2. ∂
∂αf( , α) ∈ L(M) pro každé α ∈ I,

3. a plat́ı
d

dα

∫
M

f(x, α) dx =

∫
M

∂

∂α
f(x, α) dx.

2 Skalárńı součin

Věta 5.

(f, g) =

∫ b

a

f(x)g(x)dx

je skalárńı součin na C[a, b]× C[a, b]

D̊ukaz. 1. linearita:

(αf+h, g) =

∫ b

a

(αf(x)+h(x))g(x)dx =

∫ b

a

(αf(x)g(x)+h(x)g(x))dx =

α

∫ b

a

f(x)g(x)dx+

∫ b

a

h(x)g(x))dx = α(f, g) + (h, g) (1)

2. hermitovskost:

(f, g) =

∫ b

a

f(x)g(x)dx =

∫ b

a

g(x)f(x)dx =

∫ b

a

g(x)f(x) =

∫ b

a

g(x)f(x)dx = (g, f)

(2)

3. Pozitivńı definitnost:

f2(x) ≥ 0 ⇒
∫ b

a

f2(x)dx ≥ 0 (3)

∫ b

a

0dx = 0 (4)
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sporem:∫ b

a

f2(x)dx = 0∧(∃x0)(f(x0) 6= 0)⇒ (∃Ux0
⊂ [a, b])(∀x ∈ Ux0

)(f(x) 6= 0)⇒∫ b

a

f2(x)dx =

∫
Ux0

f2(x)dx+

∫
[a,b]\Ux0

f2(x)dx 6= 0 (5)

, což je spor

3 spojitost f

Věta 6. g ∈ C(R2);A ⊂ R omezená, pak
f(x) =

∫
A
g(x, y)dy je spojitá na R

1. D̊ukaz. (∀(x, y) ∈ R2)(∀ε0 > 0)(∃δ0 > 0)(|g(x+ δ, y)− g(x, y)| < ε0)
|f(x+ δ)− f(x)| =

∣∣∫
A
g(x+ δ, y)dy −

∫
A
g(x, y)dy

∣∣ ≤ ∣∣∫
A
|g(x+ δ, y)− g(x, y)dy|

∣∣ ≤∣∣∫
A
ε0
∣∣ = ε0µ(A) < ε

2. D̊ukaz. g je spojtá, na Ā nabývá svého maxima M, g má integrabilńı
majorantu M:

lim
x→x0

f(x) = lim
x→x0

∫
A

g(x, y)dy =

∫
A

lim
x→x0

g(x, y)dy =

∫
A

g(x0, y)dy = f(x0)

(6)

4 derivace fce

1. a0 = 0, f(, a0) ∈ L,
∫∞
0
cos(−πx)dx existuje

2. (∀ε > 0)(∀a ∈ (ε,+∞))∣∣∣∣−∫ ∞
0

x2e−ax
2

cos((a− π)x)− xe−ax
2

sin((a− π)x)

∣∣∣∣ ≤ ∣∣∣(−x2 − x)e−ax
2
∣∣∣ ≤ ∣∣∣(−x2 − x)e−εx

2
∣∣∣
(7)

, což je integrabilńı majoranta

∀a ∈ (ε,∞)

f ′(a) =
d

da

∫ ∞
0

e−ax
2

cos((a− π)x)dx =

∫ ∞
0

∂

∂a
e−ax

2

cos((a− π)x)dx =

−
∫ ∞
0

x2e−ax
2

cos((a− π)x)− xe−ax
2

sin((a− π)x)dx (8)
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RMF úkol do 9.10.

Lukáš Vácha

4. ř́ıjna 2020

1 př́ıklad 2

f ∈ D ′?

a. (f, ϕ) = ϕ(π) = (δπ, ϕ)
linearita: (f, aϕ+ ψ) = (aϕ+ ψ)(π) = aϕ(π) + ψ(π) = a(f, ϕ) + (f, ψ)

spojitost: ϕn
D−→ ϕ ⇒ ϕn ⇒ ϕ ⇒ limn→+∞ ϕn = ϕ ⇒ lim(f, ϕn) =

limϕn(π) = ϕ(π) = (f, ϕ)
f ∈ D ′

b. (f, ϕ) = (ϕ(0))2

linearita: (f, aϕ + ψ) = [(aϕ + ψ)(0)]2 = (aϕ(0) + ψ(0))2 = a2ϕ2(0) +
2aϕ(0)ψ(0) + ψ2(0) 6= a(f, ϕ) + (f, ψ)
f /∈ D ′

2 př́ıklad 3

f ∈ D ′?

a. (f, ϕ) = ϕ(n)(π)
linearita: (f, aϕ + ψ) = (aϕ + ψ)(n)(π) = aϕ(n)(π) + ψ(n)(π) = a(f, ϕ) +
(f, ψ)

spojitost: ϕn
D−→ ϕ ⇒ ∀αDαϕn ⇒ Dαϕ ⇒ limk→+∞ ϕ

(n)
k = ϕ(n) ⇒

lim(f, ϕk) = limϕ
(n)
k (π) = ϕ(n)(π) = (f, ϕ)

f ∈ D ′

b. (f, ϕ) = limx→+∞ ϕ(x) = 0 = (0, ϕ)
D ′ je vektorový prostor ⇒ 0 ∈ D ′

f ∈ D ′
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RMF úkol č. 3

Lukáš Vácha

13. ř́ıjna 2020

1 př č. 1

ad 1. δ(2x)
?
= 1

2δ(x)
(δ(2x);ϕ(x)) =

[
y = 2x

]
= 1

2 (δ(y);ϕ( 1
2y)) = 1

2ϕ( 1
20) = 1

2ϕ(0) = 1
2 (δ(x);ϕ(x)) =

( 1
2δ(x);ϕ(x));∀ϕ ∈ D
δ(2x) = 1

2δ(x)

ad 2. δ(2x)
?
= 2δ(x)

(LS,ϕ) = (δ(2x);ϕ(x)) = ... = 1
2ϕ(0)

(PS, ϕ) = (2δ(x);ϕ(x)) = 2(δ(x);ϕ(x)) = 2ϕ(0)
Pro ϕ ∈ D tak, že ϕ(0) = 1 : 1

2ϕ(0) = 1
2 6= 2 = 2ϕ(0)

Taková ϕ testovaćı určitě existuje a rovnost pro ni neplat́ı.
δ(2x) 6= 2δ(x)
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RMF úkol č. 3

Lukáš Vácha

17. ř́ıjna 2020

1 př č. 1

{fn} ⊂ D ′(Rn) a f ∈ D(Rn), pro kterou limn→+∞ fn = f v D ′. Doklažte, že
plat́ı: limn→+∞ fn(Ax + b) = f(Ax + b) v D ′ ∀A ∈ Rn,n regulárńı a b ∈ Rn.
Postup
(limn→+∞ fn(Ax + b), ϕ(x)) = lim(fn(Ax + b), ϕ(x)) = [y = Ax + b] =
= 1

detA
lim(fn(y), ϕ(A−1(y − b))) = 1

detA
(lim fn(y), ϕ(A−1(y − b))) =

= 1
detA

(f(y), ϕ(A−1(y − b)) = (f(Ax + b), ϕ(x))

⇒ lim
n→+∞

fn(Ax + b) = f(Ax + b) (1)
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RMF úkol č. 3

Lukáš Vácha

26. ř́ıjna 2020

1 př č. 3

Vpoč́ıtejte Θ(x)e−ax ? Θ(x)e−bx; a, b > 0:
Θ(x)e−ax?Θ(x)e−bx =

∫ +∞
−∞ Θ(y)e−ayΘ(x−y)e−b(x−y)dy =

∫ +∞
−∞ Θ(y)e−ayΘ(x−

y)e−bxebydy = (?)

Θ(y)Θ(x− y) =

{
0;x < 0
1;x > 0 ∧ y ∈ (0, x)

(?) = e−bxΘ(x)
∫ +∞
−∞ e−ay+bydy = e−bxΘ(x)

∫ +∞
−∞ e(b−a)ydy =

=

{
[a = b] = Θ(x)e−bxx = Θ(x)xe−ax

[a 6= b] = Θ(x)e−bx 1
b−a(e(b−a)x − 1) = Θ(x)

b−a (e−ax − e−bx)
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RMF úkol č. 6

Lukáš Vácha

8. listopadu 2020

1 př č. 2

Vpoč́ıtejte (e−|t| ? e−|t|)(x) =?:

|x− y| =
{
−(x− y);x < y
(x− y);x > y

x · sgn(x) = |x|

? = (e−|t| ? e−|t|)(x) =
∫ +∞
−∞ e−|x−y|e−|y|dy =

ad 1. [x > 0] =
∫ 0

−∞ e−(x−y)eydy+
∫ x

0
e−(x−y)e−ydy+

∫ +∞
x

ex−ye−ydy = e−x
∫ 0

−∞ e2ydy+

e−x
∫ x

0
dy + ex

∫ +∞
x

e−2ydy = 1
2
e−x(1 − 0) + xe−x − 1

2
ex(0 − e−2x) =

(x + 1)e−x

ad 2. [x < 0] =
∫ x

−∞ e−(x−y)eydy+
∫ 0

x
ex−yeydy+

∫ +∞
0

ex−ye−ydy = e−x
∫ x

−∞ e2ydy+

ex
∫ 0

x
dy+ex

∫ +∞
0

e−2ydy = 1
2
e−x(e2x−0)−xex− 1

2
ex(0−1) = (−x+1)ex

dohromady:

? = (x · sgn(x) + 1)e−x·sgn(x) = (|x|+ 1)e−|x| (1)
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RMF úkol č. 7

Lukáš Vácha

11. listopadu 2020

1 př č. 2

(Fx[δ(x, y)](ξ, y), ϕ(ξ, y)) = (δ(x, y),Fx[ϕ(ξ, y)](x, y)) = (δ(x)⊗δ(y),Fx[ϕ(ξ, y)](x, y)) =
(δ(y), (δ(x),Fx[ϕ(ξ, y)](x, y))) = (δ(y), (Fx[δ(x)](ξ), ϕ(ξ, y))) = (δ(y), (1(ξ), ϕ(ξ, y))) =
(δ(y) ⊗ 1(ξ), ϕ(ξ, y))

Fx[δ(x, y)](ξ, y) = δ(y) ⊗ 1(ξ) (1)
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RMF úkol č. 8

Lukáš Vácha

15. listopadu 2020

1 př č. 3

ad 1. L [sin(ax)](ξ) =
∫ +∞
0

e−xξ sin(ax)dx = 1
2i

∫ +∞
0

e(ia−ξ)x − e(−ia−ξ)xdx =
1
2i

(
1

−ia+ξ −
1

ia+ξ

)
= ia+ξ−ξ+ia

2i(ξ2+b2)
= a

ξ2+a2

L [sin(ax)](ξ) =
a

ξ2 + a2
(1)

ad 2. L [cos(bx)](ξ) =
∫ +∞
0

e−xξ cos(bx)dx = 1
2

∫ +∞
0

e(ib−ξ)x + e(−ib−ξ)xdx =
1
2

(
1

−ib+ξ + 1
ib+ξ

)
= ib+ξ+ξ−ib

2(ξ2+b2)
= ξ

ξ2+b2

L [cos(bx)](ξ) =
ξ

ξ2 + b2
(2)
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RMF úkol č. 9

Lukáš Vácha

23. listopadu 2020

1 př č. 4

∂tu + (4− x)∂xu = u;u(x, 0) = e−x
2

Charakteristiky: X ′(t) = 4−X(t)
X(t) = (4et + C)e−t = 4 + Ce−t

Xx0(0) = x0 = 4 + C
C = x0 − 4
Xx0(t) = 4 + (x0 − 4)e−t = 4 + x0e

−t − 4e−t

x0 = Xx0(t)e
t − 4et + 4

x0(x, t) = xet − 4et + 4
Pro funkci v máme ODR: v(t) = u(X(t), t)
v′(t) = ∂xu ·X ′(t) + ∂tu = u(X(t), t) = v(t)
v′

v
= 1

v(t) = Cet

v(0) = u(X(0), 0) = u(x0, 0) = e−x
2
0

vx0(t) = e−x
2
0+t

u(x, t) = vx0(t) |x0=x0(x,t)= e−(xe
t−4et+4)2+t

Řešeńı rovnice je tedy:

u(x, t) = e−(xe
t−4et+4)2+t (1)
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RMF úkol č. 10

Lukáš Vácha

1. prosince 2020

1 př č. 1

Lu(t) = u′′(t) + 3u′(t)− 7u(t) =
√

1− t2;u(0) = 1;u′(0) = −3
Poč́ıtáme fundamentálńı systém s poč. pomı́nkami pomoćı Laplaceovy trans-
formace:, ozn. L [u(t)](p) = ũ(p)
LE = δ/L
p2ũ(p)− u′(0)− pu(0)− 3pũ(p)− 3u(0)− 7ũ(p) = 1
(p2 − 3p− 7)ũ(p) = p+ 1
ũ(p) = p+1

p2−3p−7

E (t) = L −1[ p+1
p2−3p−7 ](t) = L −1[

p− 3
2

(p− 3
2
)2− 17

2

− 5i√
34

√
17
2

(p− 3
2
)2− 17

2

](t) = θ(t)e
3
2
t[cosh(

√
17
2
t)+

5√
34

sinh(
√

17
2
t)]

Klasické řešeńı:
u(t) = 1

θ(t)
(E ? θ

√
1− τ 2)(t) =

∫ t
0
E (τ)

√
1− (t− τ)2dτ

u(t) =

∫ t

0

e
3
2
τ

[
cosh(

√
17

2
τ) +

5√
34

sinh(

√
17

2
τ)

]√
1− (t− τ)2dτ (1)
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RMF úkol č. 10

Lukáš Vácha

9. prosince 2020

1 př č. 4

ϕ(x) = λ
∫ π

0
sin(x+ y)ϕ(y)dy + sin(x)

ϕ(x) = λ
∫ π

0
[sin(x) cos(y) + cos(x) sin(y)]ϕ(y)dy + sin(x)

ϕ(x) = λ sin(x)
∫ π

0
cos(y)ϕ(y)dy + cos(x)

∫ π

0
sin(y)ϕ(y)dy + sin(x)

Při označńı konstant:
A = λ

∫ π

0
cos(y)ϕ(y)dy + 1

B = λ
∫ π

0
sin(y)dy

Má rovnice tvar:
ϕ(x) = A sin(x) +B cos(x)
Vypoč́ıtáme konstanty A,B:
A = λ

∫ π

0
cos(y)[A sin(y) +B cos(y)]dy + 1

B = λ
∫ π

0
sin(y)[A sin(y) +B cos(y)]dy

A = λ
∫ π

0
A cos(y) sin(y)dy +

∫ π

0
B cos2(y)dy + 1 = Bλπ

2
+ 1;1

B = λ
∫ π

0
A sin2(y)dy +

∫ π

0
B sin(y) cos(y)dy = Aλπ

2(
1 −λπ

2
1

λπ
2
−1 0

)
∼
(

1 −λπ
2

1
0 (λπ

2
)2 − 1 −λπ

2

)
→

 A = 1 +
(λπ

2
)2

1−(λπ
2
)2

= 1
1−(λπ

2
)2

B =
λπ

2

1−(λπ
2
)2

Výsledek:

ϕ(x) =
1

1− (λπ
2
)2

sin(x) +
λπ

2

1− (λπ
2
)2

cos(x) (1)

1
∫ π

0
sin(y) cos(y)dy = 1

2

∫ π

0
sin(2y)dy = [η = 2y; 2dη = dy] 14

∫ 2π

0
sin(η)dη = 0∫ π

0
sin2(y)dy =

∫ π

0
cos2(y)dy = π

2
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RMF úkol č. 12

Lukáš Vácha

13. prosince 2020

1 př č. 1

ϕ(x, y) = λ
∫ 1

0
dξ

∫ 3

0
dηx2ξ2yηϕ(ξ, η) + xey

Separace jádra:
ϕ(x, y) = λx2y

∫ 1

0

∫ 3

0
ξ2ηϕ(ξ, η)dηdξ + xey

Označ́ım konstantu:
C =

∫ 1

0

∫ 3

0
ξ2ηϕ(ξ, η)dηdξ

Pak má řešeńı tvar:
ϕ(x, y) = Cλx2y + xey

Určeńı konstanty C:
C =

∫ 1

0

∫ 3

0
ξ2η(Cλξ2η + ξeη)dηdξ =

∫ 1

0
(Cλξ4

∫ 3

0
η2dη + ξ3

∫ 3

0
ηeηdη)dξ =∫ 1

0
(9Cλξ4 + ξ3(2e3 + 1))dξ = 9

5
Cλ+ (2e3 + 1)1

4

C = 1
1− 9

5
λ
(1
2
λe3 + 1

4
) = 10λe3+5

20−36λ

s podmı́nkou: λ 6= 20
36

= 5
8

Řešeńı je tedy:

ϕ(x, y) =
10λ2e3 + 5λ

20− 36λ
x2y + xey (1)
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