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2. Parciálńı diferenciálńı rovnice s konstantńımi
koeficienty a řešitelné substitućı

Př́ıklad 2.1 Nalezněte obecné řešeńı rovnice

∂2u

∂x∂y
− 1

2y

∂u

∂x
= 0

v (0, x)× (0, x)

Řešeńı. Zavedeme substituci v(y) = ∂u
∂x :

dv

dy
− v

2y
= 0

dv

dy
=

v

2y

ln v =
1
2

ln y + c(x)

v(y) =
√

yc(x)

Integrujme podle x:

u(x, y) =
√

y

∫
c(x)

u(x, y) =
√

y (f(x) + h(y))

u(x, y) =
√

yf(x) + g(y)

Př́ıklad 2.2 Nalezněte obecné řešeńı rovnice

∂2u

∂y2
− ∂u

∂y
= 0

Řešeńı. Hledejme řešeńı ve tvaru u = eλy:

λ2eλy − λeλy = 0

λ(λ− 1) = 0

⇒ u(x, y) = f(x)e1y + g(x)e0y

u(x, y) = f(x)ey + g(x)

Př́ıklad 2.3 Nalezněte obecné řešeńı rovnice

∂2u

∂x∂y
= x2 − y

Řešeńı. Integrujme podle x:

∂u

∂y
=

1
3
x3 − xy + h(y)
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a podle y:

u(x, y) =
1
3
x3y − 1

2
xy2 +

∫
h(y)

u(x, y) =
1
3
x3y − 1

2
xy2 + f(y) + g(x)

Př́ıklad 2.4 Nalezněte obecné řešeńı rovnice

∂2u

∂x∂y
− 2y

∂u

∂x
= 0

Řešeńı. Zavedeme substituci v(y) = ∂u
∂x :

dv

dy
− 2vy = 0

dv

dy
= 2vy

ln v = y2 + a(x)

v(y) = b(x)ey2

Integrujeme podle x:

u(x, y) = ey2
∫

b(x)

u(x, y) = ey2
(f(x) + h(y))

u(x, y) = ey2
f(x) + g(y)

Př́ıklad 2.5 Nalezněte obecné řešeńı rovnice

∂2u

∂y2
= x + y

Řešeńı. Integrujme podle y:

∂u

∂y
= xy +

1
2
y2 + f(x)

A znovu podle y:

u(x, y) = x
1
2
y2 +

1
6
y3 + yf(x) + g(x)

Př́ıklad 2.6 Do rovnice

∂2f

∂x2
+

∂2f

∂y2
+

∂2f

∂z2
+

∂f

∂z
+ f = 0

dosad’te vztah f(x, y, z) = eµzg(x, y, z) a určete µ tak, aby byl výsledek co nej-
jednodušš́ı.
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Řešeńı.
∂2f

∂x2
=

∂2g

∂x2
eµz

∂2f

∂y2
=

∂2g

∂y2
eµz

∂f

∂z
= µeµzg + eµz ∂g

∂z

∂2f

∂z2
= µ2eµzg + µeµz ∂g

∂z
+ µeµz ∂g

∂z
+ eµz ∂2g

∂z2

∂2g

∂x2
eµz+

∂2g

∂y2
eµz+µ2eµzg+µeµz ∂g

∂z
+µeµz ∂g

∂z
+eµz ∂2g

∂z2
+µeµzg+eµz ∂g

∂z
+eµzg = 0

∂2g

∂x2
+

∂2g

∂y2
+

∂2g

∂z2
+ (2µ + 1)

∂g

∂z
+ (µ2 + µ + 1)g = 0

Pokud zvoĺıme µ = − 1
2 , dostaneme

∂2g

∂x2
+

∂2g

∂y2
+

∂2g

∂z2
+

3
4
g = 0

Př́ıklad 2.7 Převed’te rovnici

∂2u

∂x2
+ 2Dxy − 4Dxz − 6Dyz −Dzz = 0

na kanonický tvar.

Řešeńı. Odpov́ıdaj́ıćı kvadratická forma má tvar

h(x, y, z) = x2 + 2xy + 4xz − 6yz + z2 = (x + y − 2z)2 − (y + z)2 − (2z)2

Matice pro hledáńı polárńı báze je

A =

 1 1 −2
0 1 1
0 0 2


Inverzńı matice je

A−1 =

 1 −1 3
2

0 1 − 1
2

0 0 1
2


Odtud odečteme po sloupćıch bazické vektory a hledaná substituce je

ξ = x

η = −x + y

λ =
3
2
x− 1

2
y +

3
2
z
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Kanonický tvar je pak
∂2u

∂ξ2
− ∂2u

∂η2
− ∂2u

∂λ2
= 0

Př́ıklad 2.8 Nalezněte kanonický tvar rovnice

∂2u

∂x2
+ 2

∂2u

∂y2
+ 5

∂2u

∂y2
+ 2

∂2u

∂x∂y
+ 4

∂2u

∂y∂z
+

∂u

∂z
+

∂u

∂y
= 0

Řešeńı. Odpov́ıdaj́ıćı kvadratická forma má tvar

h(x, y, z) = x2 + 2y2 + 5z2 + 2xy + 4yz = (x + y)2 + (y + 2z)2 + z2

Matice pro hledáńı polárńı báze je

A =

 1 1 0
0 1 2
0 0 1


Inverzńı matice je

A−1 =

 1 −1 2
0 1 −2
0 0 1


Odtud odečteme po sloupćıch bazické vektory a hledaná substituce je

ξ = x

η = −x + y

λ = 2x− 2y + z

Vypočteme derivace

∂u

∂x
=

∂u

∂ξ
− ∂u

∂η
+2

∂u

∂λ

∂u

∂y
=

∂u

∂η
− 2

∂u

∂λ

Kanonický tvar je pak

∂2u

∂ξ2
+

∂2u

∂η2
+

∂2u

∂λ2
+

∂u

∂ξ
= 0
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3. Parciálńı diferenciálńı rovnice druhého řádu

Př́ıklad 3.1 Substituujte rovnici

∂2u

∂x2
+ y

∂2u

∂y2
= 0

vztahy ξ = x + 2
√
−y a η = x− 2

√
−y v oblasti y < 0.

Řešeńı. Vypočteme derivace

∂u

∂x
=

∂u

∂ξ
+

∂u

∂η

∂2u

∂x2
=

∂2u

∂ξ2
+

∂2u

∂ξ∂η
+

∂2u

∂η∂ξ
+

∂2u

∂η2
=

∂2u

∂ξ2
+2

∂2u

∂ξ∂η
+

∂2u

∂η2

∂u

∂y
=

1√
−y

(
∂u

∂η
− ∂u

∂ξ

)
∂2u

∂y2
=
(
−1

2

)
1

−y
√
−y

(−1)
(

∂u

∂η
− ∂u

∂ξ

)
+

+
1√
−y

(
1√
−y

(
∂2u

∂η2
− ∂2u

∂ξ∂η

)
− 1√

−y

(
∂2u

∂η∂ξ
− ∂2u

∂ξ2

))
=

1
−2y

√
−y

(
∂u

∂η
− ∂u

∂ξ

)
+

1
−y

(
∂2u

∂η2
− ∂2u

∂ξ∂η
− ∂2u

∂η∂ξ
+

∂2u

∂ξ2

)
=

1
−2y

√
−y

(
∂u

∂η
− ∂u

∂ξ

)
+

1
y

(
2

∂2u

∂ξ∂η
− ∂2u

∂ξ2
− ∂2u

∂η2

)
Dosad́ıme do rovnice

∂2u

∂ξ2
+ 2

∂2u

∂ξ∂η
+

∂2u

∂η2
+

1
−2
√
−y

(
∂u

∂η
− ∂u

∂ξ

)
+
(

2
∂2u

∂ξ∂η
− ∂2u

∂ξ2
− ∂2u

∂η2

)
= 0

4
∂2u

∂ξ∂η
=

1
2
√
−y

(
∂u

∂η
− ∂u

∂ξ

)
Po použit́ı transformačńıho vztahu

2
√
−y =

1
2
(ξ − η)

źıskáme
∂2u

∂ξ∂η
=

1
2(ξ − η)

(
∂u

∂η
− ∂u

∂ξ

)
Př́ıklad 3.2 Substituujte rovnici

∂2u

∂ξ∂η
=

1
2(ξ − η)

(
∂u

∂η
− ∂u

∂ξ

)
vztahy ξ = x + y a η = x− y.
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Řešeńı. Vypočteme nejprve zpětnou transformaci

x =
1
2
(ξ + η)

y =
1
2
(ξ− η)

a poté derivace

∂u

∂ξ
=

1
2

(
∂u

∂x
+

∂u

∂y

)
∂u

∂η
=

1
2

(
∂u

∂x
− ∂u

∂y

)
∂2u

∂ξ∂η
=

1
4

(
∂2u

∂x2
− ∂2u

∂y2

)
Dosad́ıme do rovnice a dostaneme

1
4

(
∂2u

∂x2
− ∂2u

∂y2

)
=

1
2.2y

(
−∂u

∂y

)
∂2u

∂x2
− ∂2u

∂y2
=

1
y

(
−∂u

∂y

)
Př́ıklad 3.3 Rovnici

x2 ∂2u

∂x2
− y2 ∂2u

∂y2
= 0

převed’te na kanonický tvar v oblastech, v nichž zachovává typ.

Řešeńı. Vypočteme diskriminant

D = 4x2y2

Protože D > 0, jedná se o hyperbolickou rovnici. Aby se zachoval typ, muśı
platit přinejmenš́ım x 6= 0, y 6= 0. Jej́ı kořeny jsou

λ =
±2|xy|

2x2
= ±

∣∣∣y
x

∣∣∣ = ±y

x

Řeš́ıme tedy rovnici
dy

dx
= −y

x

dy

y
= − dx

x

ln y = − lnx + K

ln y + lnx = K

lnxy = lnC

xy = C
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a
dy

dx
=

y

x

dy

y
=

dx

x

ln y = ln x + K

ln y = lnCx

y

x
= C

Odkud dostáváme substituce

ξ = xy

η =
y

x

Vypočteme derivace

∂u

∂x
= y

∂u

∂ξ
− y

x2

∂u

∂η

∂2u

∂x2
= y

(
y
∂2u

∂ξ2
− y

x2

∂2u

∂η∂ξ

)
− y

x2

(
y

∂2u

∂ξ∂η
− y

x2

∂2u

∂η2

)
+

2
x3

∂u

∂η
=

= y2 ∂2u

∂ξ2
− 2

y2

x2

∂2u

∂ξ∂η
+

y2

x4

∂2u

∂η2
+ y

2
x3

∂u

∂η

∂u

∂y
= x

∂u

∂ξ
+

1
x

∂u

∂η

∂2u

∂y2
= x

(
x

∂2u

∂ξ2
+

1
x

∂2u

∂η∂ξ

)
+

1
x

(
x

∂2u

∂ξ∂η
+

1
x

∂2u

∂η2

)
=

= x2 ∂2u

∂ξ2
+ 2

∂2u

∂ξ∂η
+

1
x2

∂2u

∂η2

a dosad́ıme do rovnice

x2

(
y2 ∂2u

∂ξ2
− 2

y2

x2

∂2u

∂ξ∂η
+

y2

x4

∂2u

∂η2
+ y

2
x3

∂u

∂η

)
−y2

(
x2 ∂2u

∂ξ2
+ 2

∂2u

∂ξ∂η
+

1
x2

∂2u

∂η2

)
= 0

x2y2 ∂2u

∂ξ2
− 2y2 ∂2u

∂ξ∂η
+

y2

x2

∂2u

∂η2
+ 2

y

x

∂u

∂η
− x2y2 ∂2u

∂ξ2
− 2y2 ∂2u

∂ξ∂η
− y2

x2

∂2u

∂η2
= 0

−4y2 ∂2u

∂ξ∂η
+ 2

y

x

∂u

∂η
= 0

y2 ∂2u

∂ξ∂η
− 1

2
y

x

∂u

∂η
= 0

∂2u

∂ξ∂η
− 1

2
1
xy

∂u

∂η
= 0

∂2u

∂ξ∂η
− 1

2ξ

∂u

∂η
= 0

7



Př́ıklad 3.4 Rovnici

x2 ∂2u

∂x2
+ 2xy

∂2u

∂x∂y
+ y2 ∂2u

∂y2
= 0

převed’te na kanonický tvar v oblastech, v nichž zachovává typ.

Řešeńı. Vypočteme diskriminant

D = 4x2y2 − 4x2y2 = 0

Protože D = 0, jedná se o parabolickou rovnici. Jej́ı kořen je

lambda =
−2xy

2x2
= −y

x

dy

dx
=

y

x

dy

y
=

dx

x

ln |y| = ln |x|+ K

ln |y| − ln |x| = K

ln
∣∣∣y
x

∣∣∣ = K∣∣∣y
x

∣∣∣ = C

Nyńı si řešeńı úlohy rozděĺıme na 2 př́ıpady podle znaménka y
x :

1. y
x > 0:
Substituce je

ξ =
y

x

a druhou si libovolně (regulárně) zvoĺıme

η = x

Vypočteme derivace

∂u

∂x
=

∂u

∂η
− y

x2

∂u

∂ξ

∂2u

∂x2
=

∂2u

∂η2
− y

x2

∂2u

∂ξ∂η
+

2y

x3

∂u

∂ξ
− y

x2

(
∂2u

∂η∂ξ
− y

x2

∂2u

∂ξ2

)
=

=
∂2u

∂η2
− 2y

x2

∂2u

∂ξ∂η
+

y2

x4

∂2u

∂ξ2
+

2y

x3

∂u

∂ξ

∂u

∂y
=

1
x

∂u

∂ξ
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∂2u

∂y2
=

1
x2

∂2u

∂ξ2

∂2u

∂x∂y
= − 1

x2

∂u

∂ξ
+

1
x

(
∂2u

∂η∂ξ
− y

x2

∂2u

∂ξ2

)
=

= − 1
x2

∂u

∂ξ
+

1
x

∂2u

∂η∂ξ
− y

x3

∂2u

∂ξ2

a dosad́ıme do rovnice:

x2

(
∂2u

∂η2
− 2y

x2

∂2u

∂ξ∂η
+

y2

x4

∂2u

∂ξ2
+

2y

x3

∂u

∂ξ

)
+2xy

(
− 1

x2

∂u

∂ξ
+

1
x

∂2u

∂η∂ξ
− y

x3

∂2u

∂ξ2

)
+y2 1

x2

∂2u

∂ξ2
= 0

x2 ∂2u

∂η2
= 0

∂2u

∂η2
= 0

2. y
x < 0:
Substituce je

ξ = −y

x

a druhou si libovolně (regulárně) zvoĺıme

η = x

Vypočteme derivace

∂u

∂x
=

∂u

∂η
+

y

x2

∂u

∂ξ

∂2u

∂x2
=

∂2u

∂η2
+

y

x2

∂2u

∂ξ∂η
− 2y

x3

∂u

∂ξ
+

y

x2

(
∂2u

∂η∂ξ
+

y

x2

∂2u

∂ξ2

)
=

=
∂2u

∂η2
+

2y

x2

∂2u

∂ξ∂η
+

y2

x4

∂2u

∂ξ2
− 2y

x3

∂u

∂ξ

∂u

∂y
= − 1

x

∂u

∂ξ

∂2u

∂y2
=

1
x2

∂2u

∂ξ2

∂2u

∂x∂y
=

1
x2

∂u

∂ξ
− 1

x

(
∂2u

∂η∂ξ
+

y

x2

∂2u

∂ξ2

)
=

=
1
x2

∂u

∂ξ
− 1

x

∂2u

∂η∂ξ
− y

x3

∂2u

∂ξ2

a dosad́ıme do rovnice:

x2

(
∂2u

∂η2
+

2y

x2

∂2u

∂ξ∂η
+

y2

x4

∂2u

∂ξ2
− 2y

x3

∂u

∂ξ

)
+2xy

(
1
x2

∂u

∂ξ
− 1

x

∂2u

∂η∂ξ
− y

x3

∂2u

∂ξ2

)
+y2 1

x2

∂2u

∂ξ2
= 0

x2 ∂2u

∂η2
= 0

∂2u

∂η2
= 0
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Kanonický tvar rovnice je tedy

∂2u

∂η2
= 0

a dospějeme k němu pomoćı substitućı

ξ =
∣∣∣y
x

∣∣∣
η = x

Př́ıklad 3.5 Pro x > 0 a y > 0 převed’te rovnici

x
∂2u

∂x2
+ y

∂2u

∂y2
= 0

na kanonický tvar. Diskutujte pak jej́ı typ.

Řešeńı. Vypočteme diskriminant

D = −4xy

Protože D < 0, jedná se o eliptickou rovnici. Vybereme si jej́ı kořen

λ =
−2i

√
xy

2x
= −

i
√

y
√

x

a budeme řešit diferenciálńı rovnici

dy

dx
= −λ

dy

dx
=

i
√

y
√

x

−i
dy
√

y
=

dx√
x

−i
√

y + c =
√

x

c =
√

x + i
√

y

Tedy zavedeme substituci

ξ = < c =
√

x

η = = c =
√

y

Vypočteme derivace

∂u

∂x
=

1
2
√

x

∂u

∂ξ

∂2u

∂x2
=

1
2
√

x

1
2
√

x

∂2u

∂ξ2
− 1

4x
√

x

∂u

∂ξ
=

1
4x

(
∂2u

∂ξ2
− 1√

x

∂u

∂ξ

)
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∂u

∂y
=

1
2
√

y

∂u

∂η

∂2u

∂y2
=

1
2
√

y

1
2
√

y

∂2u

∂η2
− 1

4y
√

y

∂u

∂η
=

1
4y

(
∂2u

∂η2
− 1
√

y

∂u

∂η

)
a dosad́ıme do rovnice:

∂2u

∂ξ2
+

∂2u

∂η2
− 1

ξ

∂u

∂ξ
− 1

η

∂u

∂η
= 0
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4. Distribuce

Př́ıklad 4.3 Určete derivaci Heavisideovy funkce Θ(x)

Řešeńı. Užijeme výsledku př́ıkladu 4.2:

f ′ = {f ′(x)}+ [f ]x0δ(x− x0)

Skok je v bodě x0 = 0, velikost skoku je [f ]x0 = 0 a funkce je jinde konstantńı,
takže {f ′(x)} = 0.

Θ(x)′ = 0 + 1δ(x− x0) = δ(x)

Př́ıklad 4.4a Dokažte, že a(x)δ(x) = a(0)δ(x)

Řešeńı.

(a(x)δ(x), ϕ(x)) = (δ(x), a(x)ϕ(x)) = a(0)ϕ(0) = a(0) (δ(x), ϕ(x)) = (a(0)δ(x), ϕ(x))

Př́ıklad 4.4b Dokažte, že 0δ(x) = 0

Řešeńı.

(0δ(x), ϕ(x)) = (δ(x), 0ϕ(x)) = (δ(x), 0) = 0 = (0, ϕ(x)) = (a(0)δ(x), ϕ(x))

Př́ıklad 4.5 Dokažte, že xP 1
x = 1

Řešeńı.(
xP 1

x
, ϕ(x)

)
=
(
P 1

x
, xϕ(x)

)
= PV

∫ +∞

−∞

xϕ(x)
x

=
∫ +∞

−∞
ϕ(x) = (1, ϕ(x))

Př́ıklad 4.6 Necht’ je dána funkce

f(x) =
1
2
− x− 2kπ

2π

pro x ∈ 〈2kπ, 2π(k + 1)),kde k ∈ Z. Určete jej́ı derivaci.

Řešeńı. Užijeme výsledku př́ıkladu 4.2. Funkce má nekonečně mnoho skok̊u v
bodech 2kπ. Vypočteme jejich velikost:

lim
x→2kπ+

f(x) =
1
2
− 2kπ − 2kπ

2π
=

1
2

lim
x→2kπ−

f(x) =
1
2
− 2kπ − 2(k − 1)π

2π
=

3
2

tedy

[f(x)]2kπ =
1
2
− 3

2
= −1

V ostatńıch bodech je derivace

{f(x)}′ = − 1
2π

12



Tedy derivace je

f ′(x) = − 1
2π

+
∞∑

k=−∞

(−1)δ(x− 2kπ) = − 1
2π

−
∞∑

k=−∞

δ(x− 2kπ)

Př́ıklad 4.12 Vypočtěte
d
dx

(ln |x|)

Řešeńı. (
d
dx

(ln |x|) , ϕ(x)
)

= − (ln |x|, ϕ′(x)) = − (1, ln |x|ϕ′(x)) =

= −
∫ +∞

−∞
ln |x|ϕ′(x) =

∣∣∣∣ u = ln |x| v′ = ϕ′(x)
u′ = 1

x v = ϕ(x)

∣∣∣∣ =
= −PV [ϕ(x) ln |x|]+∞−∞ + PV

∫ +∞

−∞

ϕ(x)
x

=
(
P 1

x
, ϕ

)
protože

PV [ϕ(x) ln |x|]+∞−∞ = ϕ(0) lim
ε→0+

(ln | − ε| − ln |ε|)+∞−∞ = 0

Př́ıklad 4.13 Dokažte, že v D ′(R) plat́ı:(
P 1

x

)′
= −P 1

x2

kde (
P 1

x2
, ϕ

)
≡ PV

∫ +∞

−∞

ϕ(x)− ϕ(0)
x2

dx

Řešeńı. Nejprve vypočteme((
P 1

x

)′
, ϕ

)
= −

(
P 1

x
, ϕ′
)

= −PV

∫ +∞

−∞

ϕ′(x)
x

=
∣∣∣∣ u = 1

x v′ = ϕ′(x)
u′ = − 1

x2 v = ϕ(x)

∣∣∣∣ =
= −PV

[
ϕ(x)

x

]+∞
−∞

− PV

∫ +∞

−∞

ϕ(x)
x2

Dále si spoč́ıtáme

PV

∫ +∞

−∞

1
x2

= − lim
ε→0+

([
1
x

]−ε

−∞
+
[

1
x

]+∞
ε

)
=

= − lim
ε→0+

(
1
−ε

− 1
ε

)
= 2 lim

ε→0+

1
ε

13



Nyńı vyjádř́ıme

PV

[
ϕ(x)

x

]+∞
−∞

= lim
ε→0+

([
ϕ(x)

x

]−ε

−∞
+
[
ϕ(x)

x

]+∞
ε

)
= lim

ε→0+

(
ϕ(−ε)
−ε

− ϕ(ε)
ε

)
=

= lim
ε→0+

(
ϕ(0)
−ε

− ϕ(0)
ε

)
= −2ϕ(0) lim

ε→0+

1
ε

= −ϕ(0)PV

∫ +∞

−∞

1
x2

a nakonec dostaneme((
P 1

x

)′
, ϕ

)
= −

(
−ϕ(0)PV

∫ +∞

−∞

1
x2

)
− PV

∫ +∞

−∞

ϕ(x)
x2

=

= −PV

∫ +∞

−∞

ϕ(x)− ϕ(0)
x2

=
(
−P 1

x2
, ϕ

)
Př́ıklad 4.16 Vypočtěte

d
dx

(
lim

ε→0+

1
x± iε

)

Řešeńı. Podle Sochoského vzorc̊u a př́ıkladu 4.13

d
dx

(
lim

ε→0+

1
x± iε

)
=

d
dx

(
∓iπδ(x) + P 1

x

)
=

= ∓iπδ′(x)− P 1
x2

Př́ıklad 4.17 V R vypočtěte derivace zobecněné funkce

f(x) = |x| sinx

do čtvrtého řádu včetně.

Řešeńı. Plat́ı (|x|)′ = sgnx, podle př́ıkladu 4.2 ( sgnx)′ = 2δ(x). Potom

f ′(x) = sgnx sinx + |x| cos x

f ′′(x) = δ(x) sinx + sgn x cos x + sgn x cos x− |x| sinx = 2 sgnx cos x− |x| sinx

(protože δ(x) sinx = δ(x) sin 0 = 0)

f ′′′(x) = 2(2δ(x) cos x− sgn x sinx)−( sgnx sinx+|x| cos x) = 4δ(x)−3 sgnx sinx−|x| cos x

(protože δ(x) cos x = δ(x) cos 0 = δ(x))

f ′′′′(x) = 4δ′(x)−3(δ(x) sinx+sgnx cos x)−( sgnx cos x−|x| sinx) = 4δ′(x)−4 sgnx cos x+|x| sinx

14



5. Konvoluce, Fourierova transformace

• F [f(x)] =
∫

Rn f(x)ei(ξ,x) dx

• F [f(x)](ξ) = (2π)nF−1[f(η)](−ξ)

• F [Dαf(x)] = (−iξ)αF [f(x)]

• DαF [f(x)] = F [(ix)αf(x)]

• F [f ∗ g] = F [f ]F [g]

• F [f(x− x0)] = eiξx0F [f ]

• F [Θ(t)e−at] = 1
a−iξ

• F [δ(x− a)] = eiaξ

Často také využijeme faktu, že

Θ(x)f(x) ∗Θ(x)g(x) = Θ(x)
∫ x

0

f(y)g(x− y) dy

(podrobně viz 5.1)

Př́ıklad 5.1 Vypočtěte konvoluci

Θ(x)eax ∗Θ(x)ebx

Řešeńı.

Θ(x)eax∗Θ(x)ebx =
∫ +∞

−∞
Θ(y)eayΘ(x−y)eb(x−y) dy =

∫ +∞

0

eay∗Θ(x−y)eb(x−y) =

= ebx

∫ +∞

0

Θ(x− y)e(a−b)y

Pro x ≤ 0 je Θ(x)eax ∗Θ(x)ebx = 0, jinak

= ebx

∫ x

0

e(a−b)y dy =

{
ebx e(a−b)x−1

a−b = eax−abx

a−b a 6= b

ebxx a = b

Celkový výsledek můžeme psát ve tvaru

Θ(x)eax ∗Θ(x)ebx =

{
Θ(x) eax−abx

a−b a 6= b

Θ(x)xebx a = b

Př́ıklad 5.3 Vypočtěte konvoluci

Θ(x) ∗Θ(x)

v D ′(R).
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Řešeńı.

Θ(x) ∗Θ(x) = Θ(x)
∫ x

0

dy = Θ(x)x

Př́ıklad 5.4 Vypočtěte konvoluci

e−|x| ∗ e−|x|

v D ′(R).

Řešeńı.

e−|x| ∗ e−|x| =
∫ +∞

−∞
e−|y| ∗ e−|x−y| dy

Pro x > 0:∫ +∞

−∞
e−|y| ∗ e−|x−y| dy =

∫ 0

−∞
eye−x+y +

∫ x

0

e−ye−x+y +
∫ ∞

x

e−yex−y =

=
1
2
e−x(1− 0) + e−x(x− 0)− 1

2
ex(0− e−2x) = (1 + x)e−x

Pro x < 0:∫ +∞

−∞
e−|y| ∗ e−|x−y| dy =

∫ x

−∞
eye−x+y +

∫ 0

x

eyex−y +
∫ ∞

0

e−yex−y =

=
1
2
e−x(e2x − 0) + ex(0− x)− 1

2
ex(0− 1) = (1− x)ex

Dohromady je tedy
e−|x| ∗ e−|x| = (1 + |x|)e−|x|

Př́ıklad 5.5 V Rn určete
F [δ(x− x0)]

Řešeńı. Z definice

F [δ(x− x0)] =
∫ +∞

−∞
δ(x− x0)ei(ξ,x) dx = ei(ξ,x0)

Př́ıklad 5.6 Určete
F [e−ax2

]

je-li a > 0.

Řešeńı. Z definice

F [e−ax2
] =

∫ +∞

−∞
e−ax2+iξx dx =

√
π

a
e
−ξ2

4a

Př́ıklad 5.7 Vypočtěte
F [Θ(x)e−ax]
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je-li a > 0.

Řešeńı. Z definice

F [Θ(x)e−ax] =
∫ +∞

−∞
Θ(x)e−ax+iξx dx =

∫ ∞

0

e(−a+iξ)x dx =

=
1

−a + iξ

[
e(−a+iξ)x

]∞
=

1
−a + iξ

(0− 1) =
1

a− iξ

Př́ıklady 5.8+5.10 Vypočtěte

F [sin ax], F [cos ax]

kde a ∈ R

Řešeńı. Nejprve vypoč́ıtáme:

F [eiax] = (2π)F−1[eiaξ](−η) = 2πδ(−η − a) = 2πδ(η + a)

F [e−iax] = (2π)F−1[e−iaξ](−η) = 2πδ(−η − (−a)) = 2πδ(η − a)

Nyńı rozeṕı̌seme sinus a cosinus

sin ax =
eiax − eiax

2i

cos ax =
eiax + eiax

2
a ted’ už v́ıme, že

F [sin ax] =
1
2i

2π(δ(η + a)− δ(η − a)) = iπ(δ(η − a)− δ(η + a))

F [cos ax] =
1
2
2π(δ(η + a) + δ(η − a)) = π(δ(η − a) + δ(η + a))

Př́ıklad 5.9 Vypočtěte konvoluci

Θ(x) sin(x) ∗Θ(x) sin(x)

Upravte na jednoduchý tvar.

Řešeńı.

Θ(x) sin(x) ∗Θ(x) sin(x) = Θ(x)
∫ x

0

sin y sin(x− y) dy =

= Θ(x)
∫ x

0

sinx sin y cos y − cos x sin2 y dy =

= Θ(x) sinx
1
2

sin2 x− cos x
1
2
(x− sinx cos x) =

=
Θ(x)

2
(sinx sin2 x− x cos x + sin2 x cos x) =

17



=
Θ(x)

2
(sinx− x cos x)

Př́ıklad 5.11 V S ′(R) nalezněte Fourier̊uv obraz funkce

2α

x2 + α2

kde α > 0.

Řešeńı. Z př́ıkladu (1.6) v́ıme, že∫ +∞

0

cos ax

1 + x2
=

π

2
e−|a|

F [
2α

x2 + α2
] = 2α

∫ +∞

−∞

eixξ

x2 + α2
dx = 2α

∫ +∞

−∞

cos xξ + i sinxξ

x2 + α2
dx

Protože sinus je lichá funkce a cosinus sudá, je

= 4α

∫ +∞

0

cos xξ

x2 + α2
dx =

4
α

∫ +∞

0

cos xξ(
x
α

)2 + 1
dx =

=
∣∣∣∣x = αt, dx = α dt

∣∣∣∣ = 4
∫ +∞

0

cos αξt

t2 + 1
dx = 4

π

2
e−|αξ| = 2πe−α|ξ|

Př́ıklad 5.12 Pro
Pα =

1
π

α

x2 + α2
, α > 0

vypočtěte Pα ∗ Pβ.

Řešeńı.
Pα =

1
2π

2α

x2 + α2

a z předchoźıho př́ıkladu v́ıme

F [Pα] =
1
2π
F [

2α

x2 + α2
] = e−α|ξ|

F [Pα ∗ Pβ ] = F [Pα]F [Pβ ] = e−α|ξ|e−β|ξ| = e−(α+β)|ξ| = F [Pα+β ]

Pα ∗ Pβ = Pα+β

Př́ıklad 5.14 Podle definice určete Fourier̊uv obraz funkce 1 v prostoru Rn.

Řešeńı.
F [1] = (2π)nF−1[1](−ξ) = (2π)nδ(−ξ) = (2π)nδ(ξ)
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6. Laplaceova transformace

• L[f ′(t)] = pL[f ]− f(0+)

• L
[∫ t

0
f(τ) dτ

]
= 1

pL[f(t)]

• L
[

f(t)
t

]
=
∫∞

p
L[f(t)](q) dq

•
∫∞
0

f(τ) dτ = limp→0 L[f(t)](p)

• L[tnf(t)] = (−1)n dn

dpnL[f ]

• L[Θ(t)e−at] = 1
p+a

• L[Θ(t)tne−at] = n!
(p+a)n+1

• L[Θ(t) sinβt] = β
p2+β2

• L[Θ(t) cos βt] = p
p2+β2

Většinou budeme použ́ıvat toto značeńı:

L[f ] ≡ F

Př́ıklad 6.3 Vypočtěte integrál∫ ∞

0

e−at − e−bt

t
dt

pro a, b ∈ R+.

Řešeńı.

L
[
e−at − e−bt

t

]
=
∫ ∞

p

L[e−at − e−bt](q) dq =

=
∫ ∞

p

(
1

q + a
− 1

q + b

)
dq = [ln |q + a| − ln |q + b|]∞p =

=
[
ln
|q + a|
|q + b|

]∞
p

= ln 1− ln
|p + a|
|p + b|

= ln
|p + b|
|p + a|

A nyńı použijeme vzorce pro výpočet integrálu:∫ ∞

0

e−at − e−bt

t
dt = lim

p→0
ln
|p + b|
|p + a|

= ln
|b|
|a|

= ln
b

a

Př́ıklad 6.6 Řešte diferenciálńı rovnici

y′ + y = t2e−t

za podmı́nky y(0+) = a.
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Řešeńı. Přejdeme ke zobecněné úloze

y′ + y = Θ(t)t2e−t

a provedeme Laplaceovu transformaci:

(pF − a) + F =
2

(p + 1)3

(p + 1)F = a +
2

(p + 1)3

F =
a

p + 1
+

2
(p + 1)4

= a
1

p + 1
+

1
3

3!
(p + 1)4

kde již vid́ıme známé Laplaceovy obrazy a tedy

y = Θ(t)(a +
1
3
t3)e−t

Př́ıklad 6.7 Řešte soustavu obyčejných diferenciálńıch rovnic

y′1 = 7y1 − 18y2 + 12e−t

y′2 = 3y1 − 8y2 + 5e−t

za podmı́nek y1(0+) = 2, y2(0+) = 1.

Řešeńı. Nejprve podrob́ıme soustavu Laplaceově transformaci (L[y1] = F1,
L[y2] = F2):

pF1 − 2 = 7F1 − 18F2 +
12

p + 1

pF2 − 1 = 3F1 − 8F2 +
5

p + 1

Nyńı potřebujeme slušně vyjádřit F1 a F2. Nejprve vyjádř́ıme F1 pomoćı F2 z
prvńı rovnice

F1 =
1

p− 7

(
2− 18F2 +

12
p + 1

)
a dosad́ıme do druhé rovnice:

(p + 8)F2 = 1 +
3

p− 7

(
2− 18F2 +

12
p + 1

)
+

5
p + 1

(p+8)(p−7)(p+1)F2 = (p−7)(p+1)+3(2(p+1)−18(p+1)F2 +12)+5(p−7)

(p + 1)F2(p2 + p− 7.8 + 3.18) = (p− 7)(p + 1) + 3(2(p + 1) + 12) + 5(p− 7)

(p + 1)(p− 1)(p + 2)F2 = p2 + 5p

F2 =
p2 + 5p

(p + 1)(p− 1)(p + 2)

Potom vyjádř́ıme z druhé rovnice F2 pomoćı F1

F2 =
1

p + 8

(
1 + 3F1 +

5
p + 1

)
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a dosad́ıme do prvńı rovnice:

(p− 7)F1 = 2− 18
p + 8

(
1 + 3F1 +

5
p + 1

)
+

12
p + 1

(p− 7)(p+8)(p+1)F1 = 2(p+1)(p+8)− 18(p+1+3(p+1)F1 +5)+12(p+8)

(p + 1)F1(p2 + p− 7.8 + 18.3) = 2(p + 1)(p + 8)− 18(p + 1 + 5) + 12(p + 8)

(p + 1)(p− 1)(p + 2)F1 = 2p2 + 12p + 4

F1 =
2p2 + 12p + 4

(p + 1)(p− 1)(p + 2)

Ted’ provedeme rozklad na parciálńı zlomky:

F1 =
3

p + 1
+

3
p− 1

+
−4

p + 2

F2 =
2

p + 1
+

1
p− 1

+
−2

p + 2

Zde už vid́ıme známý Laplace̊uv obraz a můžeme psát

y1 = Θ(x)(3e−t + 3et − 4e−2t)

y2 = Θ(x)(2e−t + et − 2e−2t)

Př́ıklad 6.8 Vypočtěte integrál∫ ∞

0

e−at cos bt sin ct

t
dt

kde a ∈ R+ a dále b, c ∈ R(c 6= ±b).

Řešeńı.

L
[
e−at cos bt sin ct

t

]
=

1
2

∫ ∞

p

L
[
e−at cos bt sin ct

]
dq =

=
1
2

∫ ∞

p

L
[
e−at (sin(b + c)t− sin(b− c)t)

]
dq =

=
1
2

∫ ∞

p

(
b + c

(q + a)2 + (b + c)2
− b− c

(q + a)2 + (b− c)2

)
dq =

=
1
2

[
(b + c)

1
b + c

arctg
q + a

b + c
− (b− c)

1
b− c

arctg
q + a

b− c

]∞
p

=

=
1
2

[
arctg

q + a

b + c
− arctg

q + a

b− c

]∞
p

=

=
1
2

(
π

2
− π

2
−
(

arctg
p + a

b + c
− arctg

p + a

b− c

))
=

=
1
2

(
arctg

p + a

b− c
− arctg

p + a

b + c

)
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A nyńı použijeme vzorce pro výpočet integrálu:∫ ∞

0

e−at cos bt sin ct

t
dt = lim

p→0

1
2

(
arctg

p + a

b− c
− arctg

p + a

b + c

)
=

=
1
2

(
arctg

a

b− c
− arctg

a

b + c

)
Př́ıklad 6.9 Užit́ım Laplaceovy transformace nalezněte funkci u = u(t), vyho-
vuj́ıćı rovnici

u′′ + u′ + u = et(3 cos t + 2 sin t)

a podmı́nkám u(0) = 0, u′(0) = 1.

Řešeńı. Provedeme Laplaceovu transformaci:

L[u] = F

L[u′] = pF

L[u′′] = pL[u′]− 1 = p2 − 1

a rovnice přejde na tvar

p2F + pF + F − 1 = 3
p− 1

(p− 1)2 + 1
+ 2

1
(p− 1)2 + 1

(p2 + p + 1)F =
3p− 3 + 2 + (p− 1)2 + 1

(p− 1)2 + 1

(p2 + p + 1)F =
p2 + p + 1

(p− 1)2 + 1

F =
1

(p− 1)2 + 1

u(t) = Θ(t)etsin(t)

Př́ıklad 6.13 Řešte integrodiferenciálńı rovnici

y′ + 2y +
∫ t

0

f(τ) dτ = sin t

za podmı́nky y(0+) = 0.

Řešeńı. Přejdeme ke zobecněné úloze

y′ + 2y +
∫ t

0

f(τ) dτ = Θ(t) sin t

Laplaceovou transformaćı:

(pF − 0) + 2F +
1
p
F =

1
p2 + 1

p2F + 2pF + F =
p

p2 + 1
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F =
p

(p2 + 1)(p + 1)2

Rozkladem na parciálńı zlomky

F =
1
2

(
1

p2 + 1
− 1

(p + 1)2

)
a rozpoznáńım Laplaceových obraz̊u na pravé straně

y =
1
2
Θ(t)(sin t− te−t)

Př́ıklad 6.14 Vypočtěte integrál∫ ∞

0

cos bt− cos at

t
dt

kde a, b ∈ R− {0}.

Řešeńı.

L
[
cos bt− cos at

t

]
=
∫ ∞

p

L[cos bt− cos at](q) dq =

=
1
2

∫ ∞

p

(
q

q2 + b2
− q

q2 + a2

)
dq =

1
2
[ln |q2 + b2| − ln |q2 + a2|]∞p =

=
1
2

[
ln
|q2 + b2|
|q2 + a2|

]∞
p

=
1
2

ln 1− ln
|p2 + b2|
|p2 + a2|

=
1
2

ln
|p2 + a2|
|p2 + b2|

A nyńı použijeme vzorce pro výpočet integrálu:∫ ∞

0

cos bt− cos at

t
dt = lim

p→0

1
2

ln
|p2 + a2|
|p2 + b2|

= ln
|a2|
|b2|

= ln
∣∣∣a
b

∣∣∣
Př́ıklad 6.15 Užit́ım Laplaceovy transformace řešte rovnici

y′′′ + y′ = e2t

za podmı́nek y(0+) = y′(0+) = y′′(0+) = 0.

Řešeńı. Provedeme Laplaceovu transformaci:

p3F + pF =
1

p− 2

F =
1

p(p− 2)(p2 + 1)

Rozlož́ıme na parciálńı zlomky:

F = −1
2

1
p

+
1
10

1
p− 2

+
2
5

p

p2 + 1
− 1

5
1

p2 + 1

kde již vid́ıme známé Laplaceovy obrazy a tedy

y = Θ(t)
(
−1

2
+

1
10

e2t +
2
5

cos t− 1
5

sin t

)
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Př́ıklad 6.17 Řešte integrodiferenciálńı rovnici

y′ + 2y + 2
∫ t

0

f(τ) dτ = 1

s danou počátečńı podmı́nkou y(0+) = 0.

Řešeńı. Přejdeme ke zobecněné úloze

y′ + 2y + 2
∫ t

0

f(τ) dτ = Θ(t)

Laplaceovou transformaćı:

(pF − 0) + 2F + 2
1
p
F =

1
p

(p2 + 2p + 2)F = 1

F =
1

p2 + 2p + 2
=

1
(p + 1)2 + 1

odkud již vid́ıme
y = Θ(t)e−t sin t

Př́ıklad 6.18 Nalezněte partikulárńı řešeńı diferenciálńı rovnice

4ty′′ + (4t + 8)y′ + (t + 4)y = 0

kde y(0+) = a.

Řešeńı. Nejprve si vypočteme některé Laplaceovy transformace:

L[y] = F

L[y′] = pF − a,
d
dp
L[y′] = pF ′ + F

L[y′′] = p(pF − a)− a = p2F − pa− a,
d
dp
L[y′′] = 2pF + p2F ′ − a

Nyńı transformujme rovnici:

4ty′′ + 4ty′ + 8y′ + ty + 4y = 0

4(− d
dp
L[y′′]) + 4(− d

dp
L[y′]) + 8(L[y′]) + (−F ′) + 4F = 0

−4(2pF + p2F ′ − a)− 4(pF ′ + F ) + 8(pF − a) + (−F ′) + 4F = 0

−8pF − 4p2F ′ + 4a− 4pF ′ − 4F + 8pF − 8a− F ′ + 4F = 0

−4p2F ′ − 4a− 4pF ′ − F ′ = 0

F ′ = − 4a

4p2 + 4p + 1
= − 4a

(2p + 1)2

Integraćı
F =

a

p + 1/2)
+ c
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Odtud je patrno
y = Θ(t)ae−1/2t + cδ(t)

Z podmı́nky je a = ae0 + c, tedy c = 0 a proto

y = Θ(t)ae−1/2t

Př́ıklad 6.19 Vypočtěte integrál∫ +∞

0

e−3t cos 3t cos 4t dt

Řešeńı. Vypočteme si Laplace̊uv obraz integrandu (uprav́ıme si podle vzorce
pro součin kosin̊u)

L[e−3t cos 3t cos 4t] = L[e−3t(cos t+cos 7t)] =
1
2

(
p + 3

(p + 3)2 + 1
+

p + 3
(p + 3)2 + 49

)
A nyńı použijeme vzorce pro výpočet integrálu:∫ ∞

0

cos bt− cos at

t
dt = lim

p→0

1
2

(
p + 3

(p + 3)2 + 1
+

p + 3
(p + 3)2 + 49

)
=

=
1
2

(
3

32 + 1
+

3
32 + 49

)
=

1
2

(
3
10

+
3
58

)
=

51
290
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7. Fundamentálńı řešeńı operátor̊u

Hledáńı fundamentálńıho řešeńı operátoru L je vlastně nalezeńı takové funkce
E(t), která splňuje rovnici

LE(t) = δ(t)

Budeme často využ́ıvat faktu, že

F
[
Θ(t)e−at

]
(ξ) =

1
a− iξ

Většinou budeme použ́ıvat toto značeńı:

F [E ] ≡ E

Př́ıklad 7.1 Nalezněte fundamentálńı řešeńı operátoru

L =
d
dt

+ a

kde a > 0.

Řešeńı.
dE
dt

+ aE = δ(t)

Aplikujeme Fourierovu transformaci

(−iξ)E + aE = 1

E =
1

a− iξ

E = Θ(t)e−at

Př́ıklad 7.2 Nalezněte fundamentálńı řešeńı operátoru

L = 2
d2

dx2
+ 2

d
dx

− 12

užit́ım Fourierovy transformace.

Řešeńı.

2
d2E
dx2

+ 2
dE
dx

− 12E = δ(t)

Aplikujeme Fourierovu transformaci

2(−iξ)2E + 2(−iξ)E − 12E = 1

−2ξ2E − 2iξE − 12E = 1

E = −1
2

1
ξ2 + iξ + 6
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Rozkladem na parciálńı zlomky

E = −1
2

1
5i

(
1

ξ − 2i
− 1

ξ + 3i

)
=

1
10(−i)

(
1

ξ − 2i
− 1

ξ + 3i

)
=

1
10

(
1

−2− iξ
− 1

3− iξ

)
a tedy

E =
Θ(t)
10

(e2t − e−3t)

Př́ıklad 7.4 Nalezněte fundamentálńı řešeńı operátoru

L =
d2

dx2
+ 3

d
dx

+ 2

Řešeńı.
d2E
dx2

+ 3
dE
dx

+ 2E = δ(x)

Aplikujeme Fourierovu transformaci:

(−iξ)2E + 3(−iξ)E + 2E = 1

−ξ2E − 3iξE + 2E = 1

E = − 1
ξ2 + 3iξ − 2

=
−1

(xi + i)(ξ + 2i)

Rozkladem na parciálńı zlomky:

E = i

(
1

ξ + i
− 1

ξ + 2i

)
=

1
1− iξ

− 1
2− iξ

Tedy
E = Θ(x)(e−x − e−2x)
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8. Cauchyova úloha pro vlnovou rovnici, pro rov-
nici vedeńı tepla a pro rovnici s obyčejnými deri-
vacemi

Rovnice vedeńı tepla

∂u

∂t
− a24u = f(x, t), u(x, 0+) = u0(x)

Zobecněná pravá strana je

Θ(t)f(x, t) + u0(x)δ̇(t)

a fundamentálńı řešeńı v R1+1:

E(x, t) =
Θ(t)

2a
√

πt
e
−x2

4a2t

Vlnová rovnice

∂2u

∂t2
− a24u = f(x, t), u(x, 0+) = u0(x),

∂u

∂t
(x, 0+) = u1(x)

Zobecněná pravá strana je

Θ(t)f(x, t) + u0(x)δ̇(t) + u1(x)δ(t)

a fundamentálńı řešeńı v R1+1:

E(x, t) =
Θ(t)
2a

Θ(at− |x|)

Řešeńı úlohy je dáno vzorcem

u(x, t) =
1
2
[u0(x−at)+u0(x+at)]+

1
2a

∫ x+at

x−at

u1(ξ) dξ+
1
2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)

f(ξ, τ) dξ dτ

Př́ıklad 8.1 Řešte rovnici

d2y

dx2
+ 3

dy

dx
+ 2y = ex

užit́ım fundamentálńıho řešeńı př́ıslušného operátoru. Nalezněte takové řešeńı,
pro které y(0+) = y′(0+) = 0.

Řešeńı. Fundamentálńı řešeńı je (z př́ıkladu 7.4)

E(x) = Θ(x)(e−x − e−2x)

Po přechodu ke zobecněné úloze je pravá strana

f(x) = Θ(x)ex
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Řešeńı rovnice źıskáme konvolućı

y = E∗f =
∫ +∞

−∞
Θ(y)(e−y−e−2y)Θ(x−y)ex−y dy = Θ(x)

∫ x

0

(ex−2y−ex−3y) dy =

= Θ(x)ex

[
−1

2
e−2y +

1
3
e−3y

]x

0

= Θ(x)ex

(
1
2
e−3x − 1

2
e−2x +

1
6

)
=

= Θ(x)
(

1
2
e−2x − 1

2
e−x +

1
6
ex

)

Př́ıklad 8.2 Řešte rovnici

d2y

dx2
+ 3

dy

dx
+ 2y = ex

s podmı́nkami y(0+) = 2, y′(0+) = 1.

Řešeńı. Fundamentálńı řešeńı je (z př́ıkladu 7.4)

E(x) = Θ(x)(e−x − e−2x)

Přejdeme ke zobecněné úloze, od klasického řešeńı y ke zobecněnému řešeńı ỹ:

ỹ = y

Aby mělo řešeńı v bodě 0 skok, muśıme derivaci y′ doplnit o člen s δ:

ỹ′ = y′ + 2δ(x)

Aby měla derivace řešeńı v bodě 0 skok, muśıme druhou derivaci y′′ doplnit o
člen s δ:

ỹ′′ = y′′+2δ′(x)+ δ(x)

Zpětně vyjádř́ıme klasické řešeńı

y = ỹ

y′ = ỹ′− 2δ(x)

y′′ = ỹ′′− 2δ′(x)− δ(x)

a dosad́ıme do rovnice

(ỹ′′ − 2δ′(x)− δ(x)) + 3(ỹ′ − 2δ(x)) + 2ỹ = Θ(x)ex

ỹ′′ + 3ỹ′ + 2ỹ = Θ(x)ex + 7δ(x) + 2δ′(x)

Řešeńı rovnice źıskáme konvolućı

ỹ(x) = E(x) ∗ (Θ(x)ex + 7δ(x) + 2δ′(x))

E(x)∗Θ(x)ex =
∫ +∞

−∞
Θ(y)(e−y−e−2y)Θ(x−y)ex−y dy = Θ(x)

∫ x

0

(ex−2y−ex−3y) dy =
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= Θ(x)ex

[
−1

2
e−2y +

1
3
e−3y

]x

0

= Θ(x)ex

(
1
2
e−3x − 1

2
e−2x +

1
6

)
=

= Θ(x)
(

1
2
e−2x − 1

2
e−x +

1
6
ex

)

E(x) ∗ δ(x) = E(x) = Θ(x)(e−x − e−2x)

E(x) ∗ δ′(x) = (E(x) ∗ δ(x))′ = E ′(x) =

= Θ(x)(−e−x + 2e−2x) + δ(x)(e−x − e−2x) = Θ(x)(2e−2x − e−x)

ỹ(x) = Θ(x)
(

1
2
e−2x − 1

2
e−x +

1
6
ex

)
+7Θ(x)(e−x−e−2x)+2Θ(x)(2e−2x−e−x) =

= Θ(x)
(

1
6
ex +

9
2
e−x − 8

3
e−2x

)

Př́ıklad 8.3 V R1+1 řešte rovnici

∂2u

∂t2
=

∂2u

∂x2
+ ex

s počátečńımi podmı́nkami u(x, 0+) = sin x,∂u
∂t (x, 0+) = x + cos x.

Řešeńı. Jedná se o vlnovou rovnici, tedy užijeme k řešeńı výše uvedeného
vzorce:

u(x, t) =
1
2
[u0(x−at)+u0(x+at)]+

1
2a

∫ x+at

x−at

u1(ξ) dξ+
1
2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)

f(ξ, τ) dξ dτ =

=
1
2
[sin(x− t) + sin(x + t)] +

1
2

∫ x+t

x−t

(ξ + cos ξ) dξ +
1
2

∫ t

0

∫ x+(t−τ)

x−(t−τ)

eξ dξ dτ =

=
1
2
[sin(x− t) + sin(x + t)] +

1
2
[
ξ2

2
+ sin ξ]x+t

x−t +
1
2

∫ t

0

[eξ]x+(t−τ)
x−(t−τ) =

= sin(x + t) + xt +
1
2
(−ex+t[e−τ ]t0 − ex−t[eτ ]t0) =

= sin(x+t)+xt+
1
2
(−ex+ex+t−ex+ex−t) = sin(x+t)+xt−ex+

1
2
ex(et+e−t) =

= sin(x + t) + xt− ex + ex cosh t = sin(x + t) + xt + ex(cosh t− 1)

Př́ıklad 8.5 Řešte smı́̌senou úlohu pro rovnici vedeńı tepla

∂u

∂t
=

∂2u

∂x2
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při x ≥ 0 s počátečńı podmı́nkou u(x, 0+) = cos bx, b > 0 a s okrajovou
podmı́nkou ∂u

∂x (0, t) = 0.

Řešeńı. Zobecněná úloha je

∂u

∂t
− ∂2u

∂x2
= δ(t) cos bx

Fundamentálńı řešeńı je

E(x, t) =
Θ(t)
2
√

πt
e
−x2
4t

Řešeńı úlohy źıskáme konvolućı

u(x, t) = E(x, t) ∗ δ(t) cos bx =
Θ(t)
2
√

πt

∫ +∞

−∞
e
−ξ2

4t cos b(x− ξ) dξ =

=
Θ(t)
2
√

πt

∫ +∞

−∞
e
−ξ2

4t (cos bx cos bξ + sin bx sin bξ) dξ =

=
Θ(t)
2
√

πt

∫ +∞

−∞
e
−ξ2

4t cos bx cos bξ dξ =
Θ(t)
2
√

πt
cos bx

√
4πte−b2t = Θ(t) cos bxe−b2t

Př́ıklad 8.8 Metodami matematické fyziky řešte rovnici

d2u

dx2
− u = 4e−x

Nalezněte takové řešeńı, pro něž plat́ı y(0+) = 0, y′(0+) = 0.

Řešeńı. Použijeme Laplaceovu transformaci:

p2F − F =
4

p + 1

F =
4

(p− 1)(p + 1)2

Rozkladem na parciálńı zlomky:

F =
1

p− 1
− 1

p + 1
− 2

(p + 1)2

A tedy

u = Θ(x)(ex−e−x−2xe−x) = Θ(x)(2
ex − e−x

2
−2xe−x) = 2Θ(x)(sinhx−xe−x)

Př́ıklad 8.11 Řešte Cauchyovu úlohu pro rovnici vedeńı tepla v R1+1

∂u

∂t
= 4

∂2u

∂x2
+ t + et

za podmı́nky u(x, 0+) = 2.
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Řešeńı. Zobecněná úloha je

∂u

∂t
− 4

∂2u

∂x2
= Θ(t)(t + et) + 2δ(t)

Fundamentálńı řešeńı je

E(x, t) =
Θ(t)
4
√

πt
e
−x2
16t

Řešeńı úlohy źıskáme konvolućı

u(x, t) = E(x, t) ∗ (Θ(t)(t + et) + 2δ(t))

E(x, t) ∗Θ(t)(t + et) =
∫ +∞

−∞
dη

∫ +∞

−∞
dξ

Θ(η)
4
√

πη
e
−ξ2

16η Θ(t− η)(t− η + ete−η) =

= Θ(t)
∫ t

0

dη

∫ +∞

−∞
dξ

1
4
√

πη
e
−ξ2

16η (t− η + ete−η) =

= Θ(t)
∫ t

0

1
4
√

πη

√
16πη(t− η + ete−η) dη =

= Θ(t)
∫ t

0

(t− η + ete−η) dη = Θ(t)[tη − 1
2
η2 − ete−η]t0 =

= Θ(t)(
1
2
t2 + et − 1)

E(x, t) ∗ 2δ(t) = 2
Θ(t)
4
√

πt

∫ +∞

−∞
e
−ξ2

16t dξ =

= 2
Θ(t)
4
√

πt

√
16πt = 2Θ(t)

u(x, t) = Θ(t)(
1
2
t2 + et + 1)

Př́ıklad 8.12 Řešte Cauchyovu úlohu pro rovnici vedeńı tepla v R1+1

∂u

∂t
=

∂2u

∂x2
+ e−t cos x

za podmı́nky u(x, 0+) = cos x.

Řešeńı. Zobecněná úloha je

∂u

∂t
− ∂2u

∂x2
= (Θ(t)e−t + δ(t)) cos x

Fundamentálńı řešeńı je

E(x, t) =
Θ(t)
2
√

πt
e
−x2
4t
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Řešeńı úlohy źıskáme konvolućı

u(x, t) = E(x, t) ∗ (Θ(t)e−t + δ(t)) cos x

E(x, t)∗Θ(t)e−t cos x =
∫ +∞

−∞
dξ

∫ +∞

−∞
dη

Θ(η)
2
√

πη
e
−ξ2

4η Θ(t−η)e−(t−η) cos(x−ξ) =

= Θ(t)e−t

∫ +∞

−∞
dξ

∫ t

0

dη
1

2
√

πη
e
−ξ2

4η eη(cos x cos ξ + sinx sin ξ))

Člen násobený sin ξ vypadne, protože se integruje přes celé R a sinus je lichý:

= cos xΘ(t)e−t

∫ +∞

−∞
dξ

∫ t

0

dη
1

2
√

πη
e
−ξ2

4η eη cos ξ

Vyintegrujeme přes ξ (viz př́ıklad (1.5)):

= cos xΘ(t)e−t

∫ t

0

dη
1

2
√

πη
2
√

πηe−ηeη = Θ(t)e−t cos x

∫ t

0

dη = Θ(t)te−t cos x

E(x, t) ∗ δ(t) cos x =
Θ(t)
2
√

πt

∫ +∞

−∞
dξe

−ξ2

4t ) cos(x− ξ) =

=
Θ(t)
2
√

πt

∫ +∞

−∞
dξe

−ξ2

4t ) cos x cos ξ =

= Θ(t)e−t cos x

u(x, t) = Θ(t)e−t cos x(1 + t)

Př́ıklad 8.14 Nalezněte funkci u ∈ D ′ splňuj́ıćı rovnost

d2u

dx2
− 4

du

dx
+ 4u = xe2x + δ′(x)− 2δ(x)

Řešeńı. Nejprve nalezneme fundamentálńı řešeńı operátoru na levé straně Fou-
rierovou transformaćı:

d2E
dx2

− 4
dE
dx

+ 4E = δ(x)

(−iξ)2E + 4iξE + 4E = 1

E =
1

(−2− iξ)2

E = Θ(x)xe2x

Partikulárńı řešeńı źıskáme konvolućı

u = Θ(x)(xe2x + δ′(x)− 2δ(x)) ∗ (Θ(x)xe2x) =
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= (Θ(x)xe2x) ∗ (Θ(x)xe2x) + Θ(x)δ′(x) ∗ (Θ(x)xe2x)− 2Θ(x)xe2x

(Θ(x)xe2x) ∗ (Θ(x)xe2x) = Θ(x)
∫ x

0

ξe2ξ(x− ξ)e2(x−ξ) =

= Θ(x)e2x[
1
2
xξ2 − 1

3
ξ3]x0 =

1
6
Θ(x)e2xx3

Θ(x)δ′(x) ∗ (Θ(x)xe2x) =
d
dx

(Θ(x)δ(x)) ∗ (Θ(x)xe2x) =

=
d
dx

Θ(x)
∫ x

0

ξe2ξδ(x− ξ) = (Θ(x)xe2x)′ = Θ(x)(2xe2x + e2x)

u =
1
6
Θ(x)e2xx3 + Θ(x)e2x(2x + 1)− 2xΘ(x)e2x = Θ(x)e2x(

1
6
x3 + 1)

Př́ıklad 8.15 Řešte Cauchyovu úlohu pro rovnici vedeńı tepla v R1+1

∂u

∂t
= 6

∂2u

∂x2
+ t + et

za podmı́nky u(x, 0+) = 10.

Řešeńı. Zobecněná úloha je

∂u

∂t
− 6

∂2u

∂x2
= Θ(t)(t + et) + 10δ(t)

Fundamentálńı řešeńı je

E(x, t) =
Θ(t)

2
√

6πt
e
−x2
24t

Řešeńı úlohy źıskáme konvolućı

u(x, t) = E(x, t) ∗ (Θ(t)(t + et) + 10δ(t))

E(x, t) ∗Θ(t)(t + et) =
∫ +∞

−∞
dη

∫ +∞

−∞
dξ

Θ(η)
2
√

6πη
e
−ξ2

24η Θ(t− η)(t− η + ete−η) =

= Θ(t)
∫ t

0

dη

∫ +∞

−∞
dξ

1
2
√

6πη
e
−ξ2

24η (t− η + ete−η) =

= Θ(t)
∫ t

0

1
2
√

6πη

√
24πη(t− η + ete−η) dη =

= Θ(t)
∫ t

0

(t− η + ete−η) dη = Θ(t)[tη − 1
2
η2 − ete−η]t0 =

= Θ(t)(
1
2
t2 + et − 1)
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E(x, t) ∗ 10δ(t) = 10
Θ(t)

2
√

6πt

∫ +∞

−∞
e
−ξ2

24t dξ =

= 10
Θ(t)

2
√

6πt

√
24πt = 10Θ(t)

u(x, t) = Θ(t)(
1
2
t2 + et + 9)

Př́ıklad 8.16 Nalezněte funkci u(x, t) takovou, aby vyhovovala rovnici

∂2u

∂t2
=

∂2u

∂x2
+ ex

s počátečńımi podmı́nkami u(x, 0+) = sin x,∂u
∂t (x, 0+) = x + cos x.

Řešeńı. Jedná se o př́ıklad (8.3), viz též.
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