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Preface to the
English Edition

The German original was intended for courses on differential geom-
etry for students in the middle of their academic education, that is,
in the second or third year. In the Anglo-American system of uni-
versity education, the contents of this textbook corresponds to an
undergraduate course in elementary differential geometry (Chapters
1-4), followed by a beginning course in Riemannian geometry (Chap-
ters 5-8). This led to the idea of having a translation of the German
original into English.

I am very glad that the American Mathematical Society supported
this project and published the present English version. I thank the
translator, Bruce Hunt, for the hard work he has done on the trans-
lation. From the beginning he was surprised by the quantity of text,
compared to the quantity of formulas. In addition he had to struggle
with complicated and long paragraphs in German. One of the major
problems was to adapt the terminology of special notions in the the-
ory of curves and surfaces to the English language. Another problem
was to replace almost all references to German texts by references
to English texts, in particular, all references to elementary textbooks
on calculus, linear algebra, geometry, and topology. Ultimately all
these problems were solved, at least to a certain approximation. The

1X



X Preface to the English Edition

bibliography contains only books in English, with just three excep-
tions. Therefore, the English version can be used as a textbook for
third-year undergraduates and beginning graduate students.

Furthermore, T am grateful to Edward Dunne from the AMS who was
extremely helpful at all stages of the project, not only for editorial and
technical matters, but also for questions concerning the terminology
and the tradition of notations. He pointed out that the ordinary
spherical coordinates on the sphere, denoted by ¢, in this book,
are denoted 9, ¢ (that is, the other way around) in many English
textbooks on calculus. We hope that this does not lead to major
confusion.

In the second English edition a number of errors were corrected and a
number of additional figures were added, following the second German
edition. Most of the additional figures were provided by Gabriele
Preissler and Michael Steller. The illustrations play an important
réle in this book. Hopefully they make the book more readable. The
concept of having boxes around important statements was kept from
the German original, even though now we have a few very large boxes
covering major parts of certain pages.

Stuttgart, June 2005 W. Kithnel



Preface to the
German Edition

This book arose from courses given on the topic of “Differential ge-
ometry”, which the author has given several times in different places.
The amount of material corresponds roughly to a course in classi-
cal differential geometry of one semester length (Chapters 1-4 of the
book}), followed by a second one-semester course on Riemannian ge-
ometry (Chapters 5-8). The prerequisites are the standard courses
in calculus (including several variables) and linear algebra. Only in
section 3D (on minimal surfaces) do we assume some familiarity with
complex function theory. For this reason the book is appropriate
for a course in the latter part of the undergraduate curriculum, not
only for students majoring in mathematics, but also those major-
ing in physics and other natural sciences. Accordingly, we do not
present any material which could in any way be considered original.
Instead, our intent is to present the basic notions and results which
will cnable the interested student to go on and study the masters.
Especially in the introductory chapters we will take particular care
in presenting the material with emphasis on the geometric intuition
which is so characteristic of the topic of differential geometry; this is
supported by a large number of figures in this part of the book. The
results which the author considers particularly important are placed
in boxes to emphasize them. These results can be thought of as a
kind of skeleton of the theory.

X1



xii Preface to the German Edition

This book wouldn’t have been possible without the generous help of
my students and colleagues, who found numerous mistakes in the dis-
tributed notes of the first version of this book. In particular I would
like to mention Gunnar Ketelhut, Eric Sparla, Michael Steller and
Gabriele Preissler, who spent considerable time and effort in reading
the original notes. G. Ketelhut also supplied numerous suggestions
for improvements in the text, as well as writing Section 8F himself.
Martin Renner provided almost all the figures, which were produced
with the computer algebra system MAPLE. Marc-Oliver Otto pro-
vided some figures for Chapter 7, and Ilva Maderer typed the original
version in BTEX. Finally, Michael Griiter accompanied the whole
production process with helpful suggestions, as well as giving me per-
sonal support in several ways. The work and insistence of Dr. Ulrike
Schmickler-Hirzebruch are responsible for the speed with which these
lectures were nonetheless accepted for the series “Vieweg-Studium
Aufbaukurs Mathematik” and then also appeared almost on time.
My thanks goes to all of them.

Stuttgart, June 1999 W. Kihnel



Chapter 1

Notations and
Prerequisites from
Analysis

The differential geometry which is introduced in the following Chap-
ters 2 and 3 (also referred to as Fuclidean differential geometry) is
based on Euclidean space IE™ as the ambient space. The most im-
portant algebraic structures on this space are on the one hand the
structure of vector space, and on the other hand the Euclidean inner
product. In addition we use the topological structure in the form
of limits, open sets, differentiation and integration. By fixing a pre-
ferred point as the origin one can identify Euclidean space IE™ with
R™, which will be implicitly done in this book. For basic notions
from linear algebra we refer to [31], and for the basic notions of anal-
ysis (including ordinary differential equations) we refer to [27]. This
Chapter 1 is only meant as a list of some basic notions. The sections
1.1-1.3 will be used thoughout the book. The implicit function the-
orem 1.4 is useful but not absolutely necessary, and the notion of a
submanifold in 1.5 is helpful but is not really a necessary prerequi-
site. Therefore, the reader may skip directly from Sections 1.1-1.3 to
Chapter 2.

1.1. IR™ as a vector space with an inner product.

IR™ is defined as the set of all n-tuples of real numbers, which are

1



2 1. Notations and Prerequisites from Analysis

written x = (x1,...,2,). Given the componentwise addition
x+y=(x1, - Tn)+ W1, ¥n) = (1 + Y1, -, Tn + Yn)
as well as the scalar multiplication by real numbers
a-(x1,...,2,) = (az1,...,ax,),

the space IR™ is an IR-vector space. On this vector space we have the
Fuclidean inner product (bilinear form) defined as

z,y— (x,y) =211 + -+ + To¥Yn

Properties of the inner product are the following

1. (z,y) = (y,x), (symmetry)
2. <a1:171 + asx2, y> = a1<$1, y> + a2<a:2, y>7 (bzlmeamty)
3. (z,z) >0 forall 0# xeR" (positive definiteness)

This allows us to define the length of vectors by the norm

llz]| = <$,x>

as well as introducing the angle ¢ between two vectors x,y # 0 by

Ty {z,y)
CoS @ = <—,—> = —
[l Hyll 7 fell- il

The (metric) distance between two points x,y is then defined as the
norm of the difference vector y — x. This makes IR" a normed vector
space on the one hand and a metric space on the other. Euclidean
geometry can then be based on these notions of lengths and angles.

1.2. IR™ as a topological space.

The topology of IR™ is strongly based on the notion of an open e-
neighborhood of a point : Uc(x) = {y € R | ||z — y|| < ¢}. With
the help of these neighborhoods, the notion of convergence and of
the limit of a function are defined. Moreover, a subset O is said to
be open, if for every point x € O there is a certain e-neighborhood
U, contained in O (for an appropriately chosen € > 0, depending on
x). Then the topology of IR™ is defined as the system of all open sets
(including the empty set). A set A is called closed, if its complement
R™\ A is open.



1. Notations and Prerequisites from Analysis 3

1.3. Differentiation in IR".

The most important notion for the contents of this book (which is also
the source of the name “differential geometry”) is that of derivative
or differentiation of real-valued functions which are defined on some
open set U C IR™ or, more generally, of maps defined on open sets
U c R™ to IR™. To say that a function is differentiable is to say
that it can be linearized up to terms of second order. More precisely
amap F: U — IR™ is said to be differentiable at a point x € U, if
there is a linear map A,: IR™ — IR™ such that in a neighborhood
Ue(z) one has

Fx +&) = F(z) + A (§) + o([I€]])-

Here, the symbol o(||¢]|) means that the terms indicated by it tend
to zero as £ — 0, even after previous division by {|¢||. Then A, is the
linear map described by the Jacobi matrix or the Jacobian of f:

J,F = (aF"| ). .

833]‘ T/ 4,

The rank of the map F at the point x is then defined as the rank of
the Jacobian. For our purposes the most important case is the one
in which F' is differentiable at every point * € U and the rank is
everywhere maximal. In this case, one calls the map F' an immersion
(in case n < m) or a submersion (in case n > m). A immersion (resp.
submersion) is characterized by the fact that the Jacobian represents
an injective (resp. surjective) linear mapping, the linearization of F.
The importance of this property becomes quite clear in the implicit
function theorem.

1.4. The implicit function theorem.

An implicit function is given for example by an equation F(x,y) = 0.
One views here either y as a function of x or vice versa. If F is linear,
then this is just a question of the rank of F. If F'is not linear, but
continuously differentiable, then such an implicit description can hold
in general at most locally (which is already seen on the very simple
equation 2 4+ 4> = 1). Moreover, y can only be a differentiable
function of z (resp. vice versa) if %—5 # 0 (resp. 2£ +0). This holds
in all dimensions, and can be formulated in the following way.

Let Uy ¢ IRF and Uy C IR™ be open sets and let

FIU1XU2—>Rm



4 1. Notations and Prerequisites from Analysis

be a continuously differentiable mapping, which we write as (x,y) —
F(x,y) forx € Uy, y € Ua. Let (a,b) € Uy x Uz be a point for which
F(a,b) =0 and for which the square matriz

oF OF;
a_y = <8yj)z',j:1 ,,,,, m

is invertible. Then there are open neighborhoods Vi C Uy of a, Vo C
Us of b, and a continuously differentiable mapping

g:Vi—-W

such that for all (z,y) € V1 X Vs the implicit equation F(z,y) = 0
holds if and only if the explicit equation y = g(x) is satisfied.

The most important assumption in the formulation of this theorem
is the rank of the mapping F (that is, the rank of the Jacobian).
One can say that locally, a continuously differentiable mapping of
maximal rank behaves like a linear mapping of maximal rank. One
consequence is the theorem on inverse mappings ([27], Ch. XVIII),
which can be stated as follows.

Let U be an open set in IR™ and let f: U — IR™ be a continuosuly
differentiable mapping with the property that the Jacobian at a fized
point up s invertible. Then there is a neighborhood V with ug € V C
U on which the mapping f is also invertible, i.e., f|v: V— f(V)is
a diffeomorphism.

Special cases. (Curves, surfaces)

For a given function F' of two real variables z,y the equation
F(x,y) = 0 describes a “curve” whenever the gradient of I’ does
not vanish, that is to say if g—i # 0 or Z—Z # 0 at every point sat-
isfying F(z,y) = 0. If this assumption is satisfied, then this curve
can always be parametrized locally as a reqular parametrized curve
in the sense of Definition 2.1 below.

For a given function F' of three variables x,y,z the equation
F(z,y,2z) = 0 describes a “surface” whenever the gradient of F
does not vanish, i.e., if —g—f # 0 or g—g # 0 or g—f # 0. If this as-
sumption on the gradient is satisfied, then this surface can always
be parametrized locally as a parametrized surface element in the
sense of Definition 3.1 below.
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If we generalize this concept to the situation of arbitrarily many vari-
ables and arbitrarily many real functions simultaneously, we obtain,
directly and naturally, the notion of a submanifold.

1.5. Definition. (Submanifold)

A k-dimensional submanifold (of class C*) M < IR"™ is defined by
the condition that M is given locally as the zero set F~1(0) of an
(a-times) continuously differentiable mapping

JR™ o U LRn_k

with maximal rank, i.e., rank(J,F) = rank(g—ﬂx) =n — k for every
T € MNU, where MU = F~1(0) holds for an appropriately chosen
neighborhood U of every point of M. Locally, one can also describe
M as the image of an immersion of class C*

ROV L pmc R

for which rank(Df} = k. Such an f is said to be a local parametriza-
tion, while f~1 is called a chart of M. On the other hand, the image
of an immersion is not always a submanifold, not even when f is in-
jective. The number k is the dimension, n — k the codimension of
M.

As special cases we recognize the cases £ = 1 (curves in IR™, which
are treated in detail in Chapter 2), k = 2 and n = 3 (surfaces in IR3,
the most classical topic of differential geometry, studied in Chapter
3) and k = n — 1 (hypersurfaces in IR™, see Section 3¥ below).

In physics and other sciences it is required to distinguish between
points on the one hand and wvectors on the other. If in calculations
both are regarded as elements of IR™, confusion can sometimes oc-
cur. In order to avoid such confusion, points and vectors have to be
declared as different objects in a formal definition. This leads to the
notion of a tangent space and tangent bundle as follows:

1.6. Definition. (Tangent bundle of R™)
TIR™ = IR™ x IR™ is called the tangent bundle of IR™. For every fixed
point x € IR™ the space

T,R" := {x} x R
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is called the tangent space at the point x (= space of all tangent
vectors at the point ). By means of this formal definition a clear
distinction is made between points and vectors of IR™. Moreover the
tangent spaces T;IR™ and 1, IR"™ are disjoint by definition whenever
x # y. The derivative (or differential) Df of a differentiable mapping
f is defined for every x as the mapping

Dfl|,: T,R* — Ty R™ with (x,v) — (f(x), Jof(v)).

For simplicity one also writes D f|,: IR¥ — IR™ for this if there is
no danger of confusion. Then Df|, can be viewed as a linear map
between ordinary vector spaces, described just by the Jacobi matrix.
In accordance with 1.3, one has the short expansion

flx4e-v)= flx)+e- Jof(v) +ofe).

1.7. Definition. (Tangent space to a submanifold)

Let M C IR™ be a k-dimensional submanifold, and let p € M. The
tangent space to M at the point p is the vector subspace T,M C
1,IR™, which is defined by

T,M = Df,({u} x R¥) = Df,(T,IR*)

for a parametrization f : U — M with f(u) = p, where U C R* is
an open set. The vector space T,M is k-dimensional and does not
depend on the choice of f. The collection of tangent spaces

TM = UpeMTpM

is called the tangent bundle of M. It comes equipped with the projec-
tion w: TM — M, which is defined as w{(p, V} = p. Note that there
is a difference between TM and M x IR*, see [39).

1.8. Definition. (Normal space along a submanifold)

Let M C IR™ be a k-dimensional submanifold. The normal space to
M at the point p € M is the vector subspace L, M C T,IR", which
is the orthogonal complement of T, M:

T,R"=T,Ma& L, M

——— N —
k-dim.  (n—k)-dim.

Here ¢ denotes the orthogonal direct sum with respect to the Eu-
clidean inner product.



Chapter 2

Curves 1in [R"

In the practical world, curves arise in many different ways, for exam-
ple as the profile curves or contours of technical objects. On white
drawing paper, curves appear as the trace of the pencil or other draw-
ing medium used to draw it. For physicists, curves arise naturally in
the motion of a particle in time ¢t. From this point of view the as-
sociation of the parameter ¢ to the position c¢(t) is important, and
this process is called a parametrization of the curve; the curve is then
called a parametrized curve. This notion is the most appropriate for
a formal mathematical treatment of curves. In this formulation, one
passes from the real-world notion of a “thin” object to one which has
no width whatsoever: a one-dimensional or “infinitely thin” object.
Here both the parametrization and the curve are supposed to have
reasonable properties, which allow an acceptable mathematical treat-
ment. A short introduction to the theory of curves can be found in
[27], X, §5, but we will not assume any familiarity with this on the
part of the reader.

2A Frenet curves in IR"

Mathematically one can define a curve most easily as a continuous
mapping from an interval I C IR to IR". Unfortunately, the assump-
tion of continuity is so weak that curves defined in this manner can
look very complicated and have unexpected (pathological) properties.
There are continuous curves which cover a whole square in the plane.
Thus it is natural to take the point of view of analysis and require

7



8 2. Curves in IR"

differentiability in addition to continuity. But still this assumption
is not quite the right one. Differentiability of a map just means that
it can be linearly approximated. For the image set, however, this
no longer needs to be the case. From a geometrical point of view it
makes sense to require that the image curve can be approximated by
a line at each point, i.e., to require that the image curve has a tan-
gent as a geometrical linearization at every point. This means that
the derivative of the map from I to JR™ must be non-vanishing. One
calls a map with this property an immersion. This simply means that
the derivative of the parametrization always has the highest possible
rank, which in our case, where the domain is an interval, is one.

2.1. Definition. A regular parametrized curve is a continuously
differentiable immersion ¢: I — IR", defined on a real interval

I C IR. This means that ¢ = % # 0 holds everywhere.

The vector
. de
o) = Tty
is called the tangent vector to ¢ at tg, and the line spanned by this
vector through ¢(tg) is called the tangent (line) to ¢ at this point. This
is a geometric approximation of the first order in a neighborhood of

the point with c(tg + ) = c(to) +t - é(tg) + o(t).

A regular curve is an equivalence class of regular parametrized curves,
where the equivalence relation is given by regular (orientation preserv-
ing) parameter transformations

bijective and
: b !
¢, 8] — la,b], ¢ >0, continuously differentiable;

¢ and c o @ are then considered to be equivalent. The [ength of the
curve
de

[ I3

is invariant under the parameter transformations as just described.
In the sciences one can view a curve as the motion of a particle, with
the trajectory of the particle as a function of time. It is regular if the
instantaneous speed ||¢|| never vanishes.

’dt
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2.2. Lemma. Every regular curve can be parametrized by its arc
length (in other words, the tangent vector at every point has unit
length).

ProOF: Let a curve c: [a,b] — IR™ be given, of total length L =
f l|4¢(|dt. We then set [, 8] = [0, L] and introduce the arc length
pammeter s by the relation

S(t) = (1) = / t

This defines a map ¥ : [a,b] — [0, L]. Then one has 4 = dw = ||%|] #
0, and consequently there is an inverse function ¢ := 1/1‘1 such that
cop = co~ ! is parametrized by arc length. This parametrization
is unique up to a translation s — s + 8y or s — sy — S. O

de

-d—t(T) dr.

We will use the following notations in the sequel:

e(t) denotes an arbitrary regular parametrization,
c(s) denotes the parametrization by arc length,
¢ = g—f denotes the tangent vector,
¢ = g—g denotes the unit tangent vector.
. . d
In particular one then has ¢ = $7¢’ = [[¢[|¢’ and [|¢|| = 1.

2.3. Examples.

1. ¢(t) = (at,bt), a line in standard parametrization. Since ¢ =
(a,b), the parameter is the arc length if and only #f a? 4+ b% = 1.
The parametrization c(t) = (at®, bt?) describes exactly the same

line, but it is not regular for ¢t = 0.

2. ¢(t) = j(cos2t,sin2t), a circle of radius %. Since of course

é(t) = (—sin2t,cos2t) one has ||¢|] = 1. Hence ¢ is the arc
length, i.e., t = s.

3. ¢(t}) = (acos(at),asin(at),bt) with constants «,a,b. This is
called a (circular) heliz. Since

é(t) = (—aasin(at), aacos(at), b),
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.

one has ||¢|| = Va2a? +b2. Therefore ¢ is parametrized by
arc length up to a constant multiple of ¢, i.e., one has s =
t-vo2a? + b2, Geometrically, the curve c arises as the trajectory
of a point (e, 0,0) under the following one-parameter group of
screw-motions:

x cos (at) —sin (at) 0\ [z 0
y)— |sin(at) cos(at) O)fyl+ |O
z 0 0 1 z b
-~ N~
rotation translation

For appropriately chosen parameters, a motion of this kind maps
every point on the curve to an arbitrary other point. Thus one
expects that from a geometric point of view this curve will have
good properties (a certain homogeneity in all scalar quantities
which are geometrically relevant).

[vF3

04 02 0.2 0.4

-02

04

Figure 2.1. Circle, (circular) helix

4. c(t) = (t2,13), the so-called Neil parabola or semicubical parabola.

The tangent vector is é(t) = (2¢,3t2) with ¢(0) = (0,0), hence
at t = 0 there is no regular parametrization. In fact the curve
doesn’t have a tangent touching it at the point, as the curve
has a “bend” by an angle 7. This is no contradiction to the
differentiability of the map c.

. ¢(t) = (t,acosh 1) with a constant a. the catenary. This curve

arises as the stable position of a (heavy but infinitely supple)
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00t
aam!

(Xl 02

P oo

Figure 2.2. Neil parabola

- 1
Figure 2.3. Catenary, tractrix

chain strung between two fixed points. Since ¢(t) = (1,sinh L),
t is not the arc length.

6. The tractriz is characterized by the property that from every
point p the tangent meets a fixed line (for example the y-axis)
at a constant distance. For the case where the fixed line is
the y-axis and the constant distance is 1, one can choose the
parametrization

c(t) = (exp(t),/o V1 — exp(2x)dz)
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for the upper part and

c(t) = a(exp(—|t[),/0 V1 — exp(—2|z|)dz)

for both parts together, see Figure 2.3.

REMARK: The local behavior of a curve which has been parametrized
by arc length can be studied by means of its Taylor expansion:

2 .3

e(s) = o(0) + s¢/(0) + Z¢"(0) + o

The linearization ¢(0) + sc/(0) is a line, which is the tangent of ¢
at s = 0 (smce ' (0) # 0). The quadratic part of the expansion,
e(0) + s¢'(0) + ?c ’(0), is a parabola (if ¢/ (0) # 0) which is referred
to as the (Euclidean) osculating conic. It has contact of second order
with the curve. Note that ¢” is perpendicular to ¢/, as can be seen
by differentiating (¢/, ¢’y = 1: 0 = (', ')’ = 2(¢”, ). This is further
explained and extended in the following definition.

¢"(0) + o(s%).

One says that two curves ¢1(s) and ea(s) (both assumed to be param-
etrized by arc length) are said to have contact of the kth order, if

c1(0) = e2(0), ¢;(0) = c4(0), ¢{(0) = c4(0), ..., £ (0) = 57 (0);

that is, if the Taylor expansions of the two curves coincide up to
terms of the kth order. This obviously is related to the phenomenon
of the two curves touching each other. One could also say that a
curve touches another to the kth order. For example, the osculating
conic above touches the curve to the second order, at the apex of
the parabola. At a point other than the apex, the parabola can
touch a given curve to even third order (cf. Exercise 2 at the end
of the chapter). Similarly, one can look for cubic and quartic curves
which have contact with a given curve of the highest possible order.
For example, cubic splines are an important tool in the computer
treatment of curves.

In three-dimensional space and all the more in spaces of higher di-
mensions, one requires an adequate system of coordinates to describe
curves, one which is adapted to the curve. Here one would expect that
the vectors ¢, c”, ¢, ... describe the local behavior of the curve, at
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least as long as they do not vanish or - even better — if they are
linearly independent. This motivates the following definition. Re-
call that an n-frame in Euclidean n-space is a basis of orthonormal
vectors eq,. .., ey, in a specific order. For curves in n-space we take
advantage of an adapted n-frame as follows.

2.4. Definition. (Frenet curve)
Let ¢(s) be a regular curve in IR™, which is parametrized by arc
length and n-times continuously differentiable. Then c is called
a Frenet curve, if at every point the vectors ¢, ¢”,...,c¢™ V) are
linearly independent. The Frenet n-frame e1,e2,...,e, is then
uniquely determined by the following conditions:

(i) e1,...,e, are orthonormal and positively oriented.

(ii) For every k = 1,...,n — 1 one has Lin(e;,...,ex) =

Lin(c',¢",...,c®), where Lin denotes the linear span.

(iii) (¢ ey) >0 for k=1,...,n— L

Note: In the case discussed most often, n = 3, the only restrictive
condition on a Frenet curve is ¢’ # 0. This excludes only inflection
points. For n = 2 there are no actual restrictions, cf. 2.5.

One obtains e, ...,e,—1 from ¢,...,c¢" Y by means of the Gram—
Schmidt orthogonalization procedure as follows:

ep =

ez = /e,

ez = (c”’ — (", e1)e; — (C"',62>62>/ -l

-1

ey = (c(j) - i(c(j),€i>€i>/ |-l

i=1

en_1 = <C<n—l) _ Z<C<n_1),€i>€i)/ e
i=1
The missing vector e, is then uniquely determined by condition (i) in
the above definition. One can say that every Frenet curve uniquely
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induces through its Frenet n-frame a curve in the Stiefel manifold
of all n-frames in IR™. The converse does not hold in general since,
for example, for n > 3 a constant n-frame cannot correspond to any
Frenet curve.

2B Plane curves and space curves

2.5. Plane curves. For n = 2 every regular curve is a Frenet curve,
provided it is twice continuously differentiable. The tangent vector is
e; = ¢, the normal vector is eg, which — if the orientation is positive
- is the rotation by an angle of n/2 to the left of the vector e;.
From 0 = (c/,¢) = 2(c, ") = 2{ey,c"}, it follows that ¢ and e,
are linearly dependent, hence ¢’ = ke, with some function . This
function « is said to the (oriented) curvature of c. Its sign indicates in
which direction the curve (resp. its tangent) is rotating. Here x > 0
indicates that the tangent goes to the left, while x < 0 indicates that
it rotates to the right. At an inflection point one has k = 0, and the
direction of the tangent is stationary.

One has the following equations for the derivatives, in which the sec-
ond follows from the first, since eg and e; differ by a rotation of 7 /2:

or, using matrix notation,

(oY= o) ()

Note that the matrix on the right is skew-symmetric, which follows
already from the relation 0 = (e1,e2) = (€}, e2) + {(eh,e1). These
equations are also called the Frenet equations.

EXERCISE: If one describes a curve in an adapted coordinate system
by c(t) = (¢,y(t)) (¢ is not the arc length here), then one has

y(0) = 9(0) =0, ¢(0) = (1,0), &0) = (0,§(0)) = (0, 5(0))-
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The curvature x(0) hence coincides with the opening of the parabola
t— (t, @tz), which is just the quadratic part of the Taylor expan-
sion of c.

2.6. Theorem. (Plane curves with constant curvature)
A regular curve in IR? has constant curvature x if and only if it is
part of a circle of radius ﬁ (if & # 0) or a line segment (if x = 0).

ProOF: The proof follows directly from the Frenet equations. As-
sume first that x(sg) # 0. Obviously the expression c(s) + @ 2(s)
is constant if and only if ¢(s) is part of a cxrcle of radius | l since

the difference vector has constant length | ==~]. This is equlvalent to

n(s |
k = k(sg) everywhere, because ¢’ 4 H<s )62 =e; — Wﬁﬁ“el' The fact
that £ = 0 only holds for line segments is trivial, because e}, = —key.

a

2.7. Remarks. 1. For every regular curve in the plane with non-
vanishing curvature the circle centered at c¢(sg) + n(so)e2(80) with
radius |K(s | is called the osculating circle of ¢ in the point ¢(sp). It
has contact of order two with the curve and is uniquely determined
by this property. The curve which is formed by all of the centers of

these circles,

s c(s) + %exs),

is called the evolute or the focal curve of ¢. This curve is not neces-
sarily regular. Typically one has cusps like that occuring in the Neil
parabola. In fact, the evolute of the catenary has such a cusp.

2. Not only does every plane curve uniquely determine its curvature
function x(s), but also conversely, the curvature function x also deter-
mines the curve, up to Euclidean motions, i.e., up to the prescription
of a point on the curve and the tangent of the curve at that point. We
even have the following explicit determination of the curve in terms
of its curvature. Let the curvature function x(s) be given. Then one
can set

er = (cos(a(s)), sin(a(s)))
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Figure 2.4. Cornu spiral with constant x/s

with a function a(s) which is to be found. Necessarily one has

ez = ( —sin(a(s)), cos(a(s))).

The Frenet equation says that xes = €] = a’es, hence k = o’. By
a judicious choice of adapted coordinate system we can assume that
for s = 0, the curve passes through the origin with e; = (1,0); then
a(0) = 0, and hence a(s) = f; x(t)dt. The sought-for curve is then
given by the relation

x(s):/oscos(/oan(t)dt)do, y(s):/ossin(/oan(t)dt)da.

For constant x this again leads to the solutions we already met in
Theorem 2.6. If x is a linear function® of s, then we obtain the so-
called Cornu spiral, see Figure 2.4.

2.8. Space curves. For n = 3 a regular three-times continuously
differentiable curve is called a Frenet curve, if ¢ # 0 everywhere.
The accompanying three-frame is then given by

!Pictures of the curves for which s is quadratic in s can be found for example in F.
Dillen, The classification of hypersurfaces of a FEuclidean space with parallel higher
order fundamental form, Math. Zeitschrift 203, 635-643 (1990).
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e1 = (, (tangent vector)
ey = “2::“, (principal normal vector)
e3 = e1 Xeg. (binormal vector)
The function £ := ||¢”’|| is called the curvature of c¢. By assumption

this number is always positive. The equations for the derivatives are
e = " =keg,
ey = (eper)er + (e, e) e2 + (€5, e3)es
=0
= (—ezel)er + ez, e3) €3
N —

=T

= —Ke1 + Tes,

ey = (eh,en)er + (e, ea)er + (e5,e3) €3
=0
= —(es,ey)e1 — (e3,ep)en
——
=0 =7

= —Te€g.

The function 7 := (5, e3) is called the torsion of . It indicates how
the (e, es)-plane changes along the curve. These three equations for
the derivatives are called the Frenet equations, and in matrix notation
they take the following form:

/

é1 0 K 0 €1
€3 = —K 0 T €9
es 0O —7 0 es

REMARK: A plane curve (viewed as a space curve) with ¢’ # 0 is also
a Frenet curve in IR>. The torsion of this curve is 7 = 0, because e3
is constant. The converse of this is also true: 7 = 0 implies that e3 is
constant, and in addition that ¢ lies in a plane which is perpendicular
to e3. This follows easily from the Frenet equations. If ¢”(s) = 0
at a single point, one gets a Frenet three-frame from the left and a
different one from the right, with an orthogonal “jump matrix” at
the point where ¢’(s) = 0. On the other hand, it is possible to join
two curves lying in different planes in such a way that 7 = 0 still
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holds everywhere, with the exception of this one point, see Problem
24 at the end of this chapter. If 7 # 0, then the sign of 7 indicates
a certain sense of rotation of the curve (in the sense of orientation).
In earlier times, differential geometers had special names for these
orientations (“weinwendig” and “hopfenwendig” in German because
of the different growth behavior of grapevine and hops). For more
on space curves with constant curvature and constant torsion, see
Section 2.12.

normal plane

rectifying plane

(a) Osculating (b) Normal (¢)  Rectifying
plane plane plane

Figure 2.5. Three projections of the space curve xe; + yeg + ze3
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2.9. Corollary. (Taylor expansion of the accompanying three-frame)

The ordinary Taylor expansion around the point s = 0 is

2 3
e(s) = ¢(0) + ¢/(0) + T-¢"(0) + (0) + o(s”)

and can be translated into an expansion for the three-frame of the
following form:

c(s) = ¢(0) + a(s)ex(0) + G(s)e2(0) + v(s)es(0) + o(s%)

with unknown coefficients «, 3,~. This is seen as follows.

First one has, by the Frenet equations,

c = e,
= € = kKeg,
" = (key) = Keatre, = rKes+r(—rel +7e3),

which implies

$2
c(s) = ¢(0 )+sel+5m32
3
—6—</€ ey — K2eq + Iﬁ:7'63> + 0(53
3,2 $2k 3
=c(0)+ ( >P1+(2+6>62
3k
—|— 6 63+0(83).

The projections in the various (e;, e;)-planes are the following, see
Figure 2.5:
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(e1,e2)-plane (osculating plane):

c(s) = ¢(0) + se (0) + ———=

The projection onto the osculating plane has the form of a parabola
(up to o(s?)).
(e2, e3)-plane (normal plane):

s2k(0) 33,-;'(0))62(0) N s3k(0)7(0)

e(s) = c(0) + ( 5 + 5 5 e3(0) 4 o(s%).

The projection onto the normal plane has the form of a Neil parabola
in case 7(0) # 0 (up to o(s?)).

(e1, e3)-plane (rectifying plane):

s3 K2 s3k{0) T
c(s) = c(0) + (3 — 6(0) )61(0) + ——%-@63(0) + o(s%).

The projection onto the rectifying plane is of the type of a cubical
parabola, in case 7(0) # 0 (up to o(s?)).

2C Relations between the curvature and the
torsion

We have seen in Section 2.6 that a Frenet curve in R? with constant
k and vanishing 7 is necessarily an arc of a circle (because it is con-
tained in a plane). A circular heliz has constant x and 7, since it is a
trajectory of a fixed point under a one-parameter group of helicoidal
rotations or screw-motions, see Section 2.3. On the other hand, ev-
ery Frenet curve with constant x and 7 is such a helix, as will be
shown in Section 2.12. More generally, one would expect that every
equation between the curvature and the torsion will lead to a similar
characterization of the corresponding curve. Conversely one can at-
tempt to classify the different possible classes of curves by means of
the equations which hold between the curvature and torsion of these
classes of curves. This is particularly interesting for spherical curves,
i.e., curves which lie entirely on a sphere.
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2.10. Theorem. (Osculating sphere and spherical curves)
(i) Let ¢ be a Frenet curve in IR® with 7(sg) # 0. Then the
surface of the sphere centered at the point
1 K (s0)
c(s0) + mez(so) - ’—‘—*T(SO)HQ(SO)GS(SO),

which passes through the point ¢(sg), has a point of contact
with the curve at the point sg of the third order. This sphere
is uniquely determined by these properties and is called the
osculating sphere.

(ii) Let ¢ be a Frenet curve of class C* in IR® with 7 # 0 every-
where. Then ¢ lies on a sphere if and only if the following

equation holds:
I

T K\

P (7‘/{2) ’

(iii) Let ¢ be a C3-curve that is parametrized by arc length

and whose image lies on the unit sphere S* C IR>. Set

J := Det(c,c’,c”). Then ¢ is a Frenet curve with curvature

k =1+ J? and torsion 7 = J'/(1 + J?). The great circles

are characterized by the condition J = 0, other circles by
constant J.

PROOF: For part (i) we start with the center m(sq) of the hypothetical
osculating sphere

m(sg) = ¢(s0) + aer(so) + Bea(s0) + ves(so),

with coefficients «, 3,~ which are to be determined. For the function
r(s) = (m — ¢(s), m — ¢(s)) we calculate the derivatives:

ro=—=2(m—c(s),¢(s)),
r’ = —2(m—c(s),c"(s)) +2(c(s),c(s)),
=~ = c(s), ().
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The optimal contact of the sphere with the curve simply means that
as many derivatives of r(s) as possible vanish at the point s = sg:
r'(s9) =0 <= <m — c(so),c’(so)> =0
<= (m —c(so), e1(s0)) =0 <= a =0,
(s9) =0 <= <m — c(so),c”(so)> — <c’(so),c’(so)> =0
1

k(s0)’
r"(so) =0 <= (m—c(so),c"(s0)) =0

<~ frk—1=0<= g =

= <m —c(s0),k'es — K2ey + I{T€3> =0

/

H/
<—_—>;+K]T’y:0<ﬂry,—__ (80)

k2(s9)7(sg)"

Part (ii) follows similarly, if one considers m(s) for variable s and puts
on it the condition that m(s) is constant, i.e., m’ = 0. This condition
is

K'(8)

(m(s)) = (els)+ienle) - arzen(s)) = {g-(;;’ 2)'} e (s):

hence m(s) is constant if and only if the differential equation in (ii)
is satisfied. Then one also has '(s) = 0, and the statement of part
(ii) follows from this.

It is not surprising that for the condition just considered a differential
equation in only the two variables x and 7 arises. Still it is interesting
that the property in question can be verified just from this differential
equation, without even knowing the position of the sphere.

(iii) By assumption the vectors ¢, ¢/, ¢ x ¢/ form an orthonormal three-
frame along the curve. From this fact we get

" =" cye+ (", NV + (", exNex .

Now one has {¢’,c) = —{¢/,c’) = —1, hence ¢/ = —c+ Je x ¢ and
from this

K2 =(" Y =1+J2>0.
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Moreover one has e; = ic¢” e3 = ¢/ x ez and, by differentiating
(' ¢) = ~1, also {¢'"",c) = 0, from which it follows that
1 1
— _{(e e :_<_/X///__//>
T <637 2> (ch c ) ’ ch

1 ! Ui 1" K’l U Ul 1
=——(C XcCc ,C )+ —={c Xc,¢C
K K

’

1
= ——2<c’ X c”’,—c+Jc><c'> =
K

Here the last equality follows from the fact that ¢
¢ (see the discussion above) and consequently ¢’ x ¢/” is perpendicular
to ¢’ x ¢. Notice that J' = (¢’ x ¢',¢) = (' x ", c)’. a
REMARKS: 1. The determinant J is itself an interesting invariant
of the curve, which is just the curvature inside of the sphere. The
vector ¢ X ¢’ is the unit vector which is perpendicular to the curve but
tangent to the sphere (as it is perpendicular to the vector in space
determined by the points of ¢). Then J = {¢”,¢ x ¢’} is the part of
¢’ which is tangent to the sphere. One also calls this the geodesic
curvature of the curve; see in this respect also 4.37 in Chapter 4. One
has J = 0 precisely for the great circles, and J is a non-vanishing
constant for all other circles (exercise), compare Figure 4.1.

K2
" is perpendicular to
i

2. Condition (ii) yields an equation between the curvature and the
torsion, with the help of which it is easy to check if a curve lies on a
sphere. If the condition is satisfied, then it is in principle clear that
only one of the functions is necessary for a complete description of the
curve, the other being itself a function of the first. If one prescribes
K, then (iii) gives an explicit way of expressing this dependency by
introducing the function J = +vk? — 1. To see this, one considers
the system of equations

K2 =1+J°% 7tri=J.
Even the case 7 = 0 is taken account of in this relation; this case can
only occur in conjunction with the relation ' = 0, for example the
great or lesser circles. The case k = 0 cannot occur. As a test of this
statement, set x = v/1 + J2 and 7 = J'/(1 + J?) in the equation in
(ii).
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2.11. Theorem. (Slope lines)
For a Frenet curve in JR3, the following conditions are equivalent:
(i) There is a vector v € IR3\ {0} with the property that {1, v)
is constant.
(i) There is a vector v € IR3 \ {0} with (ez,v) = 0.
(iii) There is a vector v € IR3 \ {0} such that {(e3,v) is constant.

T .
(iv) The quotient — is constant.
&

In particular, in this case all rectifying planes contain a fixed vector
v. Such curves are called slope lines, because they run up or down a
surface with a constant slope. Also spherical curves can be slope lines
- see Figure 2.6 as well as the exercises at the end of the chapter.

— &S

Figure 2.6. Slope line in a cone and in a sphere

PROOF: For a plane curve this is trivial, since 7 = 0 and v can be
chosen as a normal to that plane. So let us assume 7 # 0.

(i) & (ii): 0= (e1,v)" = (e}, v) implies that {ez, v} = 0, since €] = re
and conversely (note that x # 0). (iii) < (ii) follows similarly from
0 = (e3,v) = —7{ea,v).

(1), (i1), (iii) together imply v = ae; + Beg with constants o, 8. Since

in addition v is constant, one has 0 = «e} + B¢ = (ak — 37)ea, hence
T

- = % Conversely, if T is constant, this implies that also

ay o T
vi= e + e3

—_

is constant, because v' = Te

+e3 = Tkey — 7eg = 0. This implies
(1), (ii), (iii) because {eg, v) = 0.
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The vector kv = Tey + kes, which points in the same direction, is also
interesting for other curves, and is called the Darbouz rotation vector,
see 2.12. 0

In particular, a curve is a slope line whenever both x and 7 are con-
stant. This case can be completely classified as follows.

2.12. Example. (Curves with constant Frenet curvature in IR?)

For given constants a, b, «, the circular helix
c(t) = (acos(at), asin(at), bt)

is a Frenet curve in IR® when a > 0, o # 0, see Figure 2.1. This curve
is parametrized by arc length when

1=qa?%a® + b2

It then has constant Frenet curvature x and constant torsion 7 with

Conversely, for given constants x, 7 the system of the three equations
above has the unique solution

a? = K2 4+ 72,
o = R/(K2+72),
b2 = 7%/(Kk%+T2).

Consequence: Every Frenet curve in IR® with constant curvature
x and constant torsion 7 is a part of a circular helix. The special
case in which 7 = 0 is the case of a circle.

REMARKS: 1. The angular velocity o occurs in the normal form of
the skew-symmetric matrix
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one can calculate —a? as the unique non-zero eigenvalue of the squared
(and hence symmetric) matrix

— 2 0 KT
K? = 0 —-k2-72 0
KT 0 —72

The characteristic polynomial of this matrix is

Det(K? — X-Id) = ~A(k? + 72 + ))?,

2 = — (k% 4 72) is the sole non-vanishing eigenvalue. This

determines o (up to sign), and we obtain from the above equations
the result a = k/a? and b = £7/a.

hence —«

2. For every Frenet curve in /23 and every point p on that curve,
there is a uniquely determined accompanying heliz such that both
curves have the same Frenet three-frame at the point p as well as
having the same curvature and torsion. The screw-motion itself can
be viewed as an accompanying motion to the curve. The Darbouz
rotation vector

D = r1e; + keg

should be seen in this context as well. It is contained in the rectifying
plane and describes the accompanying screw-motion given by its di-
rection (this is the axis of motion) and its length (this is the angular
velocity of the motion). The Darboux equations

ei=Dxe; fori=1,23

are then just a variant of the Frenet equations. See the exercises at
the end of the chapter. For the helix considered above with o > 0,
the value of D is given by D = (0,0, vk + 72) = (0,0, @), as is easily
verified.
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2D The Frenet equations and the fundamental
theorem of the local theory of curves

2.13. Theorem and definition. (Frenet equations in IR™)
Let ¢ be a Frenet curve in IR™ with Frenet n-frame e; ..., e,.
Then there are functions k1, ..., x,_; defined on that curve with
Riy...,Kn_2 > 0, so that every ; is (n — 1 — ¢)-times continuously
differentiabl/e and
€1 0 K1 0 0 ce- 0 €1
€2 . . €2
—K1 0 k2 O .
- 0 —K2 0
0 o . 0
en_1 STV 0 Kn1 en 1
e 0 R | B 0 o
k; is called the i-th Frenet curvature and the equations are called
the Frenet equations.

n

PrOOF: We consider the components of e = 37" ;(ej, e;)e; in the
Frenet n-frame. For every i < n — 1, e; lies in the linear subspace
spanned by the vectors ¢/,¢”, ..., ¢, so that e} lies in the subspace
spanned by ¢, ..., ¢tV This is the same as the subspace spanned
by e1,...,e;+1; hence

<€§’€z‘+2> = <€§7€i+3> == <6§7€n> =0.

Set x; = {e},e;41). Then one has &1,...,k,—2 > 0, since by con-
struction of the Frenet n-frame, the sign of (e}, e;,1) is for i <n —2
the same as for (c(+1), ei+1), and this is positive. The skew-symmetry
of the matrix is a consequence of the equation 0 = (e;, e;)" = (e}, e;) +
(637 ei)- O
CONSEQUENCE: A Frenet curve in IR™ is contained in a hyperplane
if and only if x,_7 = 0. This is equivalent to the requirement that e,
is a constant vector, which is then perpendicular to this hyperplane.
Therefore k,,_ is also called the torsion.
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2.14. Lemma. The Frenet curvatures and the Frenet n-frame are
invariant under all Euclidean motions.

More precisely, this means the following. Let ¢ be a Frenet curve in
R", B: R"® — IR™ a (proper) Euclidean motion and B(z) = Ax + b,
where A is an orientation-preserving rotation, that is, 4! = AT and
Det(A) = 1. Then B oc is a Frenet curve as well. If ey,..., e, is
the n-frame of ¢, then Aey, ..., Ae, is the n-frame of B o ¢, and the
Frenet curvatures of B o ¢ and ¢ are equal.

The proof of 2.14 consists of observing that on the one hand (Boc)' =
Acd (Boc) = Ac", ..., (Boc)™ = Ac(™ while on the other hand

(Aei)' == A(e;) = A('Higlei_l—i—liiei_;_l) = —Hi¥1(A6¢,1)+Hi(Aei+1).

2.15. Theorem. (Fundamental theorem of the local theory of

curves)
Let K1,...,8p—1: (a,b) —> IR be given C*°-functions with
Kly.--,6n—2 > 0. For a fixed parameter s € (a,b), suppose

we have been given a point gg € IR™ as well as an n-frame
eﬁo), e ,e(no). Then there is a unique C'*°-Frenet-curve ¢: {a, b} —
IR™ parametrized by arc length and satisfying the following three

conditions:

1. C(S()) = qo,
2. 6(10), ey e(no) is the Frenet n-frame of ¢ at the point qo,
3. K1,...,kn—1 are the Frenet curvatures of c.

The assumption «; € C>° can be weakened as follows. Let x; be
(n —1—14) times continuously differentiable. Then the curve ¢ is n
times continuously differentiable.

PROOF: We first set F'(s) = (e;(s),...,en(s))T, viewed as a matrix-
valued function. Since the e; form an orthonormal n-frame, F' is
automatically an orthogonal matrix with Det (F)) = 1. The Frenet
equations are then equivalent to the matrix equation F/ = K - F,
which is just a system of linear differential equations of first order for
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F, if one views the matrix

0 ki(s) 00 0
—K1(s) 0 ka2(s) O
K(s) = 0 —k2(s) '0 | |
0 0 " i i 0
: - - . 0 Kn—1(8)
0 0 —kn_1(s) 0

as given. The proof of the Fundamental Theorem 2.15 is now based
on the theory of solutions of differential equations of this kind, as
well as on the following consideration. A matrix-valued curve F(s)
is orthogonal for all s if and only if the composition F’ o F™1 is
skew-symmetric for all s and F(sg) is orthogonal for some so. This
can also be expressed in the following way: the tangent space of the
submanifold
SO(n) ¢ R™

at the “point” corresponding to the identity matrix is the set of skew-
symmetric matrices.

Step 1: For a given matrix-valued function K(s) with given initial
conditions F(sg) = (ego), . .,e(no))T, the linear differential equation
F" = K. F has a unique solution F'(s) which is defined for all s € (a, b).
This follows from the existence and uniqueness theorem for solutions

of linear differential equations ([27], Chapter XIX).

Step 2: The Frenet equations F’ = K F imply
(FFTY = F'FT + F(FTY = F'FT + F(F)T = KFFT + FFTK™.

The differential equation (FFT) = K(FFT) + (FFT)KT, viewed as
a differential equation for the unknown function FFT has a unique
solution for given initial conditions F'(sg)(F(s0))” = E (here E de-
notes the identity matrix). Now E is a constant function and as such
surely a solution of the previous differential equation by virtue of the
relation 0 = K +K7T. This is just an expression of the skew-symmetry
of the matrix K. Because of the uniqueness of the solution, one must
have FF'7 = E on the entire interval (on which we are considering the
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differential equation), hence F(s) is an orthogonal matrix. Because
of the continuity of the determinant one also has Det (F') = 1.

Step 3: The matrix F(s) therefore determines a unique vector-valued
function e;(s). For given initial conditions ¢(sg) = qg, we can find
a unique curve ¢(s) with ¢/ = ey by setting ¢(s) = ¢o + f:o e1(t)dt.
Moreover, from the relation e} = k1ez # 0 and x; > 0, we see that
the e which is defined by F' must coincide with the second vector of
the Frenet n-frame of ¢ at every point, and analogously for te other
e;. Thus, F(s) represents the Frenet n-frame of ¢ at each point, and
because Y = KF', the given functions &; coincide with the Frenet
curvatures of ¢. In particular, ¢ is a Frenet curve, which follows from
the fact that

/ 7 " / 2 /
c =e1, " =ries, " = (k1e2) = (—kie1 + Klea) + K1k2e3

and similarly, for every i =1,...,n —1,

W = (linear combination of e1,...,e;_1) + K1 -kg----- Ki_1€;.
Finally, from k1, ..., k,_2 >0 we obtain the result that ¢/, ¢”, ..., ¢}
are linearly independent. a

In this proof we see (up to the choice of an initial point gg) a one-
to-one association ¢ — F. That means that we may view a Frenet
curve as a curve in the Stiefel manifold of all orthogonal n-frames,
and conversely, the first row of such a vector-valued curve can be
integrated to arrive back (up to translations) at the original curve in
IR™ that we started with. Note, however, that now every curve in the
Stiefel manifold leads to a Frenet curve in IR™.

2.16. Remark. (Explicit solutions)

For the ezplicit reconstruction of the curve from its Frenet curva-
tures, Theorem 2.15 is not necessarily the most convenient method,
in contrast with the situation in two dimensions, where 2.6 is quite
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sufficient. Compare the Exercises 8 and 28. However, under the as-
sumption that all x; are constant, i.e., if

0 K1 0 0 0
—K1 0 ke O
K = 0 — K9 0
0 0 0
. . 0 Kn—1
0 e e 0 —Kpa 0

is a constant matrix, then the differential equation F/ = KF' can be
explicitly solved by means of the exponential series

>0 i

F(s) =exp(sK) := Z (sf'() .

i=0
The initial condition F(sg) = Fy is satisfied by setting F(sq + s) =
exp(sK)Fy. In order to calculate this series more precisely, one needs
the eigenvalues of the symmetric matrix K?. The special case x,_; =
0 is not interesting, since one can then view the curve as living in
IR"~!. Therefore we may assume that all x; are non-vanishing and
that consequently the rank of the matrix K2 is at least n — 1. The
rank is necessarily an even number 2m, because the rank of K has
to be even. The eigenvalues of K? are certain negative numbers
—o2,...,—a2,, each with multiplicity two. Compare this with the
case of m = 1 in Sections 2.6 and 2.12. The normal form of the
matrix K consists of blocks of the form

0 aj .
=1,...
<__a] O )7 J bl ’m,

along the diagonal and is zero otherwise, see [32], 8.16. Every such
block yields an exponential series

SL(0 ) (st ey

=0

In the coordinate system which is adapted to this normal form of K
one finds after some more calculations the curves

c(s) = (al sin{ays), a1 cos(ays),. .., any sin{ams), am cos(ams))
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for even n = 2m and
c(s) = (al sin{a 8), a1 cos(@18), . . ., @ SIN(A 8), A €OS( Ay, 8), bs)

for odd » = 2m + 1. At this point it is easily seen that all the o are
distinct numbers, because otherwise the curve would not be a Frenet
curve. At any rate the Frenet curves with constant curvature are
orbits under the action of a one-parameter group of rotations (if n is
even) or of screw-motions (if n is odd). Compare this with the case
n =3 (the helix in 2.3 and 2.12) as well as the following case n = 4.
For given constants a, b, «, 3, the curve

c(t) = (acos(at), asin(at), beos(Bt), bsin(Bt))

is a Frenet curve in IR*, in case a,b # 0, # 3 # 0. The curve c is
clearly the trajectory of a particle under a rotation of IR*, where this
rotation is given to us in normal form. The curve is parametrized by
arc length, provided

1 = od%d®+ 52b2.

It then has constant Frenet curvatures k1, k2, kg satisfying

2 4.2 432
K] = a~-a”+ 3°b°,
2,2 _ 6.2 0632 .4
KiKy; = o a4+ [°b° — k7,
2,22 _ 82 812 20,2 | 232
Kikgks = a°a®+ 3°b° — ki(k] + K3)°.

If, conversely, k1, k2, k3 are non-vanishing constants, one can solve
this system of four equations for a,b, o, 5 (exercise with the hint:
—a? and —f3? are eigenvalues of the matrix K2, compare 2.12).

REMARK: If one sets a = b = 1 and chooses &« = p, 8 = ¢ to be
integers which are relatively prime, then this curve is actually closed
and is known as a torus knot of type Iy, 4 in the three-sphere. More
precisely, this curve lies on what is known as the Clifford torus, given
by the equation »

{($1,$27y1ay2) S R4 | (E? —l—()j% = y% +y§ = 1}7

which can be viewed as a part of the three-sphere of radius /2. Three-
dimensional pictures of this can be obtained after a stereographic
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Figure 2.7. The torus knot T2 5

projection for example from the north pole (\/5, 0,0,0); one such
picture is depicted in Figure 2.7.

2E Curves in Minkowski space I3

Up to now we have been considering Fuclidean space as our ambi-
ent space. The Euclidean inner product (X,Y) = 377 z;y; implies
among other things that the length ||¢|| of the tangent on a regular
curve ¢(t) never vanishes. However, there are good reasons for allow-
ing more general “inner products” which are not necessarily positive
definite. In the special theory of relativity, for example, one works in
a space-time of 3+ 1 dimensions, where time is viewed as a dimension.
In the direction of this coordinate, the inner product has a negative
sign. Similarly, one can consider three-dimensional space as a space
of dimension 2 + 1, treating some of the dimensions differently from
the others. One can interpret this as a “toy model” for the special
theory of relativity, but in physics other theories are considered which
live in 2 + 1 dimensions.

2.17. Definition. (Minkowski space)

The space IRS is defined as a space to be the usual three-dimensional
IR-vector space consisting of vectors {(z1, x2,23) | #1,22,23 € IR},
but endowed with' the inner product

(X,Y)1 = —z1n + zoy2 + T3y3.
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This space is called the Minkowski space or Lorentz space. Tangent
vectors are defined precisely as in the case of Euclidean space IR3. A
vector X is said to be:

space-like, if (X, X)) >0,
time-like, if (X, X} <0,
light-like or isotropic or a null vector, if (X, X); =0,

but X # 0.

The set of all null vectors of IR§ forms what is called the light-cone?,

in coordinates:

{(z1, 22, 3) | 36% = ﬂf;‘; +m§,ml # 0}.

Figure 2.8. Light-cone in Minkowski space with vertical z;-axis

In IR}, the rules of calculus remain the same as in Euclidean space
IR3, so that we can speak of émmersions or regular curves just as in
the Euclidean case.

2.18. Definition. A regular curve c: I — IR} is called
space-like, if (¢, ¢)1 > 0 everywhere,
time-like, if (¢, €)1 < 0 everywhere,
light-like or isotropic or a null curve, if  {¢,¢); = 0 everywhere.

2If the inner product {X, X), is written in the form —422 ¢+ m% + mg where t denotes
the time parameter and 7y the velocity of light, then the light cone represents the
propagation of light in the (=2, z3)-plane.
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EXAMPLE: The hyperbola 3 = x% + 1,73 = 0 is space-like. This
can be seen using the parametrization ¢(t) = (cosht,sinht,0). Since
¢(t) = (sinht, cosh¢,0) which implies that (¢, ¢); = 1, the parameter
t is actually the arc length.

Similarly, the hyperbola 22 = 22 — 1, 23 = 0 is time-like with a similar
parametrization ¢(t) = (sinh#,cosht,0). The line ¢(t) = (¢,¢,0) is
isotropic. This line lies (with the exception of the point for ¢ = 0)
entirely on the light-cone.

2.19. Lemma. A regular curve c¢: I — IR} which is space-like or
time-like everywhere can be parametrized by arc length in the sense
that (¢, ¢)1 = £1 is valid everywhere. For a curve which is everywhere
light-like this is not possible in general, but one can parametrize a
light-like line in such a way that ¢ = 0. These parametrizations are
not unique, but only determined up to a translation ¢ — at + b. The
parameter is therefore also referred to as an affine parameter.

The proof of this statement for space-like or time-like curves is similar
to that given in 2.2. For isotropic lines the statement is quite trivial.

In order to get derivative equations of Frenet type, we first observe
that in IR} a (modified) vector product of two vectors A and B can
be defined, by requiring the relation

(A x B,C); = Det(4, B, C)

for all C'. In the same way one can define three-frames as follows.
For two vectors ey and eq, for which (e;,e;); = £1 and (e1,ez)1 = 0,
a third is defined by eg := €1 X ea, and these three vectors form an
orthonormal three-frame. If we define ¢,7 € {1,-1} by (e1,e1)1 =
€, {ea,ez)1 = n, then it follows that (es,es); = —en. Hence each
vector X can be uniquely decomposed into its three components

X = 6<X761>161 + ’I7<)(7 62)162 — En(X, 63)163.
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2.20. Theorem. (Frenet equations in Minkowski space)
Let ¢ be a space-like or time-like curve, which we assume
is parametrized by arc length and satisfies {(c”,¢"); # 0.
Then this curve induces a Frenet three-frame e; = ¢ ey =
"/, "1l e3 = er X e, for which the following Frenet equa-
tions hold (here € and 7 are defined as above):

!

€1 0 KN 0 €1
eo = —Ke 0 —TEen eo
e3 0 - 0 es

The quantities defined by this relation, namely

k= (el,e2); and T = (e} e3)y,

are called the curvature and torsion of the curve c.

PROOF: As in 2.8, we only need to calculate the components of
€}, e5, e5 in the Frenet three-frame, for example,

ey =" =mn{c", ea)1e2 = nrey,
(ey,e1)1 = —(e1,e2)1 = =K,
(e, e2)1 = —(eh, e3)1 = —T.

2.21. Example. (Curves with constant curvature and torsion)

The following plane curves have constant curvature:

ci(t) = (0,cost,sint);
c2(t) = (cosht,sinht,0);
c3(t) = (sinht,cosht,0).

Here, ¢; and ¢ are space-like, while ¢3 is time-like. Space curves with
constant curvature and constant torsion can be obtained as the tra-
jectories of a particle under a helicoidal motion in Minkowski space.
The corresponding rotation matrices are discussed in 3.42. One then
can add a translation in the direction of the axis of rotation. Depend-
ing on a constant a one gets in this manner the following curves, all
with constant curvature and torsion:
ca(t) = (at,cost,sint),
c5(t) = (cosht,sinht, at),
c(t) = (sinht,cosht,at).
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2F The global theory of curves

2.22. Definition. (Closed curve)

A (regular) curve c: [a, b] — IR™ is called closed, if there is a (reg-
ular) curve ¢: IR — IR™ with [, 5 = c and ¢(t + b — a) = ¢(t) for
all t € IR, where in particular ¢(a) = c(b) and ¢/(a) = ¢/(b). The
lifted curve ¢ is also called periodic. A closed curve ¢ is said to be
simply closed, if c|, p) is injective, i.e., if there are no double points
for which ¢(t1) = ¢(t2) for some a < t; < 2 < b. Alternatively, one
can define a closed curve [or simply closed curve] as an immersion
[or embedding] of the circle S! in IR".

The global theory of curves studies the properties of closed curves, in
particular their curvature properties, for example with an eye toward
their total (i.e., integrated) curvature or torsion. The total curvature
of a closed curve is defined as the integral

/ " (o) e(t)dt = / (o),

where L is the total length of the curve. Similarly one has the total
torsion of a space curve, in case it is a Frenet curve. Note that for a
plane curve the curvature x has a sign, and hence so does the total
curvature, while for a Frenet curve in three-space (or higher dimen-
sions) the total curvature is by definition positive. This difference is
exemplified in the results 2.28, 2.32 and 2.34 which follow.

2.23. Lemma. (Curvature in polar coordinates)

Let c: [a,b] — IR? be a regular (C?-)curve with Frenet two-frame
e1(t), e2(t), and let e;(t) = (cos(i(t)),sin(¢(t))) be the representa-
tion in local polar coordinates. Then we have

_dp _dyp di ¢t

NS T e ds e

PrRoOF: From the representation of e;(¢) it follows that es(t) =
(- sin{p(t)), cos(yp(t))), and with this, in virtue of the Frenet equa-
tions, that also kes = % = %%L . % = gb( — sin g, cos go)%. a
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CONSEQUENCE: As long as ¢ is a differentiable function of the pa-
rameter ¢, one has for the total curvature the relation

b b
[ wollelae = [ o0t = o) - ota)

Because of the potential many-valuedness of the angle ¢, one must
verify separately that this relation holds in the large. In particular,
it does not necessarily follow for curves which satisfy c(a) = ¢(b) that
also ¢(b) = p(a). The same problem also occurs in the theory of a
function of a complex variable, because of the many-valuedness of the
natural logarithm. Indeed, the logarithm of € = cos@ + isinf can
be any number 6 + 2k for an arbitrary integral value of k.

2.24. Theorem and Definition. (Polar angle function, winding
number)

Let v: [a,b] — IR?\ {0} be a continuous curve. Then there is a
continuous function ¢: [a,b] — IR with

Y1) = V()] (cos(ip(t)), sinip (%)) -
The difference ¢(b) — ¢(a) is independent of the choice of the func-
tion . The function ¢ is called the polar angle function. If ~y is dif-
ferentiable, then ¢ is also, because outside the origin the transition
from cartesian coordinates to polar coordinates is differentiable.

CONSEQUENCE: In case v is a closed curve the value of W, =
L (p(b) — ¢(a)) is an integer. This number is called the winding

PL3
number of the curve .

ProoF: First of all, it is quite clear that ¢ is determined for all points
of any particular half-plane H = {z € IR? | (z,z¢) > 0}, once the
value has been fixed at a single point. Because ~ is uniformly contin-
uous, there is a partition @ = tg < #; --- < t,, = b of the interval [a, b],
such that for every subinterval the image set 7|, ., ,) 18 completely
contained in such a half-plane. For a given initial value p(a), the
function ¢ is uniquely determined on [tg, t1] by the fact that it is con-

tinuous. Next, if ¢ is continuous on the whole interval [tg, t;], there is
a unique continuous extension to [t;, ;4] and hence to [to,t;11]. Ar-
guing inductively, we see that ¢ is uniquely determined by the initial
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value p(a). Of course, the choice of ¢(a) is quite arbitrary. If however
v and ¢ are two such continuous functions, then their difference is an
integral function, multiplied by 27. Finally, an integral continuous
function is necessarily constant; hence ¢ — ¢ is constant, implying

that 5(b) — (a) = (b} — ¢(a). U

2.25. Definition. (Rotation index)

Let c: [a,b] — IR? be a regular closed curve. Then the rotation
indezx U, of ¢ is defined as the winding number W; of the tangent
¢, where we view ¢: [a,b] — IR?\ {0} as a continuous curve by
gluing the tangent vector at every point of the curve at the origin
of IR?.

05

—0.5

Figure 2.9. Curve with rotation index U =0

2.26. Corollary. The rotation index of a closed and regular plane
curve is equal to its total curvature divided by 2w.

PRrROOF: According to 2.23 and 2.24 we have
b b
260, = 20 = )~ pl) = [ plo)de = [ O)lle0)ar

where ¢ = r{(t))(cos(p(t)), sin(p(t))). O
REMARK: The winding number is a homotopy invariant, i.e., closed
curves in IR? \ {0} which are homotopic as closed curves have the
same winding numbers. Consequently, the rotation index is a regular
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homotopy invariant, meaning that two regular closed curves which
are regularly homotopic have the same rotation index. The notion
reqularly homotopic used here means that the homotopy (i.e., the
corresponding one-parameter family of curves) consists exclusively of
regular curves. The Whitney-Graustein theorem® states that even
the converse of this statement holds: If two regular closed curves
have the same rotation index, then they are regularly homotopic to
each other.

2.27. Lemma. Let e: A — R?\ {0} be continuous, and let A C IR?
be star-like with respect to xg, i.e., for every x € A the segment ToT
lies completely in A. Then there is a continuous polar angle function

p: A — R with e(z) = ||e(z)}|( cos(p(x)), sin{p(z))).

PROOF: We choose ¢{zg) to be some fixed value. Then the restriction
of e on the segment g + t(z — zg) 18 a continuous curve with ¢ as pa-
rameter, where ¢t € [0, 1]. According to 2.24 ¢ is then uniquely defined
along the segment TpZ as a continuous polar angle function. From
the assumption that A is star-like, we conclude that ¢ is uniquely
defined on all of A. It is sufficient then to verify that ¢ is continuous
on compact subsets which are star-like with respect to xo. We may
assume that xg = 0 for this. Since e and e/|le|| are uniformly contin-
uous, there is a § > 0 such that — as in the proof of 2.24 — e(x) and
e(y) always lie in an open half-plane with respect to 0 (in other words,
these two points are never antipodal), provided that ||z —y|| < §. Let
{z,} be a convergent sequence, converging to a point z € A. Arguing
by contradiction, we assume that liminf, . |p(x,) — p(z)] > 2.
We may also assume here that ||z, — z|| < § for all n and that con-
sequently ||tz, —tz|| < § for 0 <t < 1. For fixed n, we consider the
distance |¢(tz,) — @(tz)| as a function of ¢. This function is certainly
continuous in ¢, has the value 0 at ¢ = 0, and is larger than %ﬂ for
t = 1 and for sufficiently large n. On the other hand, the two points
e(tx,) and e(tz) are never antipodal. Hence this function can never
attain the value of 7, yielding a contradiction to our assumption. O

3H. Whitney, On regular closed curves in the plane, Compositio Math. 4, 276-284
(1937).
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2.28. Theorem. (Theorem on turning tangents)
Let c: [a,b] — IR? be a simply closed regular (C?-)curve. Then we

have
—/ t)|le(t)||dt = U, = £1.

ProoF (following H. Hopf*): Surely there is a tangent such that the
curve lies completely on one side of this tangent. By choosing an
appropriate coordinate system we may further assume that c(t) =
(x(t),y(t)) with y(a) = y(b) = 0,y(t) > 0 for all ¢.

Figure 2.10. The set A (for a =0,b = 1)
We then define
A={(s,t) ER* |a<s<t<b}
as well as e: A — IR?\ {0} by

(=) e and (s4) % (a
o) =) mcase s7tand(s,t)#(ab),
= &) in case S =
els.) = le®)]] ¢,
- Ha) in cas s, t) = (a
[1é(a)]| e (s,t)=(a,b)

Since the curve is simply closed, one has ¢(t) # c(s) for all t # s except
(s,t) = (a,b). Tt follows that e is well-defined. The continuity of e

4 Uber die Drehung der Tangenten und Sehnen ebener Kurven, Compositio Math. 2,
50-62 (1935).
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follows from the continuous differentiability of c¢. This is easily verified
by passing to the limit from the secant to the tangent. Clearly e(t,t)
is a unit tangent of the curve c(t). According to 2.27 there exists a
polar angle function ¢: A — IR with e(s,t) = (cos(t, s),sinp(t, s))
and ¢(a,a) = 0. The function p(t) := (¢, t) is then the polar angle
function along the curve ¢, hence it is differentiable in ¢, and by 2.26
we get

" w01t - ——/ o (p(0.D) ~ o(0,@)).

On the Other hand, ¢(a,b) — p(a,a) = 7, in case £(a) > 0 (otherwise
= —x), and also ¢(b,b) — ¢(a,b) = 7, in case £(a) > 0 (otherwise
= —m). This is verified upon consideration of the polar angle for the
family of all secants c(t} —c(a) on the one hand, and c(b) — ¢(s) on the
other. In sum, we have that ¢(b,b) — p(a, a) is either +27 or —27. O

2.29. Corollary. The total absolute curvature [ |k|ds of a simply
closed and regular plane curve satisfies the inequality

/ k()] - Jé(t)]dt > 2,

with equality if and only if the curvature does not change its sign.

This leads to the question of what the condition x > 0 or k¥ < 0 means
geometrically for a closed curve, and this question in turn leads us to
the consideration of convex curves.

2.30. Definition. (Convex)

A simply closed plane curve is called convez, if the image set of the
boundary is a convex subset C' C IR?. The convexity of a subset C
is defined in the usual way, namely, for any two points contained
in C, also the segment joining these two points is completely con-
tained in C.

2.31. Theorem. (Characterization of convex curves)

For a simply closed and regular plane curve ¢ whose image is the
boundary of a compact connected set C' C IR?, the following condi-
tions are equivalent:
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1. The curve ¢ is convex (i.e., C is convex).

2. Every line meets the curve, if at all, either in a segment (which
may also degenerate to a single point) or in two points.

3. For every tangent of the curve, the image of the curve (and also
of the set (') always lies on one side of that tangent.

4. The curvature of ¢ does not change its sign.

PrROOF: (1) = (2): Let g be a line; then gNC is a compact subset of
C, which is an interval because of the convexity. In case g N C does
not contain any inner points of C, then g N C lies completely in the
curve ¢ as the boundary of C. In case gNC does contain inner points
of C', then ¢ N C can only have the two endpoints of the interval in
common with c. Indeed, if some subinterval of g N C were contained
in the boundary of C, then by rotating this line we would have a
segment which intersected C in a non-connected set, a contradiction
to the convexity of C.

(2) = (3): We argue by contradiction. Suppose that C' were not on
one side of the tangent of c¢. If there is an inflection point for which
k changes its sign, then an appropriately chosen line through this in-
flection point would meet the curve in (at least) three isolated points,
contradicting (2). Here it is allowed that x may vanish identically on
some interval (in which case the curve is a segment there). If there is
no such inflection point, then the curve is locally always on one side
of the tangent. On the other hand, by assumption there is a point p
of the curve such that two points ¢1, ¢z of ¢ lie on different sides of
the tangent at p. Without restriction of generality, we may assume
that g¢o is arbitrarily near to p. We then consider the line g which
is spanned by the points ¢; and ¢z. This line intersects the tangent
at p in a certain angle, as it cannot be parallel to the tangent. The
line ¢ then intersects ¢ near p in a further point g, and this on the
same side of the tangent as ¢». Altogether this means that g meets
the curve in at least three components, contradicting (2).

(3) = (4): Again we argue by contradiction. We assume that x(p) = 0
holds and that s has a change of sign at that point. Here we explicitly
allow k to vanish on a segment (in which case the curve is a segment at
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the corresponding points). If we rotate the tangent at p appropriately,
then we get a line which contains at least three isolated points of ¢,
namely p and one point each on either side of the tangent. Hence ¢
cannot lie on one side of the tangent.

(4) = (1): If C is not convex, then there is a line g for which gNC has
at least two components, which we can describe as intervals [x1, z2]
and [z3, 4] with 7 < 73 < 73 < 74. On the various segments con-
necting these four points there are points on the curve which have a
maximal distance from g, in fact four of these. At these points the
unit normal vectors are perpendicular to g, hence there must be two
parallel and oriented unit normal vectors at two different points, for
which the unit normal in between is not constant. We now assume
moreover that x > 0 and derive a contradiction to this. By 2.23 and
2.24, k can be viewed as the derivative ¢’ of a polar angle function ¢.
Because of our assumption x« > 0, this is a nondecreasing function,
ranging from 0 to 2x according to the theorem on turning tangents.
We then consider the unit tangent (and similarly the oriented unit
normal) as a map from S* to S*. Since ¢ is (monotonically) increas-
ing, this map has the property that the inverse image of a point is
always connected. The condition x > 0 would imply under these
circumstances that ¢ is strictly increasing, as otherwise distinct con-
nected arcs would have the same image. But this is a contradiction
to what we have said above. Hence c is convex. a

2.32. Corollary. (Total absolute curvature)
The total absolute curvature [ |k|ds of a given closed and regular
plane curve fulfills the inequality

b
| 1 el 2 2

in which equality holds if and only if the curve is simple and convex.

For (simply closed) convex curves the equality [ kds = 27 is clear by
the results 2.28 and 2.31. For non-convex curves one sees the validity
of the inequality by comparing the curve with the boundary of its
convex hull (the convex hull is defined to be the smallest convex set
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containing a given set). This boundary is then a simply closed convex
curve (to be sure, only C' and piecewise C?), whose total absolute
curvature cannot exceed that of the given curve. The exceptional
points, where the curve is not C?, can be approximately “smoothed”.
Then one can apply 2.29 and 2.31 to this boundary curve. Equality
can only hold if the given curve happens to coincide with the boundary
curve, which means precisely that it is convex.

2.33. Theorem. (Four vertex theorem)

A simply closed, regular and convex plane curve which is of class
C? has at least four local extremal points for its curvature x (such
a point is referred to as a vertex).

ProoF: If k is constant, there is nothing to prove. Hence we may
assume that & is not constant. Local extrema of k can be recognized
as points where £’ = 0 and &’ changes sign. Here it is possible that
k might be constant on an interval near this extremal point. First,
we know that k takes on an absolute minimum and maximum on the
compact interval [a,b] (resp. S1). At such a point, certainly one has
k' = 0. Suppose, as we may without restriction of generality, that
£(0) is a minimum, and let x(sg) denote the maximum. Suppose the
curve c: [0, L] — IR? is parametrized by arc length, with c(0) = ¢(L).
The coordinate system (z,y) in the plane may be chosen in such a
way that the x-axis contains the two points ¢(0) and ¢(sp), so that
we can write ¢(s) = (z(s),y(s)) with y(0) = y(sg) = 0. The curve
meets the x-axis at no other point, because according to 2.31 it would
then have the entire segment ¢(0)c(so) in common with the z-axis,
using the convexity. This would imply x(0) = k(sg) = 0, which is a
contradiction to k being non-constant. This in turn implies that y(s)
only changes sign in the points s = 0 and s = sy.

We now argue by contradiction. Assume that ¢(0) and c(sg) are the
only vertex points on ¢. Then &’ changes sign only at s = 0 and
s = 89, and the function «/(s)y(s) doesn’t change its sign at all. The
Frenet equations for z tell us that

€1 = (‘T,ayl)a €2 = (—ylﬁ‘rl)? (fU”,y") = 6{[ = ke,
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from which it in particular follows that z” = —ky’. Applying inte-
gration by parts, we get

Amew@ws=~qj—Amey@ws

L
= /0 z"(s)ds = z'(L) — 2'(0) = 0.

Here we have used the closedness of the curve, in other words the fact
that y(0) = y(L),z'(0) = 2'(L). The integrand «'y on the left-hand
side does not, however, change its sign. If the integral is to vanish
anyway, then it must vanish identically, which implies &' = 0, which
contradicts x being non-constant.

Thus the assumption led us to a contradiction and must be false.
Hence there is a third zero of &’ with a change of sign. Because of
the periodicity of £/, the number of changes in sign altogether cannot
be an odd number, hence there must also be a fourth such point.
This theorem is actually also true for non-convex simply closed plane
curves, although the proof has to be modified in that case.’ O

2.34. Theorem. (Total curvature of space curves, W. Fenchel
1928/29)

For every closed and regular space curve c: [a,b] — IR® of total
length ! one has the inequality

{ b
An@w=1~wmww2%

with equality if and only if the curve is a convex, simple plane
curve.

PROOF (following H. Liebmann 1929%): Let ¢ be parametrized by arc
length. Then for the spherical curve ¢’ one has

('Y |Ids = ds

5See L. Viétoris, Ein einfacher Beweis des Vierscheitelsatzes der ebenen Kurven,
Archiv d. Math. 3, 304-306 (1952) and S. B. Jackson, Vertices of plane curves, Bull.
Amer. Math. Soc. 50, 564-578 (1944).

SElementarer Beweis des Fenchelschen Theoremes iiber die Krimmung
geschlossener Raumkurven, Sitzungsber. PreuBiische Akad. Wiss., Physik.-Math.
Klasse 1929, 392-393; see also R. A. Horn, On Fenchel’s theorem, Amer. Math.
Monthly 78, 380381 (1971).
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hence the element of arc length coincides with xds everywhere along
the curve ¢ where ¢’ is regular. Note that s is not the arc length on ¢
and that ¢’ need not be regular everywhere. The absolute curvature
fol k(s)ds is therefore nothing more than the total length of ¢’ as a
spherical curve. Here one must count those parts of ¢/ which are
covered several times with the corresponding multiplicities.

Because of 2.32, which holds for plane curves, it is sufficient to show
the following:

The length L of the spherical curve ¢ is strictly greater than 2w, if ¢
is a closed curve not lying in any plane.

In what follows we use the elementary geometric fact that the length
of every curve joining two points on the sphere is greater than or
equal to the length of the smaller part of the great circle joining these
two points, with equality holding if and only if the curve is that arc
itself. We denote by dist(A, B) the (oriented) arc length on the curve
¢, and by d(A, B) the spherical distance. First, for a coordinate
function z'(s) of ¢’ we have the equation

!
/0 x'(s)ds = z(l) — z(0) = 0,

from which it follows that the image of ¢/ is at any rate intersected by
the great circle given by z = 0. By rotating the coordinate system,
one sees that the same must hold for every great circle on the sphere.
More precisely, it follows that the image of ¢’ is not contained in a
closed hemisphere, unless ¢ is itself a great circle.

Now let A and B be two points on the curve ¢’ which are antipodal
on this curve, i.e., the length from A to B is equal to the length from
B to A (running along the curve in the same direction):

dist(A, B) = dist(B, A) = £

We assume here that inside the sphere A and B are connected by an
arc of a great circle of length < 7. If we have d(A, B) = =, then the
length L of ¢ is greater than or equal to 27, with equality holding
if and only if ¢ consists of two halves of great circles. These arcs
must then be the two halves of a single great circle, since otherwise
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¢’ would not be intersected by every great circle. Thus ¢ is a plane
curve, which contradicts our assumption above.

It remains to consider the case in which d(4, B) < m. In this case
there is a great circle G with the property that A and B both lie in
one of the hemispheres delineated by G. Here we may assume that
G is symmetric with respect to A and B, i.e., that A and B have the
same distance from G and that the plane of G is perpendicular to
the plane which cuts the great circle between A and B into two equal
parts. Now G also intersects the curve ¢, say at a point P. Because
of the symmetric position taken by G, one has d(A4, P)+d(P, B) =,
and because d(A, B) < m, it is impossible that A, B and P all lie
on a common great circle. Hence we have dist(A4,P) > d(A, P) or
dist(P, B) > d(P, B) because simultaneous equality is impossible, and
consequently

1
5L = dist(A, P) + dist(P. B) > d(A, ) + d(P, B) = m.

This proves 2.34. This theorem is in fact more generally true for all
closed curves in IR™, with essentially the same proof. ]

We mention without proof the following relation between various
characteristic numbers for closed curves in the plane. Let ¢: [a,b] —
IR? be closed, and let D denote the number of double points, W the
number of inflection points (i.e., points with x = 0). Moreover let
N7 (resp. N™) be the number of double tangents, so that near the
points of contact, the curve lies on the same side (resp. on opposite
sides) of the double tangent.

2.35. Theorem. (Fr. Fabricius-Bjerre”)
For every generic and closed plane curve, one has the equality

1
N+=N‘+D+§W.

Here the term “generic” means that (i) the curve has only ordinary
double points and double tangents (no three-fold or higher order

7 On the double tangents of plane closed curves, Math. Scand. 11, 113-116 (1962).
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points or tangents), (ii) the tangents at these double points are lin-
early independent, (iii} for all points with kK = 0 we have &’ # 0,
and (iv) no double tangent of the curve has a point of contact at an
inflection point.

For the example depicted in Figure 2.9 we have W = NT =2, D =
LN =0.

Exercises

1. The curvature and the torsion of a Frenet curve c(t) in IR® are
given by the formulas

_ llex g

") = e

Det(¢, , €)

for an arbitrary parametrization. For a plane curve we have
k(t) = Det(¢, ) /{|¢]]3.

2. At every point p of a regular plane curve ¢ with ¢’(p) # 0 (or,
equivalently, x(p) # 0) there is a parabola which has a point of
third order contact with the curve at p. The point of contact is
the vertex of the parabola if and only if '(p) = 0.

Hint: There is a two-parameter family of parabolas which have a
given point as a point, of contact on a given line. If we choose this
line to be the tangent of a given curve at p, then by prescribing
k(p) and /(p), a unique parabola of the two-dimensional family
is determined. The curvature of the parabola given by r —

(z,22?) calculates by Exercise 1 to x(z) = a(l + a%2?)7%/2.

is implies k/(7) — 95 . 42 _ _g,.2

This implies #'(x) = 52 - 5% = —3axk®. Cogl/sequently one can
12 2 ’

express a and z by k und &': a:n(l+§7;) and r = — 32

3. The evolute v(t) = c(t) + ﬁeg(t) of a curve c¢(t) is regular
precisely where «’ # 0. The tangent to v at the point ¢t = #,
intersects the curve ¢ at t =ty perpendicularly.

4. A regular curve between two points p, ¢ in IR™ with minimal
length is necessarily the line segment from p to g. Hint: Consider
the Schwarz inequality (X,Y) < ||X]|| - ||Y]| for the tangent
vector and the difference vector p — q.
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5. If all tangent vectors to the curve c(t) = (3¢, 3t2, 2t%) are drawn
from the origin, then their endpoints are on the surface of a
circular cone with axis the line z — 2z =y = 0.

2

Figure 2.11. Cycloid

6. If a circle is rolled along a line {without friction), then a fixed
point on that circle has as its trajectory the so-called cycloid,
see Figure 2.11. Find the equation or a parametrization for the
cycloid.

7. Calculate explicitly the parametrization of the plane curve which
has k(s) = s~/2. Hint: 2.6.

8. The Frenet two-frame of a plane curve with given curvature
function x(s) can be described by the exponential series for the

(- oty o )

It follows that

(62(8 ) 2%(_0 f{)l{)i'

9. Let a plane curve be given in polar coordinates (r,¢) by r =
r(p). Using the notation r’ = j—;, the arc length in the inter-
val [p1, 2] can be calculated as s = [7* v/r'2 +72dp, and the
curvature is given by

matrix

27— 2
K(p) = (2 1 r2)3/2

10. Calculate the curvature of the curve given by r(p) = ap (a
constant), the so-called Archimedean spiral, see Figure 2.12.
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11

. Show the following: (i) The length of the curve given in po-

lar coordinates by r(¢) = exp(t),¢(t) = at with a constant a
(the logarithmic spiral) in the interval (—oo, t] is proportional to
the radius r(t), see Figure 2.12. (ii) The position vector of the
logarithmic spiral has a constant angle with the tangent vector.

g,\

14.

15.

8 -6 -4

Figure 2.12. Archimedean spiral and logarithmic spiral

. In plane polar coordinates (r, ), let a curve be given by r =

cos{2p),0 < ¢ < 2m. Check whether this curve is regular, and
if so, calculate its rotation index and the total curvature.

. Show the following: the plane curve ¢(t) = (sint, sin(2t)) is reg-

ular and closed, but not simply closed, and the rotation index is
equal to 0, cf. Figure 2.9.

Show that the osculating cubic parabola of a Frenet curve ¢ in
IR3, defined by

s = c(0) + se1(0) + 5 (0)e2(0) + 5 r(0)7(0)es(0),

has at the point s = 0 the same curvature «(0) and torsion 7(0)
as c itself.

In spherical coordinates ¢, 9, let a regular curve be given by
the functions (p(s),?(s)) inside the sphere with parametriza-
tion (cos @ cos ¥, sin ¢ cos 9, sin¥). For s = 0 the tangent to this
curve is tangent to the equator ¢ = 0, i.e., #'(0) = 0. Then
the geodesic curvature is given by ¢”(0) = 32712”3:0, and the
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16.

17.

18.

19.

20.

curvature is consequently

k(0) = /1 + (97(0))2.

Hint: 2.10 (iii), where the geodesic curvature is denoted J.

Show that a slope line with 7 £ 0 lies on a sphere if and only if
an equation x%(s) = (—A2s? + Bs + C)~! is satisfied for some
constants A, B,C, where A = Z. Hint: 2.10 (ii)

Prove that a spherical slope line through a point on the equator
can never reach the north pole. It ends at a point where it cuts
a small circle around the north pole orthogonally.

In the orthogonal (but not normal) three-frame ¢/, ¢”, ¢’ x ¢ the
Frenet equations of a space curve take the equivalent form

’

c 0 1 0 o
7
7 — _ Ii2 K 7
o ’
¢ xc' 0 -7 = c xc'

Here the entries of the matrix depend in some sense rationally
(i.e., without roots) on k2 = (¢, ¢} and 7 (because of the rela-
tion k'/k = £ (log(x?))’).

Show the that the Frenet equations for a space curve are equiv-
alent to the Darbouz equations e, = D x e; for i = 1,2,3, where
D = teq + kes is the Darboux rotation vector.

Show that the Darboux rotation vector D is perpendicular to
e}, eh, es, and because of this lies in the kernel of the Frenet
matrix. The normal form of the Frenet matrix is
0 VEZ+71Z 0
~VK2 472 0 0
0 0 0

In this normal form, the Darboux vector points in the direction
of the third coordinate axis. Since the Frenet matrix is the
derivative of the rotation of the Frenet three-frame, it follows
that the Darboux vector points in this direction, and its length
is the angular velocity. Similarly, the Darboux vector describes
the accompanying screw-motion around that axis.

Show the following: c¢ is a helix if and only if D is constant. c is
a slope line if and only if D/||D|| is constant.
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21

22.

23.

24.

25.

26.

27.

28.

The axis of the accompanying screw-motion at a point ¢(0) is the
line in the direction of the Darboux vector D(0) = 7(0)e1(0) +
#(0)e3(0) through the point

k(0)
=20 + 20
Show that under these circumstances the tangent to the curve
which passes through all of these points, namely

P(s) = c(s) +

P(0) = c(0) +

(s,

is proportional to D(s) if and only if x/(k? + 72) is constant.
Verify the constancy of the curvature and torsion for the curves
4, Cs, Cg 10 2.21.

Let ¢ be a Frenet curve in /IR™. Show that
n—1
Det(cd,c",...,c™) = H(ni)"”i.
i=1
Construct a non-planar C'*°-curve which is a Frenet curve except
for a single point, and outside of this point satisfies 7 = 0.

A Frenet curve in IR? is called a Bertrand curve, if there is a
second curve such that the principle normal vectors to these two
curves (at corresponding points) are identical, viewed as lines in
space. One speaks in this case of a Bertrand pair of curves.
Show that non-planar Bertrand curves are characterized by the
existence of a linear relation ax + br = 1 with constants a, b,
where a # 0.

Let ¢, c2 be two plane closed curves with the property that the
segment ¢ (t)eca(t) connecting them never contains the origin.
Show that then W,, = W,,.

Does the equivalence (1) < (4) in 2.31 hold also for curves which
are not necessarily simply closed?

Show that one can integrate the Frenet equations for slope lines
in 3-space explicitly by the same method as described in Section
2.16. In this case one just has to replace the expression sK by
the integral [ K(s)ds, compare Exercise 8.






Chapter 3

The Local Theory of
Surfaces

By passing from curves to surfaces we in principle just replace the pa-
rameter of the curve by two independent parameters, which then de-
scribe a two-dimensional object, which is what is called a parametrized
surface. For a proper development of the theory we require that the
surface is not just given by a differentiable map in two variables, but
that moreover it admits a geometric linearization in the sense that
at every point there is a linear surface (i.e., a plane) which touches
the surface at least to order one at that point. Hence it is quite nat-
ural to demand that the derivative of the parametrization at every
point has maximal rank. A map satisfying this condition is called an
tmmersion, cf. 1.3.

L.

Figure 3.1. Parametrized surface element with a coordinate grid
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3A Surface elements and the first fundamental
form

3.1. Definition. Let U C IR? be an open set. A parametrized
surface element is an immersion

f: U — R
f is also called a parametrization, the elements of U are called the
parameters, and their images under f are called points. The carte-
sian coordinates in U are then mapped by f onto coordinate lines
in the surface element; see Figure 3.1 for such a grid of coordinate

lines.

A (non-parametrized) surface element is an equivalence class
of parametrized surface elements, where two parametrizations
f:U - R%and f: U — IR® are viewed as being equivalent if
there is a diffeomorphism ¢: U — U such that f foep.

Sometimes one also speaks of regular surface elements if the rank of
the map f is maximal, i.e., if f is an immersion. If there turn out
to be points, however, where the rank is not maximal, one speaks of
singular points or singularities.

Similarly, one defines a hypersurface element in IR™t! by means of
an immersion of an open subset U of IR™ in R™!, and even more
generally a k-dimensional surface element in IR™.

REMARKS:

1. The classical notion of a parametrization is given by a triple of
functions x,y, z in Cartesian coordinates

flu,v) = (m(u,v),y(u,v),z(u, v)) € R%.

The parameter (u, v) is mapped here to the point (z,y, 2). The prop-
erty of f = f{w,v) of being an immersion is equivalent to the property
that the vectors %5 and % are linearly independent at every point.
These span the tangent plane. The orthogonal complement to this

plane is the (1-dimensional) normal space.
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We introduce the following notations for a parametrized surface ele-
ment f: U — R3,u € U,p= f(u):

T,U s the tangent space of U at u, T,U = {u} x IR?,

T,IR® is the tangent space of R at p, T,IR® = {p} x R3,

T.f is the tangent planeof f at p, T, f := Dfl.(T,U)
C Ty R,

L, f is the normal space of f at p, T.f& Ly f =Tje) R

The elements of T, f are called tangent vectors and the elements of
L [ are called normal vectors. Similarly, the vectors in the tangent
space T, M of a submanifold M C IR? are called tangent vectors (to
M at p) and the elements of the subspace L, M are called normal
vectors (cf. 1.7, 1.8). We call a vector X € IR® tangential (resp.
normal) at a point p if (p, X) € T,,f (resp. (p,X) €L, f).

2. A two-dimensional submanifold of IR? (cf. Def. 1.5) can be locally
described as a surface element. The parametrization in this case how-
ever is far from being unique. For example, certain parts of the unit
sphere S? = {(z,y,2) € IR3 | 22 4+ y? + 2? = 1} can be parametrized
by

(u,v) = (u,v, £V 1 —u? —v?), u? 4202 <1,
or by the so-called spherical coordinates (cf. Figure 3.2)

(p,0) = (cospcos¥,sinpcosd,sind), 0<e@<2m, -5 <9<

[SIE]

Figure 3.2. Sphere with spherical coordinates
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3. The graph of an arbitrary real-valued differentiable function h(u, v)
can be viewed as the image of the immersion

flu,v) := (u,v, h(u,v)).

Here gg = (1,0, hy,), %5 = (0,1, hy) are always linearly independent.
Conversely, by Theorem 1.4 every two-dimensional submanifold (and
also every surface element) can locally be described by the graph of
a function, if the coordinates are chosen appropriately.

4. As to what exactly is to be understood under a surface in the
large, there are several different possibilities for how this is precisely
defined. A two-dimensional submanifold certainly also can be viewed
as a global surface. This excludes self-intersections. This matter can
only be completely clarified upon introduction of the notion of an
(abstract) two-dimensional manifold, which we postpone until Section
5.1. A surface in the large will then be defined as an immersion of a
two-dimensional manifold in IR>.

Figure 3.3. Torus of revolution
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EXAMPLE: A torus of revolution is defined as a surface element by
f(u,v) = ((a + beosu) cos v, (a + beosu) sinv, bsinu),
O<u,v<2m,0<b<a.

Because of the periodicity of sine and cosine, this parametrization
closes after a period of 27 in every coordinate direction, if one goes be-
yond the interval u, v € (0, 27). One then obtains the (two-dimension-
al) torus as a global submanifold, cf. Figure 3.3. The latter is given
for example by the equation (a2 — b2 + 2% + 9% + 22)? = 4a?(z? + y?).

2. Definition. (First fundamental form)
We denote by { , ) the Euclidean inner product in IR? as well as in
every tangent space T, IR, i.e., we use the notation {(p, &), (p,n)) =
(&,m). The first fundamental form I of a surface element (resp. of
a two-dimensional submanifold) is just the restriction of { , } to
all tangent planes T, f (resp. T,M), i.e.,

I(X,Y) = (X,Y)

for any two tangent vectors X,Y € T, f (resp. T, M) or for vectors
X,Y € IR? which are tangent to the surface element.

In an explicit parametrization one can view this also as a symmetric
bilinear form on T, U, that is, as a mapping

LU X T,U 3 (V,W) = (Df1u(V), Dflu(W)).

This is also often referred to as the first fundamental form, and is
denoted by I or Df - Df or df - df or df @ df.

REMARKS:

In coordinates f(u,v) = (z(u,v),y(u,v), 2(u,v)), the first fundamen-
tal form is described by the following symmetric, positive definite
matrix:
af 8 af 8
E F 135,30 133D
(9i5) = = (

F G I(8L,%) 1

(& B8 (38 )

(35,35 (35,30

D



60 3. The Local Theory of Surfaces

In case the parametrization f is k-times continuously differentiable,
the matrix (g¢;;) of the first fundamental form is (k — 1)-times con-
tinuously differentiable. This matrix (g;;) is also called the measure
tensor, because it can be interpreted as a tensor (cf. section 6A) which
determines the metric properties (that is the notion of measure here).
More precisely, one can also write

E N\ [ Euv) Fuv)
F G ) \ Flu,v) Gu,v) J’
to indicate that F, F,G are functions of © and v. In terms of these

parameters, one often writes the first fundamental form as a quadratic
differential:

ds? = Edu® + 2Fdudv + Gdv?;

ds? (or ds) is also called the element of arc length or the arc element or
the line element. It is in fact true that for a curve c(t) = f(u(t), v(t)),

the expression
duy? du dv dvy?
\/E<E> 2 G +6()

is equal to the length ||¢|| of the tangent vector ¢(t), which is eas-
ily seen by applying the chain rule: ¢ = f,@ + f,© implies {¢,¢) =
(Fus Fu)@® + 2(fu, fo) 0 + {fo, fo)0? = EG? + 2Fu0 + Gv*.

Note that for an injective f every regular curve ¢ whose image is
contained in f(U) can be written as c(t) = f{~(t)) with a regular
curve v whose image is contained in U, a fact we have used here. For
this it is sufficient to set y(¢t) = f~!(c(¢)).

The first fundamental form I can be clearly distinguished from the
Euclidean inner product on T,U. In symbolic notation, in which
%7 3‘% denotes the standard basis of the tangent space T,,U, the inner
product is always given by the following matrix:

<<%,g%> <5%,a%>):(1 o)
&d) HE ) oo
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Compare this with the spherical coordinates
flp,9) = (cos pcos D, sin g cos I, sin )

on the sphere and the properties of the length function there. The
first fundamental form is

E F\ [ cos?’d 0

F G )~ 0 1)
In U the length of an interval determined by the parameter values
¥ = 1y,0 < ¢ < 7 is always equal to 7, while the length of the image
curve in f(U) is equal to mcosy. This factor in which the lengths

differ, cos¥, occurs explicitly in the matrix of the first fundamental
form.

3.3. Lemma. The matrix of the first fundamental form behaves
as follows under a transformation of the parameters f = foyp (here
Dy denotes the Jacobi matrix of ¢):

(@i;) = (D9)T (gi5) (D).

PrOOF: The equation (gi;) = (Df)T - (Df) results easily from the
matrix multiplication of the corresponding matrices; compare Exer-
cise 1 at the end of the chapter. With this we can calculate

(Gi5) = (Df)T(DJ) = (Df o Dp)"(Df o Dy)

= (D))" (Df)T(Df)(Dy) = (D) (gi;)(Dyp).

The determinant of the first fundamental form plays an important role
in the integration of functions which are defined on surface elements
(so-called surface integrals). We provide here the following definition.
For more details as well as the rule for substitutions we refer the
reader to [27], Chapter XX, and [28].
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3.4. Definition. (Surface integral)

Let f: U — IR® be a surface element, and suppose that f is injec-
tive, viewed as a map. Let a be a continuous, real-valued function
which is defined on all of f(U). For every compact subset Q@ C U,
the expression

//f(Q) cdd= //Q(a © 1), v)y/Det(g;) duco

is well-defined, and is called a surface integral. For & = 1, one just
gets the surface area. The injectivity of f can be weakened to the
assumption that no open set is covered more than once. In that
case one would have to count the contribution of this set to the
integral with a corresponding multiplicity.

REMARKS: One can similarly define an integral for integrable func-
tions on measurable subsets of U, for example the Lebesgue integral.
The surface integral defined by 3.4 is invariant under transformations
of the parameter accordlng to Lemma 3.3. More precisely one has for
f=fop,Q=¢ (Q), (u,v) = (%, ) the substitution rule

// a dA = // (ao f)(@,7) Det(gw) dudv
i(*)

= [[ (e Pi@IDetDADet(sy) dids

=//Q(aof)(u,v),/1)et(gij) dudvz//f(Q)adA

g = Det(gi;) is also called the Gram determinant. /g describes an
infinitesimal distortion of f, which is made quite explicit by expres-
sions like dA = /g dudv. The symbol dA is meant to remind one of
“area” (element of surface area). Moreover, one has

1=[5 5l

where X denotes the cross product or vector productin IR3. (Note that
in the book [1], gg/\%g is written instead of gﬁ X %.) The surfaces
with the minimal possible surface area (with some fixed boundary)
play an important role in differential geometry and analysis; see Sec-
tion 3D for more details.
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3.5. Definition. (Vector fields along f)

For a surface element f: U — IR® we call amap X: U — IR3 a
vector field along f. In this definition, we view the vector X (u) for
every u € U as a vector at the point p = f(u). In full mathematical
rigor we would have to view X as a map from U to the tangent
bundle TIR?, where the parameter u gets mapped to (f(u), X (u)) €
T f(u)RS. One also refers to this situation by saying that f(u) is the
position vector and X (u) is the directional vector. The idea is that
the directional vector X (u) is based at the point p = f(u}, and
then (viewed quite formally) this vector together with p defines an
element (p, X (u)) € T,IR? = IR®, compare Definition 1.6.

Similarly, X is called tangential (resp. normal), if for every u € U
one has the relation (f(u), X (v)) € T, f (resp. (f(w), X (u)) €L, f)
(note that T, f& L, f = Tf(,)JR® as an orthogonal direct sum).

A tangential vector field can always be uniquely written (with u =
(uy,u2)) as

X (u) = a(u>% +ﬂ(u>§—j2

)
U U

while a normal vector field can always be uniquely written in the form

0 0
X(u) = 9l) | x 5L

K
X is said to be continuous (resp. differentiable), if o, 8 and ~y are all
continuous (resp. differentiable).

EXAMPLES:

1. On the cylinder f(p,z) = (cos p,siny, z) the vector field
X(p, ) := (~sinep, cos p, zo)

with constant zg is a tangential vector field and at the same
time a tangent vector to the family of lines of inclination ¢t +—
(cost,sint, zot + ¢) with parameter ¢ (cf. Figure 3.4). Each of
these curves is a helix, cf. Figure 2.1.
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2. Starting with some (variable) point, the unit vector

= (g 5x) N = |

is a normal vector field. The unit normal v can also be viewed
as a map

v:U— S CcR.
Here the vector is based at the origin. This so-called Gauss
map is of great importance in the theory of surfaces, because it
determines the second fundamental form and through this also
the curvature, cf. 3.8-3.10.

Figure 3.4. A tangential vector field on a cylinder

3.6. Definition. (Orientability)

A submanifold of IR" is called orientable, if one can cover it by images
of parametrized surface elements (charts in an atlas, cf. [29]) with the
following property: all the Jacobi determinants of the local coordinate
transformations are positive. The choice of such a cover by means of
charts is called an orientation. For two-dimensional surfaces one can
also view an orientation as a definite choice of rotational direction
(mathematically “positive” is usually defined to be counter-clockwise)
in each tangent plane, which is not changed inside the individual
charts. In this case one has the element of surface area

dA = \/§ dU] A dU2
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as a globally defined differential form (a two-form), cf. [29] and [27],
Chapter XXI. On a single chart there is of course an obvious orien-
tation, defined simply by choice of which coordinate is the first.

For a surface element f: U — IR® the choice of an orientation can
also be expressed as the choice of the order of the two tangent vectors

of of

8u1 8uz
A change of parameters with positive Jacobi determinant would pre-
serve the orientation, although in general it would not preserve this
particular two-frame. If the orientation of IR? is considered as being
fixed, then the sign of the determinant

of 0
Det (2F 9F
8u1 au2
gives information about the orientation of the surface element in terms
of a given unit normal v. From this we obtain the following lemma:

3.7. Lemma. A two-dimensional submanifold M of IR® is ori-
entable if and only if there is a continuous unit normal vector field
von M, ie., a globally defined, continuous mapping

M3 p+— (p,v(p) € LM

In local coordinates f(uy,uz) the vector field v can be expressed
as follows:

i(@ul auz>/Hau1 8u2”

ExAMPLE: The Mo6bius strip as an example of a non-orientable sur-
face.

The image of the parametrized surface element f: IR x (—¢,¢€) — IR3
with

flu,v) = <Slnu—|—vsm§81nu,cosu+v81n§cosu,vcos §>
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Figure 3.5. Mobius strip

is closed in the wu-direction after one revolution 0 < u < 27, but this
in such a manner that a chosen unit normal vector for u = 0 is con-
tinuously transformed to the opposite unit normal at u = 2x. This
surface is called the Mdbius strip, named after the German mathe-
matician A. Mébius. From this it follows that the image of f, viewed
as a submanifold, is not orientable. We note also that this surface is a
ruled surface in the sense of Definition 3.20 below, since the v-curves
are segments of straight lines (orthogonal to the circle v = 0).

3B The Gauss map and the curvature of surfaces

Just as the curvature of curves is described by the changes of the
tangents, we would expect that the curvature of surfaces is related
to the changes in the tangent planes. Since each plane is essentially
determined by just one direction, namely that of its normal vector
(compare with the Hessian normal form of a plane {X | (X, V) = ¢},
where V is a constant unit normal vector and ¢ is a real constant),
we can just as well study the variation of the normal vectors instead.
This is what is behind the Gauss mapping, which we introduce now.
Let S? denote the unit sphere S? = {(z,y,2) € R | 22 +y? +2% = 1}
with a fixed origin which is independent of the surface element f.
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3.8. Definition. (Gauss map)
For a surface element f: U — IR3, the Gauss map
v:U — 82
is defined by the formula
of  of
— OJuy Oug
viug,up) = o —E
‘ of o Of
8u1 au2

The idea here is that the unit normal vector v(u) no longer is thought
of as being based at the image point f(u), but rather by means
of a parallel translation is based at the origin of space, cf. Figure
3.6. One could replace the v which appears in the above by —v =
“(a%% X %)/H% x %H, as the choice of a sign here is arbitrary
and amounts to the choice of a (local) orientation. In fact, there are
actually two different Gauss mappings, one for each choice of this
sign. Under the assumption of orientability there exists according to
3.6 and 3.7 also a global Gauss map v. This v is (locally) continu-
ously differentiable if f € C?. For this reason, we now make for the
remainder of the discussion the following

General assumption:  Assume that f is at least twice contin-
uously differentiable.

Figure 3.6. Unit normals and their images under the Gauss map
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3.9. Lemma and Definition. (Weingarten map, shape operator)
Let f: U — IR® be a surface element with Gauss map v: U —
S? c R
(i) For every u € U the image plane of the linear map
Dv| : T,U — T, R

is parallel to the tangent plane T, f. By canonically identify-
ing Ty(u)B3 ~ JR3 Tf(u)BS we may therefore view Dv at
every point as the map

Dv| : T,U — T.f.

Moreover, by restricting to the image, we may view the map
Df [u as a linear isomorphism

Df|,: TuU — T f.

1 is well-defined

In this sense the inverse mapping (Df| )~
and is also an isomorphism.

(ii) The map L := —Dv o (Df)~! defined pointwise by
Ly:=—(Dv|,) o (Df|) " Tuf — Tuf

is called the Weingarten map or the shape operator of f. Ob-
viously, for every parameter u this is a linear endomorphism
of the tangent plane at the corresponding point f(u).

(iii) L is independent of the parametrization f (up to the choice
of the sign of the unit normal vector v), and it is self-adjoint
with respect to the first fundamental form I.

By a slight abuse of notation occasionally we write L(p, X) = (p, LX)
for tangent vectors X at a point p.

PrOOF: (i) follows simply from the relation 0 = (—9%1(1/, vy = 2(%, VY.
Therefore both vectors 68771 and 36_:2 are perpendicular to the normal
vector. That the restriction Df|,: T,U — T,f is a linear isomor-

phism follows from the assumption that D f has maximal rank.
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To prove (iii), let f: fop be given, so that the corresponding normal
isv=xvoy and

L=—(Di)o(Df)™" = F(Dv) o (Dp)o (D) " o(Df)™"

= F(Dv)o(Df)™* = L.

The property that L is self-adjoint is most easily seen in the basis
2f O where we have La%% =g,

8U1 ’ auz a—u,, :

af o dv Of 0 4] 0% f
I<L(9ui’%fj> - < B 8—:1’8—11]> - By <V’ 51f—]> +<V’ 8ui8uj>'

N e’
=0

The last expression is clearly symmetric in 4 and j because of the
commutativity of the second derivatives. a

3.10. Definition. (Second and third fundamental form)
Let f: U - IR3 and v: U — S2, L be given as in 3.9. Then for
tangent vectors X and Y, one defines:

(i) the second fundamental form II of f by

(X, y):=I{LX,Y),
(ii) the third fundamental form III of f by

HoI(X,Y) :=I(L*X,Y) = I(LX,LY).
IT and III are symmetric bilinear forms on T, f for every u € U,
as follows from the fact that L is self-adjoint with respect to I.

CONSEQUENCE: The following equation holds between the three fun-
damental forms I, II, IIT:

[T — Tr(L)IT + Det(L)I = 0.

This is most easily verified by inserting a basis consisting of eigen-
vectors of L. It also follows from the Hamilton-Cayley theorem, see
[31], Chapter X.
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For the fundamental forms we have the following expressions in local

coordinates:
I. gy = <g1i , %>, (first fundamental form)
Bohy = (g
= —< ng , g—jj>, (second fundamental form)
m: ey = <§—1:, (%’j> (third fundamental form)

The matrix h of the Weingarten map with L( B )= > hI 2L gat-

i Ou,

isfies the equation (L(2L), 2LY = hy = 37 y hlg;x and consequently

Ou; ’ Bug
= 3", hitg*?. Here, (¢*) denotes the inverse matrix (g;;)~!, i.e.,

(g) = 1 ( G —F): 1 ( 922 “912).
EG-F:\ -F E Det(g:;) \ —912 911

Although (h;;) is always a symmetric matrix, the matrix (RI) is not al-
ways symmetric. This is not in contradiction with the self-adjointness
of L. One also often writes

(L M (e f
() a5 )

for the matrix (hi;), just as one writes

E F

(25,
Geometrically, the Weingarten map is not very easy to visualize; it
turns out to be easier to visualize the matrix h;; as the Hessian matrix
of a function h, which represents the surface as a graph over its tan-
gent plane, cf. 3.13 and Figure 3.8. By definition the third fundamen-
tal form also may be viewed as the first fundamental form of v, which
in turn is viewed as a surface element (at least if Rank(Dv) = 2).
For this reason, it is also referred to as the “metric of the spherical
image”, because the Gauss map v is in a sense a parametrization of
the sphere and III is then the first fundamental form of this surface
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element. I and IIl are independent of the choice of v, while the sign
of IT depends on the sign of v.

ExaMPLE: For the (unit) sphere S? one can set simply

v=—f

for the Gauss map, independent of the special form of the parametriza-
tion f. It then follows that L = —(Dv) o (Df)~! = Identity. In this
case one then also has [ = II = III.

3.11. Remark. (Motivation of the different notions of curvature for
surfaces)

From Chapter 2 we know what the curvature of a curve in space is.
For curves which lie entirely on some surface, it is natural to ask how
much of the curvature comes only from that of the surface. We can
test this with curves ¢ = cx on a surface through a fixed point p with
an arbitrary unit tangent vector ¢’(p) = X. The curvature s of ¢
is defined as the length of the vector ¢””. We decompose ¢ into its
tangent and its normal parts:

" NTang. ”"
" = (¢ g + (", viv
N — N —
tangential component normal component

Figure 3.7. A curve on a surface

The normal component of p is then quite simply

(" viv = <%2s—g,u>u = —<c', %>V = (X, LXyv=I(X,X)
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and thus clearly only depends on the tangent ¢/ = X at the point p,
but not on the choice of curve. This state of affairs is referred to as
the Theorem of Meusnier.

For this reason, one calls II(X, X) the normal curvature k, of the
curve cx. One always has xk? > k2, with equality holding if and
only if ¢’ and v are linearly dependent, or equivalently in case of a
Frenet curve, if the osculating plane of the curve contains v. This is
in particular the case when the curve is obtained as the section of the
surface with a plane which is perpendicular to the tangent plane at p
which contains X (a so-called normal section). The normal curvature
is then the (oriented) curvature of the normal section, viewed as a
plane curve. In this case the tangent component vanishes. In case this
happens to be true for a whole interval, then the curve moves inside
the surface without any curvature. One calls such curves geodesic
lines or geodesics; cf. also 4.9 in this respect. In all other cases there
is a tangent component, which is referred to as the geodesic curvature.

The normal curvature x, certainly does not depend on the curve,
but is completely determined by the surface. The directions of the
extremal normal curvatures are therefore particularly interesting geo-
metric invariants of the surface, which are given by the extremal val-
ues of II(X, X). This motivates the following definition.

3.12. Definition. (Principal curvature)
Let X € T, f denote a unit tangent vector, i.e, I(X, X)=1. X is
called a principal curvature direction for f, if one of the following
equivalent conditions is satisfied:

(i) I(X,X) (The normal curvature &, in the direction of X) has

a stationary value among all X with I(X,X) = 1.

(ii) X is an eigenvector of the Weingarten map L.
The corresponding eigenvalue A (where LX = AX) is called the
principal curvature.

The eigenvalue A occurs as a Lagrange multiplier for the following
extremal value problem: “II(X,X) should become extremal under
the constraint that I(X, X) = 1”. The equivalence of (i) and (ii) is



3B The Gauss map and the curvature of surfaces 73

often called the Theorem of Olinde Rodrigues. In fact this equivalence
follows directly from the Lagrange rule that a point is stationary for
one function /7(X, X) under the constraint that I(X, X) is constant,
"if and only if the two gradients are linearly dependent, see [28]. Here
the gradient of IT at X is LX; the gradient of T is just X itself.

For a two-dimensional surface both principal curvatures are simply
the minimum and the maximum of the normal curvature. For an n-
dimensional hypersurface we have a similar definition with n principal
curvatures, among the minimum and the maximum of the normal cur-
vature, as well as n — 2 saddle points in between. The two principal
curvatures of f are denoted k1, k9. The corresponding principal cur-
vature directions {pcd) X, X, are perpendicular to one another, if
k1 # k2. This follows from the self-adjointness of L together with the
relations

H1<X1,X2> = <LX17X2> = <X1,LX2> = H2<X1»X2>-

The sign of x1, ko depend on the choice of L, hence on the choice of v
and ultimately on the orientation. If both of these are positive {(resp.
negative), then II is positive (resp. negative) definite. If both signs
occur, then IT is indefinite. These cases are again independent of the
orientation, and hence are of geometric significance.

3.13. Definition.
(i) The determinant K = Det(L) = &, - k2 is called the Gaussian
curvature.
(ii) The average value H = 1Tr(L) = 3(x1 + k2) is called the
mean curvature.
(iii) A point p on the surface is called

elliptic, if K(p) >0,

hyperbolic, if K(p) <0,

parabolic, if K(p) =0 and H{p) #0,
umbilic, if x1(p) = K2(p),

properly umbilic, if k1(p) = ka(p) # 0,

a level point, if K1(p) = Ka(p) =0
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Consequence. One always has H? — K = $(k1 — k2)? > 0, with
equality holding precisely for umbilical points. The quantities H
and K can be expressed in local coordinates according to 3.10 as
follows:
_ Det(hij) - h11h22 - h%Q
Det(gi;) 911922 ~ 932

1 . iy 1
H=—E h’-:—g hijg'=———(h —2h h .
5 i i 5 - 79 2Det(gij)( 11922 12912+ 22911)

REMARK: The Gaussian curvature is closely related with the Gauss
map: It can be interpreted as the “infinitesimal area distortion” (with
sign) of the Gauss map, cf. 4.45.

EXAMPLES: An ellipsoid with the equation a?z? + b%y? 4 %22 =1
has only elliptic points. The sphere has only proper umbilics because
L = 4£1d, while the single-sheeted hyperboloid z% + 3% — 22 = 1
only has hyperbolic points. The circular cylinder only has parabolic
points, the plane only level points (because L = 0). The paraboloid of
rotation z = 22 4+ y? has only elliptic points with just a single isolated
umbilic, namely the origin, while the monkey saddle z = 23 — 3xy?
consists completely of hyperbolic points, with an isolated level point
at the origin. For pictures see Figures 3.8 and 3.9.

The different types of points can be seen particularly clearly in a
description of the surface as a graph of a function h over the tan-
gent plane of a fixed point. The corresponding coordinates are also
called Monge coordinates. We parametrize the surface element by
flur,u2) = (u1,u2, h(u1,uz)) with h(0,0) = 0 and gradh|(,0) = 0.
The type of the point f(0,0) can then be read off of the second fun-
damental form as follows (v = (0,0,1)):

(hij(oao))ij = IIl(O,O) = (<%afuj’y>)ij = <8_7i—25};_])u

The matrix ( aizahuj )ij = Hess(h) is called the Hessian matriz or the

Hessian of h, [27], Chapter XVTI, §5.
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Figure 3.8. Elliptic, hyperbolic and parabolic points with

level curves

The point f(0,0) is

elliptic,

hyperbolic,
parabolic,
umbilic,

properly umbilic,

a level point,

in case Hess(h)|(o,0) is
positive (or negative) definite,

in case Hess(h)|(g,0) is indefinite,
in case Rank(Hess(h))|(,0) = 1,
in case Hess(h)|(,0) = /\((1) (1))’

in case in addition A #£ 0,

in case Hess(h)|(,0) = (g g).

The notations are derived from the type of the approximating qua-
dratic surface (elliptic, parabolic, hyperbolic), in which h is replaced
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by the Taylor polynomial of second degree! The type of a point is also
described by the Dupin indicatriz, which is defined by the condition
that the corresponding quadratic form takes a constant value. This
yields, according to type of point, an ellipse, a hyperbola or a pair of
lines, respectively, and in the case of an umbilic a circle.

EXAMPLES: An ordinary saddle point is given by h(z,y) = 2% — 32,
while a monkey saddle is given by the equation h(z,y) = 23 — 3zy?,
and a dog saddle by the equation h(z,y) = zy(z? — y?).

Figure 3.9. A monkey saddle with level curves

Those surfaces which consist solely of umbilics are classified in the
following theorem:

3.14. Theorem. All points of a connected surface element of class
C? are umbilics if and only if the surface is contained in either a
plane or a sphere.

PrOOF: First we have L = 0 for a plane and L = i% -1d for a sphere
of radius r. Conversely, we clearly have x; = k3 if and only if L is a
scalar multiple of the identity. Call this scalar factor A. The proof is
now based on taking the derivative of the equation

L(uy,uz2) = AMuy,uz)Id  resp. Dv=—M\ug,u2)Df

1Strictly speaking, these quadratic surfaces are called elliptic paraboloid, parabolic
cylinder and hyperbolic paraboloid, respectively.
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with respect to u; and us. One gets

ov Y of
8ui N 8ui’
hence
v\ 0f o\ of
OuOug Ouiuy  Ouj Juy

After switching the roles of u; and us, one has

ox  ox

8u1 - 8u2 o
hence A is constant on every connected surface element. The case
A = 0 corresponds to the plane (because Dv = 0, which implies that
v is constant), and A # 0 corresponds to the case of a sphere of radius
1/{Al. Here the quantity $v + f is constant, and it defines the center
of the sphere. O
PrROBLEM: This proof uses the differentiability of A, hence third
derivatives of f. Apparently it is not known whether this is a neces-
sary requirement.

3.15. Definition.

A regular curve ¢ = foy, v: I — U, f: U — IR® is called a line
of curvature, if the unit tangent vector ¢(t)/ || é(¢) || is a principal
curvature direction at every point.

One says that a surface is parametrized by lines of curvature parame-
ters, if the u;-lines are lines of curvature everywhere. This is the case
if and only if in these parameters one has g12 = hys = 0, i.e., if

gu O hin O ) his
I= o= o= i
( 0 922) ’ ( 0 ha " Gii

Every surface element without umbilics can locally be parametrized in
such a way that the new parameters are lines of curvature parameters.
This follows from the theory of partial differential equations, cf. [2],
3.6.
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3C Surfaces of rotation and ruled surfaces

In this section we will study two classes of surfaces in more detail,
which first of all occur often and secondly allow quite simple com-
putations of all of the relevant geometric quantities. The surfaces of
rotation or surfaces of revolution are formed from circles centered at
one of the axes, with variable radii (perpendicular to the axis), and
the ruled surfaces are formed from lines along some fixed curve, but
in variable direction. Similarly one can define a canal surface by the
condition that the fixed axis in the definition of surfaces of rotation
is replaced by a fixed curve, and scrolls, in which the lines in the
definition of ruled surfaces are replaced by a fixed curve.

3.16. Definition. (Surface of rotation)
A surface is called a surface of rotation, if it is obtained by rotating
a regular, plane curve (the meridian curve or profile curve)

t (r(t), h(1))
around the z-axis in JR3, in other words, if it admits a parametriza-
tion of the following form:

F(t, ) = (r(t) cos o, r(t) sing, h(t)).

Surfaces of rotation occur naturally in all technical disciplines in
which rotations occur, for example in mechanical engineering. Ob-
jects with rotational symmetries occur often in physics. A symmetry
of this kind greatly simplifies computations; in fact, in some cases
only under this circumstance can one do calculations at all, which
is why one often assumes the existence of a symmetry of this kind.
By the definition above, a surface of rotation is invariant under all
rotations about the z-axis, which are described by the following maps:

T cos ¢ —sin ¢ 0 T
y|—|sing cosep O y
z 0 0 1 z
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Figure 3.10. Surface of rotation

For surfaces of rotation the most important geometrical quantities
can be easily calculated. For example, from the expressions
af . of

yri (7 cos @, 7sin g, h), 9% = (~rsinyp,rcosp,0)

it immediately follows that the first fundamental form is

2 p2
I (r +h 02 ) ‘
0 r
Hence, if a curve is regular (i.e., 72 + h2 # 0), then for r # 0 the
surface is also regular, meaning that f is an immersion. We choose

as normal vector

I3} o
x4 1

= - —izcosap,—izsingo,%)
I I

and calculate the second fundamental form by the second derivatives

2 s
%t—g— =  (Fcosy,ising, h),
52
ataj; = (—rsing,rcosyp,0),
82
‘9—90]; = (—rcosyp, —rsiny,0).
Again it follows immediately from this that
gL —#h4+7h 0
N Y 0 rh)’
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From this it is clear that ¢, p are lines of curvature parameters in the
sense of 3.15. The principal curvatures (i.e., the eigenvalues of II with
respect to I} are thus

K1 = m(—rh—f-rﬁ),
1 h

Keg = ——" "—.
(,,'.2_'_h2)1/2 r

In case t is the arc length parameter, r'? + A2 = 1 holds and

1 0 —r"W +r'R" 0
=( 2 = (TG
h/
k1 =—r"h +r'h", K2 = .

The first principal curvature x; is here nothing but the curvature
of the plane curve (r(t), h(t)), which is easily seen from the Frenet
equations e} = keg, ey = —keq, cf. 2.5. Indeed, one has e; = (v, 1),
el = (r",h"),ea = (—h',7"), hence k = (ef,e3) = —r"h’ + r'h".

Other expressions for the same quantities are

h/h// , h// 9 9 h// 7,//
For the second and the third equality, note that r'? + h’2 is constant,
so r'r"” + h'h"” =0 is also. It follows that

n

Hl :_rllhl+r/h//: +rlhII:

K= K1Ka2 = __T 5
r
i 1. m" R rh"” + 7'k (rh'y
H=; = (5+—)= = :
2(H1 + H2) 2(,,./ + r ) Ayl (,,.2)/

From this we in turn recognize among other things the following facts:
every condition on K and H (for example that one of the curvatures
is constant) leads to an ordinary differential equation for r, if one
replaces A’ by £v/1 — r2. In particular, one has

K=c < 71" +cr=0,
H=c < (ri') =c(r?,

" 7
Kl =Ky < L =T = r?yer?=1,

T



3C Surfaces of rotation and ruled surfaces 81

where in each case ¢ is constant, see 3.17. Cases in which a singularity
appears also occur, for example when one of the principal curvatures
vanishes while the other becomes infinite. Also interesting are the
extreme cases in whichr»’ =0,k =1land ' =1, = 0.

REMARK: A surface of rotation can be a regular (or even C'™ or an-
alytic) surface along the axis of rotation » = 0 (perhaps in a different
parametrization), even though the matrix

. (f«? +h2 0 )
0 r
is apparently degenerate there. To see this, one has to determine «o
by passing to the limit and applying the rule of Bernoulli-I’'Hospital:
ko = lim hTI = lim';—’,, = £ limA”, in case limh’ = 0 , from which it
follows that limr’ = +1. As a simple example of this, consider the
sphere with »(t) = sint, h(t) = —cost. One has
k1= —r"h +7r'h =sin®t + cos?t =1,

p .
zizﬂzl (also as t — 0).

r  sint
This surface is also regular for r = 0. A necessary condition for this
is that A’ = 0 at this point, since ko otherwise cannot have any finite
value. If the surface is regular (C?) in r = 0, then there is necessarily
an umbilical point there (k1 = K2).

Ko

3.17. Example. (Surfaces of rotation with constant curvature)

In order to determine the surfaces of rotation with constant Gaussian
curvature K, we seek according to 3.16 all solutions to the differential
equation

"+ Kr=0.
Here the parameter of the curve we are looking for (r(t), h(t)) is arc
length, and hence we have h'?2 = 1 — r'2.

The general solution is then the following expression, with constants

a,b:
acos(VKt) + bsin(VKt), in case K > 0,
r(t) =< at +b with |a| <1, in case K =0,
acosh(v/—Kt) + bsinh(v/—Kt), incase K <0.
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Figure 3.11. Surfaces of rotation with vanishing Gaussian curvature

For K = 0 we get a cylinder of radius r = b if @ = 0, a plane which
is orthogonal to the axis of rotation if |a| = 1, and a circular cone if
0<lal <1.

In case K > 0 we can achieve, by a translation of parameters if
necessary, that & = 0. In order that the equation h'? = 1 — /2
has a real solution h, it is necessary that an inequality of the kind
0 < a®K sin?(v/Kt) < 1 holds and consequently that

h(t) = /O t V1 - 02K sin?(VEz)dz,

which is an elliptic integral. The case a? K = 1 corresponds to a
sphere, in case 0 < a?K < 1 one has an elongated sphere (Figure
3.12, right side), while for a? K > 1 one has an oblate sphere (Figure
3.12, middle).

If K <0, we get for b2 > a? the so-called conic type (Figure 3.13,
right) and for b? < a? the so-called hyperboloid type (Figure 3.13,
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Figure 3.12. Surfaces of rotation with constant positive
Gaussian curvature

center). In the special case in which ¢ = b and K = —1, one gets the
famous pseudo-sphere with

r(t) = aexp(t), h(t)= /0 1 — a? exp(2zx)dz,

which is also known as the Beltrami surface or the tractroid or the
bugle surface. A meridian of this surface is a tractriz, as discussed
in Section 2.3 (Figure 3.13, left). The curve ends at a point with
infinitely large curvature (this is the point where the tangent becomes
exactly horizontal), hence the surface itself ends there in a singularity.
While the product of both principle curvatures is necessarily constant,
at the singular point one of the principal curvatures becomes infinite,
while the other vanishes.
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Figure 3.13. Surfaces of rotation with constant negative
Gaussian curvature

3.18. Definition. A curve ¢ = f o~ is called an asymptotic curve
of f,if II{¢,¢) = 0 identically.

The name arises from the asymptotic lines of the hyperbola which
is defined by the Dupin indicatrix at a hyperbolic point. Obviously,
asymptotic curves do not exist on elliptic surface elements. On hy-
perbolic surface elements one can introduce parameters in such a way
that the parameter lines (curves where the parameters are constant)
are asymptotic curves, cf. [2], 3.6. For example, every straight line
which lies on a surface is an asymptotic curve, because ¢ = 0. This
holds in particular for the lines on the one-sheeted hyperboloid (hy-
perboloid of rotation) with the equation 22 + 4% — 22 = 1 (see Figure
3.14). Surfaces of this kind, which are composed of lines which lie on
them, will be studied in more detail in Sections 3.20 — 3.24. All these
surfaces have nonpositive Gaussian curvature.
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If the curvature of an asymptotic curve does not vanish, then we have
the following geometric interpretation for its torsion:

3.19. Theorem. (Beltrami-Enneper)
Every asymptotic curve with curvature £ # 0 and torsion T satisfies
the equation 72 = —K.

PROOF: Let c(s) be an asymptotic curve with II(c’, ¢’) = 0. Then the
normal curvature of ¢ vanishes (cf. 3.11). Hence e, is tangential to the
surface and consequently the vector e3 = v is a unit normal, possibly
up to sign. We now calculate 7 = (e}, e3) = (e5, v) = II(ey, €2). From
this it follows that

K = Detll /Detl = II(e1,e1) (e2,e2) — (I (e1,€2))? = 0 — 72
O

3.20. Definition. (Ruled surface)
A surface is called a ruled surface, if it has a C?-parametrization
of the following kind:

f(u,v) = c(u) +v- X(u),

where ¢ is a (differentiable, but not necessarily regular) curve and
X is a vector field along ¢ which vanishes nowhere (cf. 3.5).

Clearly the v-lines (with constant u) are Euclidean lines in space.
The intuition we have of the situation is that the surface results from
the motion of a line in space, similarly to the way a curve represents
the motion of a point (particle), cf. Figure 3.5 or 3.14 for an example.
These lines on X are also called generators or the ruling of the surface,
and the curve c is called the directriz of the surface. Movements of
this kind of surfaces or segments occur often in technology in the
description of mechanical processes, like for example the motion of
the arm of a robot.
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3.21. Lemma. (Standard parameters)

Let f(t,s) = c(t) + s - X(¢) be a ruled surface with 4X 3 0 in an
interval 1 < £ < t2. Then f can be reparametrized in a unique
way as fu(u,v) = cu(u)+v- X (u) so that X, = X/|| X||, || X.|]|=1
and (c,,X.) =0.

¢« is uniquely determined {with the exception of the plane) by this
property and is called the striction line of the surface. The parameter
© is then the arc length on the spherical curve X. In the case of the
one-sheeted hyperboloid with the equation 22 + y? — 22 = 1, the
striction line is nothing but the “waist”, cf. Figure 3.14. If, moreover,
X = 0 holds on an interval, then X is constant there (and the surface
is a cylinder over the curve c); hence there is no such exceptional
curve and parameter of this kind, as the condition [|X'|] = 1 can
no longer be satisfied. If the plane is, however, parametrized with
the constant X, then one can vary the vector field X and get other
standard parameters, which now depend on the choice of X.

PROOF: Since X is a regular curve, we can choose the parameter u
for ¢ and X in a certain interval u; < v < wg in such a way that
X, = X/||X|| is parametrized by arc length u, i.e., (X., X.) = 1.
We then follow the Ansatz ¢, (u) = c(u) + v(u)X.(u) with a certain
function v(u). Then we have (¢, X1} = (' +v(u) X, +v'(u) X, X.) =
(¢, X.) + v(u), and this expression vanishes if and only if v(u) =
—{c’, X.). The curve c is uniquely determined by this. It is not
necessarily regular. a

3.22. Theorem. Using standard parameters, a ruled surface is,
up to Euclidean motions, uniquely determined by the following
quantities:
F=(d,X),
A= {c x X, X') = Det(c, X, X"},

J:i=(X",X x X') = Det(X, X', X",
each of which is a function of u. Conversely, every choice of these
three quantities uniquely determines a ruled surface.
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Consequence: For a ruled surface, given by standard parameters
flu,v) = c(u) + v - X(u), the first fundamental form is given as
follows:
7= ((c’,c’> + v? <c’,X>) _ <F2 + A% 4 o2 F)
(¢, X)) 1 F 1

with Det(I) = A2 + v2.

The quantity ¥ = g2 determines the angle ¢ between the striction
line and X by F = ||¢/[|cosp, J determines the curvature of the
spherical curve X and consequently X itself by 2.10 (iii) and 2.13,
and A is called the parameter of distribution.

PROOF OF 3.22: The fact that a given surface uniquely determines
these three quantities is clear. Conversely, according to 2.10 (iii)
and 2.13, X is uniquely determined by the prescription of J {up to
Euclidean motions). To determine the curve we use the orthonormal
frame X, X', X x X’ and calculate

¢ =, X)X +{(, X)X + (¢, X x X)X x X’ = FX + \X x X'.

For given X, F, A, this is a system of linear differential equations with
the solution c(u) = c(ug) + f:;(FX + AX x X')dt. The initial con-
ditions are determined by the choice of a starting point ¢(ug) on the
curve and the three-frame X, X', X x X’ at that point. a

3.23. Consequence. (Special case: helicoidal ruled surfaces)

(i) The three quantities X, F, J which determine a ruled surface are
constant if and only if the surface is a so-called helicoidal ruled
surface, which is formed by the screw-motion of a single line
(Figure 3.14; compare 2.3). This includes the special case of a
rotation. The striction line is then the trajectory of the point
on the line which is nearest to the axis of rotation, i.e.; either
the axis itself or a helix or a circle.

(ii) In addition to the three quantities being constant as in (i),
one has moreover F' = J = 0,A # 0 if and only if the sur-
face is a (right) helicoid (Figure 3.19) f(u,v) = (vcos(au),
vsin{au), bu) with constant a, b, where \? = a?b.
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(iii) The only surfaces of rotation which are also ruled surfaces are

those with K = 0 (see Figure 3.11) and the one-sheeted hy-

perboloids with the equations 2% + 3% — a%2% = ¢? (see Figure

3.14).

Figure 3.14. Helicoidal ruled surface and a one-sheeted hy-
perboloid of revolution as ruled surface

PROOF: (i) can be seen as follows. Since J is constant, X is a circle
by 2.10. The equation which determines ¢ is then ¢’ = FX +AX x X’
by the proof of 3.22. Moreover one has (X x X') = X x X" =
—JX'. For constant F and X it follows that ¢/ = FX' + AX x X" =
(F — MJ)X'. Hence ¢’ is a constant multiple of X plus an additive
constant Yy, where Yj is perpendicular to the plane which is spanned
by the circle X (i.e., the X', X"-plane). Therefore ¢’ coincides with
the tangent to a helix, and one further integration determines ¢ as a
helix. This in turn determines a screw-motion, and the surface arises
as the trajectory of a line under the one-parameter group of all of
these screw-motions. Conversely, for a helicoidal ruled surface the
three determining quantities A, F, J must be constant, since they are
invariant under the one-parameter group of Euclidean motions. The
case of F.J + A = 0 reduces to that of pure surfaces of rotation, in
which the screw-motion degenerates into a rotation because in this
case we have Det(c’, ¢, ¢") = 0.
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For the proof of (ii), the fact that J = 0 implies that X is a great
circle with constant X x X/, and F = 0 implies ¢’ = AX x X’. Hence
¢ is a line in the direction of X x X'. If we choose X x X’ as the
vector (0,0, 1) in space, then we get the above parametrization of the
right helicoid.

Part (iil) is an easy exercise: if the rotating line meets the axis of
rotation, then we get either a plane or a double cone. If it is parallel
to the axis of rotation, we get a cylinder, and if they have different
slopes in space and do not meet, we get a hyperboloid of rotation, cf.
Exercise 11 at the end of this chapter. A special case occurs when
the surface degenerates to a plane minus an open disc, which occurs

if the line lies on a plane which is perpendicular the axis of rotation.
O

EXERCISE: Using standard parameters, calculate the Gaussian cur-
vature and the mean curvature of a ruled surface as follows:

A2 o 1
(A2 022" 7T 2N 2)32

- (7% + Xv+ A + F)).
From this one can determine all ruled surfaces which fulfill # = 0
with ease, cf. also Exercise 12. We see also that for a helicoidal ruled
surface we have K = 0 < A = 0 and that consequently either K =0
or K # 0 everywhere. The interesting case K = 0 is the following.

3.24. Definition and Theorem. (Developable surfaces)

A ruled surface is said to be developable if it can be mapped locally to
the plane, preserving the first fundamental form and the generating
lines. Intuitively this means that one puts one of the generators as a
line into the plane and then “develops” the strips of the surface on
both sides into the plane, preserving both angles and lengths. For a
ruled surface the following conditions are equivalent:

(1) The surface is developable.
(2) K =0.

(3) Along every one of the generators all the surface normals are
parallel, i.e., the Gauss mapping is constant along each line.
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A ruled surface which satisfies one of the conditions (1), (2) or (3) is
also called a torse or a developable. Moreover, one has

(4) An open and dense subset of every torse consists of pieces of
planes, cones, cylinders or tangent developable, where tangent
developables or tangent surfaces are ruled surfaces for which the
vector X is tangent to the curve ¢, for an example see Figure
3.15.

(5) Every surface element without level points and with K =0 is a
ruled surface.

Figure 3.15. Tangent developable of a helix, also called “de-
velopable helicoid”

ProoF:

(2) © (3): The unit normal v(u,v) satisfies the equations (v, X) =
0, {v,¢’ + vX’) = 0. The derivative with respect to v of the first of
these equations yields (%, X) = 0. The derivative with respect to v
of the second yields

ov
Y ¢ UX’> X'y =0.
<8v + +nX)
But the vector % is tangent to the surface. Hence the vanishing of

% is equivalent to 0 = (1, X') = (v, %} = hy2. Now, for every
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ruled surface one has the equality K = —(hi2)?/Det(I) because of

haz = (%%, V) = 0; thus the statement.

(4): Here we have to consider the different cases where the three deter-
mining quantities of the ruled surface either vanish identically along
an interval or are non-vanishing on an interval. We may disregard
the endpoints of the interval for these considerations.

1st case: X' = 0 on an interval. Then X (u) = X, is constant, and
the surface is a piece of a cylinder. A special case of this is the plane,
if for example c is a line.

2nd case: X’ # 0 on an interval. In this case we can introduce
standard parameters according to 3.21, and % = 0 implies by the
above v = X x X', since v is perpendicular to X and X’. Then we
get the relation ¢’ = F'X for the three-frame X, X’ X x X'. If ¢ =0
on an interval, then ¢ is constant and the surface is a piece of a cone.
If ¢/ # 0, then we can conclude from ¢’ = FX that the vector field
X is tangent to ¢, hence we have a tangent surface (with singularities
along the curve, since the first fundamental form is degenerate there).

(2) = (1): After what we have already shown, it only remains to show
that the four named types of surfaces are developable. For a surface
which is composed of elements, developments of the elements can be
again composed, since one can always transform the generating lines
into other generating lines. It is trivial that the plane is developable.
For a cylinder, choose ¢ in such a way that ¢’ is a unit vector and
orthogonal to the constant vector Xy. In these parameters the first
fundamental form is given by E = G = 1, F = {0, which corresponds
to the Euclidean metric in Cartesian coordinates. For a cone one gets
similarly for the first fundamental form E = v?, G = 1,F = 0. The
same values are provided by polar coordinates in the plane. For a
tangent surface in standard parameters, the quantities for the first
fundamental form are given by E = F?2 + 2 F = (¢, X),G =1
(note that for the determinant we have EG — F? = v2). The same
fundamental form is obtained locally if c(u) is an arbitrary plane curve
and X is a unit tangent to ¢ with ¢’ = FX. More precisely, we must
consider the cases v > 0 and v < 0 separately. Anyway, it is now
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sufficient to develop the directrix in the plane, and as a result, every
tangent surface is developable.

(1) = (3): Here, instead of using standard parameters, we assume
that the directrix ¢ has been parametrized by arc length and that it
is perpendicular to the vector field X which has unit length: || X|| =
1. We can always choose such a directrix locally by applying the
same Ansatz as in 3.12. The first fundamental form then becomes
E =1+ 2u(X’,c) +v%|X'||?, F = 0,G = 1. By assumption there is
a development to the plane. This maps ¢ to a plane curve v, which is
also parametrized by arc length; similarly, X is mapped to a vector
field £ of unit length which is perpendicular to +. The corresponding
Frenet two-frame is e; = 4’ and eq = ££. Because v + v€’ = e; +
vehy = (1 Fok)er = (1 Fvk)y (where & is the curvature of v), the
corresponding first fundamental form is determined by the relations
E* = (1 Fv&)?, F* = 0,G* = 1. By assumption, the development
preserves the first fundamental form and hence we have E = E* F =
F*,G = G*; in particular we have (1Fvk)? = 1+20(X’, ¢/)+v?%|| X'||%.
Comparing coefficients for v yields x? = || X’||? and (X’,c/) = F&.
Since ¢’ is a unit vector, this is only possible if ¢’ and X' are linearly
dependent. But in this case the unit normal to the surface is simply
v = ¢’ x X and therefore depends only on u and not on v. Hence v
is constant along every line.

It only remains to show (5). By assumption there are no umbilics,
hence both principal curvature directions are uniquely defined. We
now utilize lines of curvature parameters (u, v), such that L(%E) =0
and L(gﬁ) = ,u(u,v)g;é, so that % = 0 and % = —ug% as well as

<g‘5, %5> = 0. In particular we then have Bffé’v = 0. We claim that
the curve c(v) = f(ug,v) is a Euclidean line for every fixed value of

. . s 2
up. Setting ¢ = %5, é= %}é, we have

(@ v) =II(¢,¢) = 0,

L Of\ _ Of O*f\ _,0f O 10v _8f162u‘
<c’0u>_ <6v’8u0v>—<6v’0v(,u0u)>_<6v’u0u8v>*o
Thus the two vectors ¢ and ¢ are linearly dependent, and it follows

from this that c¢ is a line (up to parametrization). Indeed, if we choose
the arc length as in 2.2 (by means of a reparametrization), then we
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have on the one hand that ¢’ and ¢’ are orthogonal, and on the other
that they are linearly dependent. O

The implication (1) = (2) is particularly important for the intrinsic
geometry of the situation. This will be seen more clearly later when
we discuss the Theorema Egregium 4.16, which says that the Gauss-
ian curvature is already determined by the first fundamental form.
Thus the Gaussian curvature must always vanish when the first fun-
damental form is Euclidean, cf. the remark in 4.30. In particular we
obtain a different (and surely more beautiful) proof of the equivalence
of (1) and (2) above.
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Figure 3.16. Surface with K = 0 which is not ruled

3.25. Example. (A surface with K = 0 which is not a ruled surface)

We consider a cone over a curve c¢(x) = (z,0, z(z)) in the (z,0, 2)-
plane whose vertex is at the point (0,1,0). We assume that this cone
contains the point (0, —1,0). Similarly we consider a second cone over
the same curve with vertex at (0,—1,0), and assume that this cone
contains the point (0,1,0). Suppose the curve c is chosen in such a
way that it passes through the origin as follows: (0,0,0) = ¢(0) and
¢(0) = (1,0,0). Moreover assume that all higher derivatives of ¢ at
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this point (and only at this point) vanish identically. Curves with
these properties can be constructed explicitly with the help of the
function exp(—z~2). Under these assumptions, we can proceed to
connect the part of one cone with x > 0 with the part of the other
cone with ¢ < 0. In this way we get a surface of class C*° with level
points along the (0,y, 0)-axis. The surface we have constructed is, in
a neighborhood of the level point, not a ruled surface in the sense of
Definition 3.20, since it cannot be parametrized in the class C? by
lines because the vector field is of the type X (z) = (|sinz|, cosz,0),
up to terms of higher order. Therefore, the lines have a “bend” in
the first derivative near where the two cone parts are put together,
see the first picture in Figure 3.16. It follows that C?-parameters on
the surface must be chosen differently.

A more precise description is as follows. Set 4 = {(x,y) € R?* | 2* +
W+1)?2 <4,z>0,~-1<y<1}u{(z,y) € R | z?+ (y —1)*
4,2 <0,-1 <y < 1}. A is the union of two quarter-circles, which are
joined along the segment —1 < y < 1 on the y-axis. The midpoints,
(0,—1) and (0, 1), respectively, must be excluded; later they will be
used as the vertices of the two cones. On 4 we define “crossed polar
coordinates” (r, ) by

ri=+(1+y)?+22~1, incasex >0, coscp::}{%, @ >0,

r:=1-—+v(1—-y)?+2?% incasez <0, cosp =12 »<O0.
Here, in contrast to our usual policy, we have chosen the “radius” r

as —1 <r < 1. For x = 0 we get ¢ = 0 and r = y, hence the two
definitions fit together continuously. We then set

frg) = (0,-1,0) + (r+1)[c(y)+(0,1,0)],
PP 00,00 - (- Dete) - 0,1,0)],

For ¢ = 0 we get f(r,0) = (O,r, 0), and for r = 0 we have the
equality f(0,¢) = c(p). Thus the two definitions fit together here
also, in a C°° manner, if we are using Cartesian coordinates. Thus
the surface materializes as the graph of a C°°-function over the (z,y)-
plane. Another example is implicitly given by assigning the first and
second fundamental form, as described in [2], 3.9.4 (pp. 68-69).

in case p > 0,

in case p < 0.
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3.26. Definition and Theorem. (Weingarten surface, W-
surface)
A Weingarten surface or W-surface is a surface for which a non-
trivial relation holds between the two principal curvatures (or be-
tween H and K), i.e., if there is a function ® in two variables with
B(x1,k2) =0 (resp. ®(H, K) = 0). Then:
1. Every surface of rotation is a Weingarten surface.
2. Among the ruled surfaces, the class of Weingarten surfaces is
precisely the set of all developable surfaces and all helicoidal
ruled surfaces.?

PROOF: 1. For a surface of rotation each curvature depends on only
one parameter. Hence the gradients of H and K in the (r, p)-plane
are linearly dependent, which implies that the level curves coincide.
More explicitly, if we set v = —rK in the equation 2H = h” /v'+h'/r
and use the fact that 7’2 + A2 =1 and 7' + W'h" = 0, we get
o — L g VI

On the other hand, r can be interpreted as a function of H or of K
unless H and K both are stationary. We again recognize the unit
sphere as the special solution for which r = /1 — /2.

2. A surface with K = 0 belongs to the set of Weingarten surfaces, as
can be seen by simply setting ®(H, K) := K. If we consider a ruled
surface which is not developable, then for the expressions for H and
K above we get

J B No AF
(A2 +02)1/2 (A2 4 2)3/2 - (A2 02)3/2°
Here we can replace A% + v? by /—A2/K throughout, because K =
_(_AQ_?__ZUQ')T, and v can be replaced by the expression 1//—A2/K — A2,
Since v no longer appears explicitly in these expressions, a nontrivial
relation between H and K can only hold if all coefficients (which

depend only on u) are constant in the expression above for 2H, which
means that J, F, A are constant. Then the second summand in the

2H = —

¥This theorem was proved independently in 1865 by E. Beltrami and U. Dini.
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expression vanishes, and the equation between H and K is necessarily
of the form (at least for A > 0)

J 1/4 F 3/4

The statement then follows from 3.23 (i). O]
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Figure 3.17. Several surfaces of rotation with constant ¢ = k1 /k2

3.27. Example. (Surfaces of rotation with a linear relation between
the principal curvatures according to H. Hopf®)

We are looking for surfaces of rotation with a constant ratio of the two
principal curvatures, for example k; = cxo, with a constant ¢ # 0 (the
case ¢ = 0 is contained in 3.17). For this, it is convenient to choose the
parametrization f(r, p) = (r cos ¢, 7 sin g, h(r)). By 3.16 the principal
gurvatures are given by the following expressions:

h// h/

K1 = ——(1 T h/2)3/27 Ko = _——7-(1 +h/2)1/2;

3 Uber Flichen mit einer Relation zwischen den Houptkrimmungen, Math. Nachr. 4,
232-249 (1951).
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in particular one has x; = dir(rﬂg). The equation k) = ckg is then
equivalent to the differential equation ckg = (rr2)’ or (c—1)ke = rrh
with the solution ko = br°~! where b is a constant. If we set b =1

for simplicity, then the surface is described in terms of the variable ¢
(at least for c # 0) by the relation

felr,p) = (r COs , 7 sin , :l:/ t°(1 — t2c)_1/2dt).
1

Here f is the unit sphere, f_; is the catenoid (Figure 3.19, see also
3.37). The circular cylinder can be inserted as the particular member
fo of this family. The surface f. is real-analytic even at the apex
7 = 0 if ¢ is an odd integer. The point 7 = 0 on the axis of rotation is
a level point for ¢ > 1, but a singularity for 0 < ¢ < 1, see Fig. 3.17.

3D Minimal surfaces

A soap film which is spanned across a fixed boundary will, for phys-
ical reasons, minimize its surface area. In this way very interesting
mathematical phenomena occur (see [10]), which we will treat to a
certain extent in this section. More precisely, we are concerned with
regular surface elements which (at least locally) minimize the surface
area and are therefore referred to as minimal surfaces. Surprisingly,
this leads to unexpected connections with the theory of functions of
a complex variable. For this reason, we will be using, only in this sec-
tion, some basic facts from that theory, like the notion of holomorphic
and meromorphic functions, Cauchy-Riemann differential equations
and complex contour integrals. For background on this, we recom-
mend the books {35] and [36].

Problem. (Surfaces with minimal surface area)

For a given boundary curve, find the surface spanned by that
boundary with the smallest possible surface area, or find geometric
conditions which such surfaces must fulfill.

In order to find geometric conditions, we assume that we have a sur-
face element f(u,ug) which has minimal surface area, and consider a
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variation in the normal direction (also known as a normal variation)
of the following kind:

fs(u17u2) = f(u17u2) +E'Q0(’LL1,'LL2) 'V(ul>u2)7

where ¢ is an arbitrary C*-function, which vanishes at the boundary.
In other words, we consider a suitable 1-parameter family f. of surface
elements, all with the same boundary, such that our given surface
element occurs as the particular member f = f;. Then we are going
to calculate the derivative of the surface area of f. at £ = 0. For this
we need a few prerequisites, as follows.

For sufficiently small |¢|, the surface element f. is regular, as follows
from the equation
Ofe _ of Oy

= E— - £ - .
Bui Bui+ 6ui vt L4

(9’(1,1'

by calculation of the first fundamental form:

i = ()

) gu+2ap<af7§1/>+g2((p2<%’%>+gig—:)

Gij — 26(phi]‘ +O(62).

linearization

If also g;; is positive definite, then g;, remains positive definite for

sufficiently small values of |e|, where ¢ can be chosen arbitrarily.

Comparison of the surface area [, d4 = [, \/Detgi;duidus of f = fo

with the surface area fU \/Detgfj)duldug of f. for small values of £

yields the following relation (we again set g := Det(g;;) = g11922 —
2

9i2):

o / Det( gU duldug)
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) (e
0 (€) / de| (Detgij )
= — Det(g;:" )duidug = —e=0___duyd
/Uaa £=0 (917 )durdus v 2y/Detg;; L
1 (9g 07 i 993
= — -2 du,d
/112\/5( Je s:0922-1-911 de lezo 912 Je ) u1du?

1
= —— ((—2ph11)g22 + g11(—2ph22) — 2g12(—2ph12))duidu
/112\/5(( 11)922 + 911( ) 12( ))duydug

1
= —/ P 5(h11922 + haag11 — 2h12g12) /9 durdug
U

v

=2H

—/ - 2H /g duidusg,
U —

=dA

where in the last line we have used the formula for H from 3.13. If we
choose v = H in the interior (such that ¢ decreases in size towards
the boundary), we get the following result:

3.28. Theorem and Definition. (Minimal surface)

Let U C IR? be an open set, let U be a compact set with boundary
OU, and let f: U — IR? be a surface element. A necessary condi-
tion for the surface area of f to be less than or equal to the surface
areas of all normal variations

fe: U — R® with f.|, = |,

is the vanishing of the mean curvature H in all of U. One calls a
surface element with H = 0 a minimal surface.

REMARK: Strictly speaking the equation H = 0 only expresses the
fact that the surface area is stationary (a critical point), so that a
change in H must be of higher than linear order. For example, it
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could also be maximal or “saddle-like”, just as saddle points occur
in minimization problems in several variables. Still the notion of
“minimal surface” is generally introduced as in Definition 3.28. It
is in fact the case that minimal surfaces locally minimize the surface
area, cf. [11].

If we are given a surface f: U — IR3 of class C°°, then one can
define on the space of all such f with fixed f|3U the area functional
A by the formula

A(f) ::/U\/gdulduQ.

Earlier we computed that the “directional derivative” of A in the
direction of a normal variation ¢ can be expressed as follows:

DAl = 2B

:—2/ - H.\/g duidus.
U

e=0

The gradient of A is then uniquely determined by the equation

(grad A(f)) LP) = DLPA(f)a

where the inner product (, ) is defined on the space of C°°-functions
on U by

(1, 42) = /lewm/& duy duy.

This inner product is positive definite and therefore in particular non-
degenerate. Only the null-function (whose values are identically zero)
is “perpendicular” in this sense to all functions . Hence

grad A(f) = —2H, since

(—2H, ) = —2/Ucp~H\/§ durdus = DyA(f).
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This shows the following fact: if f is not a minimal surface, then the
“evolution” f. = f + eHv leads to a surface whose surface area is
strictly smaller.

In the definition of the angle between two tangent vectors X, Y, only
the value of the inner product (X, Y} in relation to the length of both
vectors occurs, cf. 1.1. Therefore the angle is preserved if both are
multiplied by the same factor. This is precisely what characterizes an
“angle preserving mapping”, for an example see Figure 3.18.

3.29. Definition. (conformal parametrization)

A parametrization f: U — IR of a surface element is called con-
formal or angle preserving, if the first fundamental form, written
in these parameters, is a scalar multiple of the unit matrix, i.e., if
the equation

() = Mauz,) (1)

holds for some function A: U — IR. More generally, two surface
elements which are parametrized by the same set f, f: U — IR3
are said to be conformally equivalent, if the first fundamental form

(gs5) of one of them is a scalar multiple of the other (g;;):

(‘6;;) :A(U1,U2)(gij), (u17u2) € U7
with some positive function A: U — IR. A similar statement holds
after a change of parameters: f: U — IR3, f: U — IR® are said to

be conformally equivalent with the conformal factor A, if there is
a change of parametrizations ®: U — U such that

<0(j;;>i<b)’ a(j;;j‘b)> = A(uq,ug) - <g£7 g—lj:> for all 4, j.
A conformal parametrization is also called isothermal, and the pa-
rameters are also referred to as isothermal coordinates. The notion
of angles is then identical with that in the Euclidean (u,, ug)-plane.
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3.30. Consequence.

(i) The Gauss map v is conformal for a minimal surface with K #
0, i.e., v and f are conformally equivalent, with conformal
factor —K.

(ii) The following relation holds for a conformal parametrization
f: U — R? with (g;;) = /\(é ?):

0%f  O*f

oa T a2
In particular, a conformal parametrization f defines a min-
imal surface if and only if the three component functions
f1, f2, f3 of f are harmonic, which means that the relation

=2H\ v

O*fi  0*f;
Afi= W + Ou’ =0

holds. The vector H = H v is also called the mean curvature

vector.

PRrOOF: (i) follows immediately from the equation III—2H -II+K-I =
0 from 3.10, which implies that IIl = —K - I. But III is the first
fundamental form of the map v.

For (ii) we start with the observation

(g 5) == (o ) (e ) =

8u1’0*u1 Ouy’ Oug Ou1’ Ouqy

By further differentiating it follows from this that

<02f 3f> < 0*f 0f> <<9f 02f>

Ou?’ du, Ouy Ous’ Bus Ouy’ Oul
8?2 8
We conclude <—37;1§ + —375, 3u1> = 0, and similarly < z, 3u2> = 0.

62
Hence the vector —375 + 'a—u% is perpendicular to the tangent plane,
1
thus linearly dependent on the unit normal v. But since 2H =
A"2(g22h11 + g11haz) = A"Y(h11 + ha2), we have finally

2 2
(3L + 0L = byt ha = 20 0
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3.31. Corollary. (Complexification)
For a surface element f: U — IR® with components f = (f1, f2, f3)
we define the map : U — C3 by the relation ¢(u+iv) = O (v, v)—

ou
i%g(u, v), which is, in components,
of Of,
p1(u+ ) = %(u, v) — z%(u,v),
_0f 0f2 _
(pg(u + M)) = Ou (’LL,’U) v v (’LL,’U),
0fs . 1 303

u+1v) = u,v) — 1——(u,v).
(P3(+) au(’) av(’)
Then we have:

(i) f is conformal if and only if ©? + % + 2 = 0.

(ii)) If f is a conformal parametrization, f is a minimal surface
if and only if the functions ¢, @2, p3 are complex analytic
{(holomorphic).

(iii) If conversely 1,2, @3 are complex analytic with p? + @3 +
2 =0, then the function f defined by the above equation is
regular (hence an immersion) if and only if 1P, + 2@, +

p3p3 # 0.

In what follows we use the following basic fact from the theory
of functions of a complex variable. A complex valued function
w(u + ) = z(u,v) + iy(u, v) with real quantities u, v, z,y is com-
plex analytic or holomorphic if and only if the Cauchy-Riemann
differential equations (abbreviated as CR-equations)

Oor 0Oy O Oy
du v . du

hold. One also writes x = Re ¢,y = Im ¢ for the real and imag-

inary parts of the function . The CR-equatious are equivalent

to the fact that the (real) Jacobi matrix of ¢ is at every point a

composition of a rotation and a scalar multiplication (with varying

angle of rotation and scalar multiple).
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Figure 3.18. Coordinate grid and its conformal image under
the complex function f(z) = ;2%

PROOF (of 3.31): (i): By definition we have
O Of\ _a/0f I\ 0% of
<(‘9u’8u>+2 <0v’6v> 2’<au’av>
= g11 — 922 — 2ig1o.

P + 5 + 5

Thus the left hand side vanishes if and only if g;1 = g22 and g12 =0
hold.

(ii): We calculate the second derivatives:

Ofe D of 0

gz ~ e G = g, (m ek
Pf 0 0
auav - %(Re ng) - _%(Im ng)

2
The validity of the equation —g;é + % = 0 is then equivalent to the
validity of the CR-equations for ¢, 2, 3. By 3.30, this is precisely
the case when f is a minimal surface.

(iii): We have 13, + 028 + 0375 = <g§ §5> v <% -g—£> > 0, with
equality if and only if % = % = 0. By the proof of (i), either both
vectors vanish or both are non-vanishing and linearly independent.
This implies (iii). O

The zeros of the complex map ¢ correspond by (iii) to the points at
which f is not regular (so-called singularities of f). The reason for
these considerations is that in the theory of functions of a complex
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variable it does not make sense to exclude zeros, while in differential
geometry one usually assumes regular surface elements.

3.32. Corollary. Let U C C be a simply connected domain and
or: U = C (k =1,2,3) given holomorphic functions with ¢?% +
03 + ¢35 = 0 and p1(1 + P22 + w33 # 0. Then the mapping
f: U — IR® defined by

fe(z) = Re/

Z

LPk:(C)dC7 k= ]-a 27 37

is a regular minimal surface element.

PRrooOF: First we convince ourselves that the integration of the equa-
tions in 3.31 does not require prior knowledge of partial differential
equations. Indeed, one can use the well-known fact that locally a
holomorphic function possesses a complex primitive, which can be
obtained by integration along an appropriately chosen curve (for ex-
ample in a star-shaped domain). Passing from this local consideration
to the global situation requires that the integration is independent of
the path of integration, which means that the primitive is globally
defined. This is why we must assume that the domain U is simply
connected. For details on this argument we refer to [35]. Assuming
this, 3.32 follows directly from 3.31. Without the assumption [¢| # 0
one gets a real minimal surface element with isolated singularities. [

3.33. Lemma. (Isothermal coordinates)

In lines of curvature parameters (w1, u2) for a minimal surface with
K # 0 (this means g;2 = hia = 0), one can construct by a sim-
ple integration a conformal parametrization, that is, isothermal

coordinates.
PROOF: In lines of curvature parameters we have %’7 = —m%,
hence
o%v 0 ( 0 f) 0 ( Of)
=—— Ky =—)=—=—{k1 =—).
Ou10us Juy 2 Oug Jug ! ouy
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If we now set k := k1 = —kg > 0, it follows that

Ok Of 9k B2 f L Ok OFf
aug 6u1 6”10”2 OU1 0”2

=0,

and hence
k Of 0% f Ok Of Of\ _
<6’U,2 dul + 2“(‘:8114181142 + d—ula—ug’ EL‘I> a
consequently
Ok dg11 Ok b3 B
a—;gu + K £ + Ejj; 0= auQ (k: g11) = (.

It follows that « - g1 is constant in the wus-direction, hence it is a

function of u; only. Similarly, & - go2 is constant in the u;-direction,
hence a function of uy only. We now set s - g11 = ®1(uy) > 0 and

K+ gog = Poug) > 0 as well as v; := [ /®;(u;)du;, = 1,2. Then
the Jacobi matrix of the transformation (uj,ug) = (v1,v2), which is

( 81),- ) Y @1 0

6’(1,]' - 0 AV @2 ’

is of maximal rank. The line element ds? transforms under this apove
transformation as follows:

ds? = gudu% + g22du§
_ 2 _ P/ 1 2 Py/ 1 2
= ——d + ——-d = (—\/()Tldvl) + — (— . d’UQ)
= - (dvl + dv3).

Thus vy, vs are isothermal coordinates, i.e., I{vi,v2) = %((1) (1)) This
holds whenever f is a minimal surface without level points, i.e., in
case H = 0 and K # 0. It is easy to see that near a level point the
factor % can become arbitrarily large and that this process will not

work near such a point. O

3.34. Corollary. (Analyticy)

Let f: U — IR? be a minimal surface element without level points,
with f € C3. Then there is a parametrization with the property
that the three component functions are real-analytic (C*), hence
locally developable in a Taylor series.
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This follows from 3.31 - 3.33 together with the fact that a complex-
analytic function is in particular real-analytic.

Summarizing our results up to this point, we have that every mini-
mal surface locally allows a conformal parametrization, provided no
level points occur. In this conformal parametrization the surface is
analytic, occurring as the real part of a complex-analytic function, cf.
3.32. For a given ¢ with the constraints |¢| # 0 and p? + @2+ 92 =0
one even gets according to 3.32 a completely explicit minimal surface.
A natural question at this point is whether we can freely prescribe
the function without the use of a constraint. The answer is provided
by the so-called Weierstrass representation. This allows a more or
less free choice of two functions.

3.35. Lemma. One can associate to three arbitrarily given holo-
morphic functions ¢1, g, 3: U — C with ¢? + 3 + @2 = 0 (where
we assume that none of the ¢; vanishes identically) a holomorphic
function F:U — C and a meromorphic function G: U — C U {0}
with the property that FG? is holomorphic and

F iF

p1 = 5(1 - G?), 2= 7(1 +G?), @3 =FG.

Conversely, every given pair (F, G) of such functions induces a corre-
sponding ¢ with ©? + p3 + @2 = 0.

Proor: For a given ¢ we set

. Y3
F=p1—ips, G=——.
~ 72 P1 — P2
This is well-defined except in the case that p; = ip2, which implies
that in addition @3 = 0, which has been excluded by assumption.
Thus we get
Foro ¥ _wites
Y1 — P2 Y1 — P2
which is a holomorphic function. The equations
F iF
@1:—5(1—G2), @2:7(1+G2), L,D3:FG

= —(p1 +ipa),
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can be easily verified with the aid of the definitions. Converscly, let F
and G be given; then the corresponding ¢1, 2, p3 fulfill the equation
F? F? ‘
i+l + el = (1-G) = 1+ )+ FG* =0

Moreover, 1, @2, ps are holomorphic, since FG? is so. O

In addition, the relation |p|2 = 0 can hold at a point only if F' = 0 and
FG = 0 there. The excluded case @1 = ipy and @3 = 0 corresponds
geometrically to a plane which is parallel to the (x1,z2)-plane. This
is clear from the formulas in 3.31. The following Weierstrass rep-
resentation therefore cxcludes this case. Apart from this, the two
functions F and G can be defined essentially arbitrarily, inducing (at
least locally) a corresponding minimal surface, given by a completely
explicit formula.

3.36. Corollary. (Weierstrass representation) Every conformal
parametrized minimal surface f that is not a plane can locally be
represented as follows:

fie) = Re [ ZRO0- GG
Paz) = Re [ TRQOM+ GAONG

f3(2)

I

Re [ OGO,

0
where F' is holomorphic and G is meromorphic such that FG? is
holomorphic (just the same conditions as in 3.35). The domain of
definition of the parametrization must be chosen in such a way that
the occurring integrals are independent of the path of integration
(for example, a small disc or a simply connected domain}.

Conversely, every pair (F(z),G(2)) with holomorphic FG? defines
a conformal parametrized minimal surface element f. This f is
regular if F' has zeros only at the poles of G and there it holds that
FG? £0.

|
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With the help of the examples in 3.37 we will sec that even very
simple looking functions F| G lead to interesting minimal surfaces.
If. however, G is constant, then there is a linear relation between
f1, fo. f3 and consequently it is a parametrization of the plane. On
the other, hand, F' can be constant, as the example of the Enneper

surface shows.
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Figure 3.19. The interior part of a catenoid and a right he-

licoid (staircase surface)

Figure 3.20. A catenoid in the large and a catenoid which is
scaled in the vertical direction
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Figure 3.22. Henneberg surface
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Figure 3.24. Building blocks of the Scherk minimal surface
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3.37. Examples.

1. The catenoid f(u,v) = (coshwu cosv. cosh u sinv, u) is the surface
of revolution generated by a catenary (details on this are found
in Section 2.3). Here onc has

w1{u+iv) = sinhucosv +icoshusinv
= sinh(u + iv).

wo(u +iv) = sinhwusinv —icoshucosv
= —icosh(u +iv).

Clearly p1, @2, p3 arc holomorphic with

Z ©¥(z) = sinh? z + i?cosh? z + 1 = 0.
According to 3.31, f is a conformally parametrized minimal sur-
face. The Welerstrass representation is Fi(z) = —e7*, G = —¢e?.

2. The helicoid is at the same time a ruled surface and a minimal
surface:

h{u.v) = (0,0, —u) + v(—sinw. cos u,0) = (—vsinw, vcos u, —u).

Here we have standard parameters with A = 1, ¥ =0, .J = 0, and
this in turn implies H = 0, cf. 3.23. However, this parametriza-
tion is not conformal. If we reparametrize the surface as

h*(u.v) = (—sinh u sinw, sinh u cos v, —v),
then the complexification which this induces is
w1(z) =isinhz, @o(z) =coshz, 3(z) =1.

These are exactly the same functions i, 2,3 as occurred
above in the case of the catenoid, up to a factor of 7. In particu-
lar, h* is a conformally parametrized minimal surface. We also
see that the catenoid f and the helicoid h* are isometric, since
g12 = 0 and g11 = goo = 3(p19, + P2P, + P3P3), an expression
which is invariant under multiplication by i. For this reason one
speaks of conjugate pairs of minimal surfaces, if the complexi-
fication of one is obtained by multiplication by 7 of the other.
In this sense, the catenoid and the helicoid are conjugate to one
another, sce Figure 3.19. One can even view both of them as
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the real and imaginary parts, respectively, of a common complex
surface.

3. The Weierstrass representation of the Enneper surface is given
by the easy formulas F = 2,G(z) = z with ¢y = 1 — 22, ¢y =
i(1+ 2%), p3 = 2z and

fluv) = (u— 3u® +w?, —v 4+ 30% — vu? u? — 0?).
For the choice of F' = 222, G = 27! one has p; = 22 — 1, @, =
i(22 + 1), @3 = 2z and thus, up to a reflection f; — —fi, the
Enneper surface. The Weierstrass representation is thus even in
the geometric sense far from being unique, see Figure 3.21.

4. The Scherk minimal surface is given by the functions p;(z)

= 1+27, p2(2) = 727, ¢3(z) = 22:. The g arc analytic

except for the points z = 44, +£1. One has ¢? + @2 + p2 = 0.
The Weierstrass representation is F(z) = 4/(1—2%), G(2) = z. A
very sitnple parametrization of the Scherk surface is as a graph

over the (u,v)-plane: f(u,v) = (u,v,log <2} However, this

parametrization is not conformal, see Figure 3.24.
5. The Catalan surface (see Figure 3.23) is
f(u,v) = (u —sinucoshv,1 — cosucoshv,4sin § sinh §),
with the complexification
p1(z) = 1 — cosh(—iz), 2(2z) = isinh(—iz),
p3(2) = 2sinh(— ).

Here F(z) = 1 — € and G(2) = p3(2)/F(z) is the Weicrstrass
representation.

6. The Henneberg surface (see Figure 3.22) has the coordinates

filu,v) = 2sinhucosv — 2 sinh(3u) cos(3v),
fa(u,v) = 2sinhusinv + %sinh(3u) sin(3v),
fa(u,v) = 2cosh(2u) cos(2v).

Finally we mention the three-fold periodic minimal surfaces.
These arise from compact building blocks through periodic repeti-
tion or gluing along common boundaries. Especially famous in thig
respect is the Schwarz mintmal surface with cube-like building blocks.
One can glue arbitrarily many of these together like cubical bricks in
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space, see Figure 3.25. There is an almost unlimited amount of fur-
ther literature on minimal surfaces, often with beautiful pictures.*

Figure 3.25. Building blocks of the Schwarz minimal surface®

3E Surfaces in Minkowski space IR}

We continue now the investigations begun in Section 2E. Just as one
can define and study curves in Minkowski space, we can develop a
theory of surfaces in Minkowski space. In addition to the motivation
considered in 2E, there is an interesting phenomena here, namely the
existence of a simple model of hyperbolic or non-FEuclidean geometry,

4Cf. [12] as well as the literature which is cited there. see also [11]. Sections 3,5 and
3.8.

5Reproduced with kind permission of K. Polthier, M. Steffens and Ch. Teitzel, see also
http://wuu-sfb266. iam.uni-bonn.de/grape/EXAMPLES/AMANDUS /bmandus .html.
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which (at least globally) has no counterpart in Euclidean three-space.
From the differential geometric point of view this surface is simply a
surface of constant negative Gaussian curvature without singularities
at the boundary (which occurred for example in the pseudo-sphere of
Section 3.17). A (regular) surface element is defined as an immersion
f:U — IR}. exactly as in IR, Because of the different types of vec-
tors in 2.17, there are different kinds of planes, in particular tangent
planes. The first fundamental form can be formally defined as in 3.2.
However, this form is not necessarily positive definite, not even of
maximal rank. At least the rank cannot vanish, since there cannot
be a two-dimensional plane in IR} which consists solely of null vec-
tors. This leads to the following classification of surfaces into different
types:

3.38. Definition. A surface element f: U — IR} is called

space-like, in case the first fundamental form is positive definite,
time-like, in case the first fundamental form is indefinite,
isotropic, in case the first fundamental form has rank 1.

EXAMPLE: The two-sheeted hyperboloid 22 = 22 + 22 + 1 is a surface
which is everywhere space-like. We will sce this in a convincing man-
ner below. Geometrically, the two-sheeted hyperboloid is obtained by
rotating the space-like hyperbola from 2.18 about the xj-axis. Simi-
larly, the one-sheeted hyperboloid % = 23 + 2 — 1 is a surface which
is everywhere time-like. It is obtained by rotating the time-like hy-
perbola from 2.18 around the z1-axis.

The null-cone or light-cone % = x3 4+ 2 is itself an isotropic surface,

except for the origin which must be excluded since this point is already
topologically a singularity: no neighborhood of the origin on the light-
cone can be parametrized by a (regular) differentiable map to an open
disc.
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Figure 3.26. Light-cone with a one-sheeted and two-sheeted hyperboloid

3.39. Lemma. A surfacc element f is

space-like . . time-like
P if and only if, at every e
) ) point p = f(u) there is a - .
isotropic, isotropic

time-like space-like

vector X # 0 which is perpendicular, with respect to the inner
product ( , }; in Minkowski space, to the tangent plane T, f.

PROOF: First we start with a tangent plane and look for the vector X.
In the first casc of space-like tangent plane we choose an orthonormal
basis {V1, V52 } in that plane and complete this to a basis of three-space
by adding a vector X. By means of the Schmidt orthogonalization
procedure 2.4 we can assume that X is perpendicular to the tangent
planc. But then X is nccessarily time-like, as otherwise the inner
product in IR} would be positive (semi-)definite.

We proceed similarly in the second case. Here we choose Vi, V4 such
that V1 is space-like and V5 is time-like. This implies that X is space-
like, since otherwise the inner product on IR would not be positive
definite on a two-dimensional planec.
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In the last case we could choose the basis of the tangent plane such
that V] is isotropic and V5 is either space-like or time-like. but per-
pendicular to V. Then we can set X = V7.

For the converse, we observe that the orthogonal complement of a
space-like vector is a time-like plane and that the orthogonal comple-
ment of a time-like vector is a space-like plane. For a given isotropic
vector X there is no orthogonal complement in the classical sense, as
the vector is perpendicular to itself. But if there is plane which is
perpendicular to X, then it also contains X and is therefore neces-
sarily isotropic. To secc this. we argue indirectly, that there can be
no plane which is perpendicular to X and does not contain X at the
same time. Indeed, if this were the case then either the inner product
would be positive semi-definite (if the plane is space-like), or there
would exist a plane which consists only of isotropic vectors, which
is impossible (if the plane which is perpendicular to X contains an
isotropic vector). O

3.40. Corollary. A space-like surface element has a unique (up
to sign) unit normal, which is necessarily time-like, and a time-like
surface clement has a unique (up to sign) unit normal, which is then
necessarily space-like. An isotropic surface element has a unique one-
dimensional normal space, but this is contained in a tangent space.
(In this regard. the tangent space and the normal space together do
not span the ambicnt space. as one is accustomed to.)

EXAMPLE: If we return to the examples above, then we sce casily that
the two-sheeted hyperboloid is space-like, since its unit normal is a
time-like vector. Similarly, the one-sheeted hyperboloid is time-like,
because its unit normal is a space-like vector. In the case of the light-
cone we also see that each position vector at a point on the cone is
itself a normal vector, which is clearly contained in the tangent plane.
Note the similarity with the situation of the unit sphere S2, for which
also the vectors to the points on the sphere are unit normals.

3.41. Definition. (Weingarten mapping. curvatures)

For a space-like or time-like surface in IR} there is a unit normal,
which is unique (up to sign) by 3.40. These unique unit normals can
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be used to define the Gauss map just as in 3.8. More precisely, the
Gauss map is a map

ViU — 82(1) = {(a,y.2) € B} | - 2% +a3 +2% =1,

in case the surface is time-like (that is, the normal vector is space-
like), and

viU—8*(-1)={(r,y.2) € R} | —x]+2;+25=-1}

k]

in case the surface is space-like (that is, the normal vector is time-
like). Then the statements of Lemma 3.9 continue to hold, and we
can define the Weingarten map as L = —Dv o (Df)~'. The first
fundamental form I of a surface element is given in local coordinates
(just like the Euclidean case) by

_/Of Of N\
the second fundamental form is just the normal component of the
matrix of the second derivatives (cf. 3.10), and is therefore actually
vector-valued. In the Euclidean casc this was irrelevant, we simply
set there II(X,Y) = I(LX,Y) and viewed the second fundamental
form as the scalar factor of this compared with v. Becausc of the
different types of unit normals, we have to consider here a vector-
valued second fundamental form and define II{X|Y) as the normal
vector which satisfies

(I(X,Y),v), = (LX,Y)

which in the Euclidean case is just the same thing. In coordinates we
then have

of of o f
(55, 55 ) = hijy = o ) v
((’9u2 Ou; gt =€ Ou;Ou; v 1V

where € = (v, v}y is the sign which is defined by v. To get the Gaussian

curvature, instead of taking the determinant of h;;, one has to take the

determinant of h;;v in the following sense. The Gaussian curvature

is defined as

o LX), (YY), = (HOX Y)Y, X))y Det(hy)

= == - €
X, X) - I(Y,)Y)-I{X.Y) I{Y,X) Det(gi;)




3E Surfaces in Minkowski space IR} 119

Here X.Y is an arbitrary basis of the tangent plane, for example

X = g—f.Y = ,)af. If we take an orthonormal basis e1, ey with
U1 U

{e,.€1)1 = €. then we get

K = €1€9 <<II((€1,(,’1),II(€2,82)>1 - <II(€1,62),]](€2,€1)).

Similarly one defines the mean curvature in vectorial form, namely as
the trace of II with respect to I, or one defines the mean curvature
vector H, which we already met in 3.30:

H=H v= %(qﬂ(el.cl) + eI (o, 6’2))

Since the mean curvature is only defined up to a sign anyhow, the
signs which are involved are not very important. In contrast, for the
Gaussian curvature the sign is of fundamental importance, since the
determinant does not depend on the sign of v. This means that we
are confronted with the phenomenon that if the Weingarten map is
the identity we cannot conclude that K = 1, but only that K = ¢ =
{v.v); = £1. This leads directly to the definition of hyperbolic space
as a surface in Minkowski space, see 3.44.

3.42. Surfaces of rotation in Minkowski space. A surface of
rotation in Euclidean space is generated by rotating an arbitrary curve
about an arbitrary axis, cf. 3.16. In Minkowski space, however, there
are different types of curves (space-like, time-like and isotropic) as well
as different type of rotation axes (space-like, time-like and isotropic),
so that therc are different flavors of surfaces of rotation in this context.

A rotation whose axis is time-like (for example the xj-axis) is de-
scribed by a matrix

1 0 0
0 cosp sing
0 —sing cosyp

Formally, this looks identical to a Euclidean rotation matrix. Thus,
the surfaces of rotation obtained through rotations of axes of this kind
should “look like” Euclidean surfaces of rotation. The surface itself
will be space-like if the curve is space-like (for example a two-sheeted
hyperboloid), and will be time-like if the curve is so (for example
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the one-sheeted hyperboloid); an isotropic curve leads to an isotropic
surface of rotation.

Figure 3.27. Surfaces of rotation in Minkowski space (with
axis), simultaneously ruled surfaces

A rotation whose axis of rotation is space-like (for example, the xs-
axis) is described by a matrix of the form

coshy sinhy 0
sinhyp coshy O
0 0 1

It is easy to see that the linear map defined by this matrix preserves
the inner product (so that it is legitimate to speak of a “rotation”).
The surface of rotation thus obtained replaces each point of the curve
by a hyperbola instead of a circle. Therefore surfaces of this type look
quite different from the Euclidean surfaces of rotation. According to
the type of curve which is rotated, one again gets different types of
surfaces of rotation, for an example see Figure 3.27, left side.

Finally there are rotations whose axis is isotropic (light-like), for ex-
ample the diagonal in the (z1, z2)-plane. The matrix which describes

such a rotation is
2 2
Y. _¥.
1 +2 2 2 2
¥ _ ¥
1--5

7
® -

—~ € €
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This matrix no longer resembles a Euclidean rotation matrix in any
way, but it does preserve the Minkowski inner product, and it fixes
the line spanned by the isotropic vector (1, 1,0), for an example see
Figure 3.27, right side.

The formulas for the first and second fundamental forms as well as
for the curvatures can be derived in the same way as in Section 3.16.

3.43. Ruled surfaces. A ruled surface can be defined in Minkowski
space just as in Euclidean space, sec 3.20, since a Euclidean line is
also a line in Minkowski space. Correspondingly, most of the formulas
for ruled surfaces derived in Euclidean space retain their validity in
Minkowski space. One point where more caution is required is the
situation in which a vector field X or its tangent X is isotropic. In
this case, for example. one no longer has the standard parameters
of 3.21. On the other hand, the developable surfaces in Minkowski
space are the same as in Euclidean space; in particular the four stan-
dard types plane, cone, cylinder, tangent developable are the same,
compare Section 3.24. In contrast with the Euclidean case, however,
there are in Minkowski space four different types of ruled surfaces,
which are simultaneously also minimal surface; for details on this, see
Exercise 22 at the end of the chapter.

3.44. The hyperbolic plane. We rcturn to the two-sheeted hyper-
boloid given by the equation —x? + 23 + 23 = —1. For reasons of
symmetry it suffices to consider just one of these sheets, say the one
with positive z7. In each point the unit normal v = +(xy,xq,z3) is
the same as the corresponding position vector, up to a sign. Just as
in the case of the Euclidean sphere (following 3.10), we choose here
v = —(xy,T2,23) with ¢ = (r,v); = —1. The surface itself is then
space-like, hence has a positive definite first fundamental form 7. Ac-
cording to 3.41, the Weingarten mapping is just the identity map,
and one has I = (IT,v);. Hence IT(X,Y) = —(X,Y)v, so that the
Gaussian curvature is

K= (vv)y =—L
The mean curvature vector is

Hov=1((er,e1)+ (e, e2)) = 2(—1I(e1,e1) — I(ea,e2)) v = —v;
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consequently we have the relation H = —1. Here, e1,ey is an arbi-
trary orthonormal basis of the tangent plane. With the normal —v
of opposite sign, we of course get H = 1.

Definition The set
H? = {(z(,22,25) € R} | — 2% + 235 +25 =1, 71 > 0},

together with the inner product induced by { , ); on each tangent
plane, is called the hyperbolic plane. The curvature satisfies the

equation K = —1 as a surface in Minkowski space.

REMARK: The hyperbolic plane defines a non-Euclidean geometry in
the sense that all axioms of Euclid arc satisfied except for the famous
parallel axiom [51, Sec. 7]. The parallel aziom states that for each
line and each point not on this line, there is a unique line through
that given point which does not meet the given line. As a point in
the hyperbolic plane one takes the points of H? or, alternatively, the
corresponding lines in Minkowski space which pass through the origin
(each such line intersects H? in exactly one point, if at all}, and one
defines the set of lines to be the set of intersection curves of H? with
all two-dimensional planes in Minkowski space which pass through the
origin and mcet H? (or, altcrnatively, these two-dimensional planes
themselves), see Figure 3.28.

Figure 3.28. Hyperbolic line segment between two points in
H? C IR}

It follows that any two “points” in H? can be joined by exactly one
“line”. However, there are no unique parallels since it happens quite
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often that two lines do not meet: The intersection of the two corre-
sponding two-dimensional planes in Minkowski space can be disjoint
with H? even if it is not empty.

Figure 3.29. Lines in H? after projection into the interior of
a conic in IRP?

After projection into the real projective plane (defined as the set of all
lines in three-space through the origin), the hyperbolic plane H? ap-
pears as its projective disc model where the “lines” appear in ordinary
line segments, see Figure 3.29 or Figure 7.2 (right-hand side). The
light cone appears as a conic in this model (just the exterior circle in
Figure 3.29). In particular one then has the fact that through two
arbitrary “points” of H? there is exactly one “line” of H? which con-
tains themn both, but from the figure it is intuitively clear that there
need not be unique parallel lines. It is also easy to see that each “line”
is infinite in both directions, measured now with the inner product of
Minkowski space. We will see later on in Chapter 4 (Exercise 24) that
these “lines” have a further geometric meaning as being the geodesics
of the hyperbolic plane (compare Figure 4.9). Moreover, both the
geodesics and the Gaussian curvature actually are independent of the
ambient Minkowski space; they are rather “intrinsic” objects of H?,
defined exclusively with the aid of the first fundamental form. But
we won't be able to prove this until later, in 4.16. Similarly, it follows
that the hyperbolic and the Euclidean plane are diffeomorphic to one
another (there is a bijective, differentiable in both directions, map
between them, for example by means of the orthogonal projection
F(x1.23.23) = (z2,23)), but such a diffeomorphism can never pre-
serve the first fundamental form. Otherwise it would have to map the
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geodesics in one geometry to the geodesics of the other (that is, the
hyperbolic “lines” into the Euclidean lines), which we can already see
is impossible from the non-validity of the parallel axiom in hyperbolic
geometry. A comprehensive source in the literature on this topic is
the classical [49], sec also [51].

3F Hypersurfaces in R""!

The entire theory of Chapter 3 can be extended to higher dimensions,
with few exceptions, which we describe here. We replace the two-
dimensional parameter domain by a n-dimensional one and the three-
dimensional ambient Euclidean space by the (n+ 1)-dimensional one.
In this case one speaks of hypersurfaces, in analogy with hyperplanes.

3.45. Definition. (Hypersurface element)

f: U — R™ Vs called a reqular hypersurface element, if U C IR™ is
open and f is a (C?-) immersion. The parameter u = (ui,...,uy,)
is associated with the point f(u) with n + 1 coordinates f(u) =
(fi(uw),.... far1(w)). The tangent hyperplane T, f is then is defined
to be the image of T,,UU under the map Df}“. Similarly, one defines

o the Gauss map v: U — S" by the unit normal vector v(u),
which is perpendicular to T, f (but note: in IR"*! for n > 3
there is no bilinear vector product of tangent vectors; still one
can formally define v as an m-linear vector product),

o the Weingarten map L = —Dv o (Df)™ !,

e the first, second and third fundamental forms (cf. 3.10)

B of of

I = (gij)z j=1...n (<8ui75E>>i]7
O*f

I = (h’t]>7‘,j:1‘..,,7l - (<M’U>)U’
v v

ar = (eg), o0 0 = (<51;7%>>ij'

EXAMPLE: The three-sphere in IR* can be described (with a certain
exceptional set) by coordinates as follows, where we have set v = £+ f
and L = +1d: ’

flo,v,0) = (cos @ cos ) cos B, sin @ cos P cos B, sin1) cos §, sin 6).
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3.46. Definition. (Curvature of a hypersurface)

The considerations of 3.12 remain valid, as long as the normal curva-
ture is still given by IT(X, X) with unit vectors X. Hence, one looks
for the stationary values with constraints, using Lagrange multipliers.

Thus one defines the principal curvatures k1,...,Kk, as the eigenval-
ues of L, the mean curvature by H = L(ky+...+k,) = L Tr(L), the
Gauss-Kronecker curvature by K = k1 -... -k, = Det(L), and finally,

the i-th mean curvature K, as the cocflicient of the characteristic
polynomial

Det(L — A - Id) = i(q)”—f (’Z) KA,

1=0

]’1<“‘<]‘1

In particular, one gets H = K;, K = K,,, Ko = 1. Forn > 2,
the formulas analogous to 3.13 for H in terms of coordinates require
subdeterminants (cofactors) of the matrix g;;, as the inverse matrix
g7 occurs. In low dimensions, we have

n=3: KlZé—(Hl+KQ+H3),

1 .
Ky = 5(K1ka + K1K3 + KoKkg),

1¢..
n=4: K= 3(k + ko +r3+Kse).
1 . o g o
Ky = E(HU{Q + K1K3 + K1Ka + KoKy + KoKkg + 5354),
1 o e e e oo ger
Kg = Z(Hlﬂgﬁg + K1Kok4 + K1K3K4 + H2h3h4),

K4 = K]1K2K3K4.

The corollary following 3.10 is true for arbitrary n, where it is the
so-called Hamilton-Cayley theorem: A self-adjoint linear endomor-
phism L satisfics its characteristic polynomial, see [31], Ch. X. In our
case one would introduce the k-th fundamental form by I(LF71X YY),
hence, e.g., a fourth fundamental form IV (X,Y) := I(L3X,Y)} and
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so on. All of these together are derived from the single equation

S (-1 <’Z> K, I(L’HX, Y) =0.

i=0

In particular, in the three-dimensional case one gets IV — 3K Ill +
3KoII- K] =0, and in four dimensions, V—4K IV +6 Ko [T -4 K311+
KI = 0. For n > 2 there are of course more “types” of points than
just “elliptic”, “hyperbolic” and “parabolic”. The Gauss-Kronecker
curvature no longer determines this type by itself. Rather, the type
is dependent on the distribution of signs of k1, ..., k.. In algebra the
number of negative eigenvalues is called the index of L.

Theorem 3.14 can be extended to higher dimensions word for word.
One only needs to replace the “planes” by “hyperplanes” and the
“spheres” by hyperspheres, the set S™(r) = {x € R"! | ||z|| = r}.
An umbilic is defined as a point in which the Weingarten mapping is
a multiple of the identity.

3.47. Theorem. A connected surface element of the class C®
consists only of umbilic points if and only it is contained in a
hyperplane or a hypersphere S™(r).

In contrast, the existence of special parameters (for example iso-
thermal parameters) does not easy generalize to higher dimensions. It
is not to be expected that in higher dimensions the first fundamental
form can be described by a single scalar function. This only holds in
very special cases, the so-called conformally flat metrics, for which we
refer to Section 8E. Moreover, one has the following fact: I already
determines II completely, if the rank of L or of II is at least 3, cf.
4.31. The “intrinsic geometry” in this case already detcrmines the
“extrinsic geometry”. The step from two to three dimensions is thus
in this respect a quite important one.

There are also higher-dimensional analogs of Minkowski space. In-
stead of the BFuclidean inner product on /R™ as a vector space, one
can introduce different bilinear forms (also referred to as “inner prod-
ucts” ), which are not positive definite, but are non-degenerate. This
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leads to the pseudo-Euclidean spaces IRy, k = 1,...,n — 1. We
will come back to this in Chapter 7 for the construction of higher-
dimensional spaces of constant curvature.

Exercises

1. Verify that the matrix g;; of the first fundamental formof f: U —
IR™! can be written as a matrix product (Df)? o (Df).

2. Show that for a curve ¢ inside a given surface element, the two
following statements are equivalent:
(i) cis a line of curvature.
(ii) The ruled surface defined by the surface normal v along ¢
is developable (i.e., satisfies the equation K = 0).

3. Let ¢ be a curve parametrized by arc length, and suppose that
its image is contained in a surface element f: U — IR3. The
Darboux three-frame FE1, Ey, E5 is then defined by the relations
Ei(s) = d(s), E5(s) = v(c(s)), F2(s) = F3(s) x E1(s). Here, as
usual, v denotes the unit normal on the surface f.

Derive the following derivative equations for this three-frame,
which correspond to the Frenet equations:

E 0 kg kKo Ey
E2 == _Kzg 0 Tg EQ
E3 —Ky —Tg 0 E5

The notations are as follows. The geodesic curvature is kg =
(¢", F2), the normal curvature is s, = II(c, '), and 7, denotes
a certain geodesic torsion.

4. Show that at a fixed point p on a surface element, the mean
curvature is equal to the integral mean of all normal curvatures,
ie.,

1 27
o) =5 [ wiloe
Here we view &, as a function of the angle ¢, which parametrizes
the set of unit vectors at this point (for example in some fixed
orthonormal basis).

5. A surface of rotation can always be locally parametrized in such /
a way that the new parametrization is angle preserving. Hint:
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find ¢ = ¥(u) with the property that (u,v) — f(¢(u),v) is
angle preserving.

Let f: [0, A] x [0, B] — IR® be a parametrized surface element.

Show that the following conditions (i) and (ii) are cquivalent:
(i) For cach rectangle R = [ui,us + @) x [ug.ug +b] C U, the

opposite sides of f(R) are of equal length.

(i) One has ZAL = %82 — () in all of U.

The coordinate grid (or two-parameter family of curves) formed

by the u; and the uo lines is called a Tchebychev grid. Show

that under thesc conditions there is a parameter transformation

p: U — U such that for f: fow ! the first fundamental form

can be written as

(G.5) = 1 cos ¥
93) =\ cos 1 ’

where ¥ is the angle between the coordinate lines.
Hint: Set p(uy, us) = ([ /Girdur). [ /gazduz).
Suppose we are given a surface element with K < 0. Show that

this surface is a minimal surface if and only if the asymptotic
curves at cach point are perpendicular to one another.

More generally, show the following analog of 3.19: If an asymp-
totic curve of a surface element with K < 0 is a Frenet curve
with torsion 7, then for the mean curvature we have the formula
H = +7 cotp, where ¢ is the angle between the two asymptotic
curves.

The Mercator projection (see Figure 3.30)

flu, )= coslh " ( cos p, sin g, sinh u)
is a parametrization of the surface of the sphere without the
north and the south pole. Show that this parametrization is
angle preserving, i.e., that u, ¢ are isothermal parameters. In the
science of cartography, a map with this property is referred to as
angle preserving or conformal. For more information c()ncerning
mathematical cartography, compare [5], §§66,67, or [8].
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10.

11.

12.

13.

North

Equator

South

West o East

Figure 3.30. Coordinate grid of the Mercator projection

Investigate for which parameters the 3-sphere
f(p,v,8) = (cos ¢pcos ) cos b, sin ¢ cos 3 cos 8, sinyp cos 6, sin 6)

is an immersion. Compare your results with the case of the
two-dimensional sphere.

Show that the one-sheeted hyperboloid with the equation z? +
y?—2% = 1 as well as the hyperbolic paraboloid with the equation
z? — y? — 2 = 0 can be parametrized as ruled surfaces. Which
quantities A, J, F' in standard parameters occur? Compare this
with 3.23 (iii).

Verify the formulas obtained in 3.26 for the Gaussian and the
mean curvature of a ruled surface in standard parameters, and
prove the Theorem of Catalan, which states that among all ruled
surfaces the right helicoid is characterized by the condition H =
0,K #£ 0. Find all ruled surfaces for which H = (—K)1/4 or
H = (-K),

Let ¢ be a Frenet curve in IR® and let D = Te; + ke3 be the
Darboux vector. Show that the ruled surface this defines, given
by

f(u,v) = c(w) +vD(u),
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14.

15.

16.

17.

is a developable surface (cf. 3.24), the so-called rectifying de-
velopable. The name comes from the fact that developing this
surface in the plane, the curve ¢ maps to a straight line (hence is
rectified). Moreover, for v = 0 the tangent plane coincides with
the rectifying planc.

Hint: In the parameters u,v above (not standard parameters),

show that Det(I]) = 0 by calculating <5ng, —g% x %>.

Show that the rectifying developable is a cylinder exactly for the
slope lines (cf. 2.11). It is a cone if and only if L = as + b with
constant @, b, where a # 0.

Show that the catenoid is the only surface of rotation for which
H=0K#0.

The rotational torus is given by
fu,v) = ((a +bcosu) cosv, (a+ bcosu)sinv, bsinu),

0 < u,v < 2m, cf. Figure 3.3. Here a > b > 0 are arbitrary
(but fixed) parameters. Calculate the total mean curvature of
this torus as the surface integral of the function (H(u.v))?. 0 <
u,v < 2w, explicitly as a function of a and b. What is the
smallest possible value of the total mean curvaturc?

Hint: The minimum occurs at @ = v/2b. Note that the integral
is invariant under the homotheties x — Az of space with a fixed
number A.

Remark: The Willmore conjecture states that there is no im-
mersed torus in IR? which has a smaller total mean curvature
that the above rotational torus, no matter what is looks like
geometrically. This conjecture has been verified in many cases,
but in general it is still open (see [17], 5.1-5.3, 6.5).

For a surface clement f: U — IR® we define the parallel surface
at distance ¢ by

fE(u17u2) = f(ul,uQ) +€- U(u17u2)7

cf. Section 3D. v is the unit normal of the surface f. Decide for
which ¢ this defines a regular surface, and show the following.
(a) The principal curvatures of f. and f have a ratio of l{gs) =
ki (1 —er;).
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18.

19.

20.

21.

(b) In case f has constant mean curvature H # 0, f. has con-
stant Gaussian curvature for € = ﬁ

Prove that the ellipsoid of rotation defined by the equation 2—2 +
:

L+ ‘z—j = 1 is a Weingarten surface satisfying the equation x; =
4

4 (k2)®. Conversely, every compact surface of rotation with a

constant ratio between k1 and &3 is an ellipsoid, compare. Figure

3.31. Hint for the converse direction: Use the same approach as

in 3.27.

Figure 3.31. Several ellipsoids of rotation

Calculate the function pj, @2, 3 for the Henneberg surface and
verify the relation ¢? 4+ 3 + @2 = 0.

Calculate the Gaussian curvature for the hyperboloid —z% +z3 +
22 = 1 in Minkowski space, that is, with the induced geometry.

Viewing the hyperbolic plane H? as a subset of IR}, calculate
the first fundamental form in polar coordinates around the point
(1,0,0) by using the set of all “lines” through this point, where
on these lines the arc length should be used as a parameter.
Hint: The “lines” through this point appear in IR? as usual
hyperbolas. In the Euclidean plane the first fundamental form
in polar coordinates (r,¢) is given by the arc length element
ds? = dr? + r?dg?®. A similar formula for the hyperbolic plane
is what you must derive, compare Figure 3.32.
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Figure 3.32. Equidistant circles in the hyperbolic plane
H? C IR}

22. Show that for an arbitrary choice of constant a # 0. each of
the following four surfaces in Minkowski space is a ruled surface
which is simultaneously a minimal surface, i.c., satisfies H = 0:

fi(u,v) = (au,vcosu,vsinu);

fa(u,v) = (vsinhu,vcoshu, au);

falu.v) = (vcoshu,vsinhu,au);

Jalu,v) = ((1(“—;— + 1) + uv, a(% —u) + uv,au? +v).

More precisely, this holds everywhere where the surface is either
space-like or time-like, since for isotropic surfaces mean curva-
ture is not a defined concept. However, the four types of surfaces
are isotropic only for special values of the parameter v.

23. Show that the four types of surfaces of the previous exercise are
helicoidal ruled surfaces in the sensec that cach can be obtained
from a helicoidal motion from a line. A helicoidal motion is
a onc-parameter group of linear transformations which preserve
the inner product of IR$, similar to the Euclidean screw-motions
of Section 2.3.

24. A ruled surface with rulings, all lines of which are isotropic, is
also called a Monge surface. Show that every Monge surface
satisfies the equation K = H?. Compare this with the case
of umbilic points on surfaces in Euclidean space, which satisfy
H? K = %(/{1 — Kg)? > 0, with equality holding if and only if
the point at which the curvatures are taken is an umbilic.



Chapter 4

The Intrinsic Geometry
of Surfaces

The “intrinsic geometry” of surfaces refers to all those properties of a
surface which only depend on the first fundamental form. Expressed
more figuratively, the intrinsic geometry is the geometry which pure
two-dimensional beings (the inhabitants of “flatland”!) can recognize,
without any knowledge of the third dimension. Surely angles and
lengths are among these properties. The question naturally arises as
to what geometric quantities are intrinsic, in particular, which of the
curvature quantities are of this kind. On the one hand it is intuitively
clear that a change in lengths and angles can lead to a change in the
curvature. On the other hand it is not at all clear whether the first
fundamental form alone is sufficient to determine the curvature.

A further problem in this connection is as follows. How can one form
derivatives using only the properties of the surface itself, without
reference to the ambient space? The directional derivative of scalar
functions is defined in terms of difference quotients. This is no longer
so for the directional derivative of vector fields. For vector fields
living in Euclidean space it is sufficient to take the derivatives of
the coordinate functions, since one has a constant basis. This is no
longer true on an arbitrary surface. Instead, one has to form the

IE. A. Abbott, “Flatland — a romance of many dimensions — by a square”, 1884, reprint
by Dover 1953, new edition by Princeton University Press, 1991.
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derivative of the basis itself, a process which is not a priori well-
defined. To alleviate these problems, one first reduces the process of
taking derivatives to differentiation in the ambient space, and then
studies whether or not the notion thus defined only depends on the
first fundamental form.

In what follows, U will denote an open set in IR" and f: U — IR™*!
will denote a hypersurface element. We will often just speak of a “sur-
face element” in this context. The notions of “tangent” and “normal”
will always be taken with respect to this f if nothing to the contrary
is stated. If the general dimension n is too abstract to the reader, he
or she may safely just think of n as being 2, and the results are then
the classical theory of the “intrinsic geometry of surfaces”. However,
since most of the formulas which we will give are just the same in
dimension n = 2 as in general dimensions (in particular, the indices
on the objects like g;;, hi;, etc.), we formulate everything in Chapter
4 for hypersurfaces in higher dimensions whenever this makes sense.
This is also preparation for Chapters 5 to 8 which follow, in which
higher dimensions occur out of necessity. In the discussion of special
parameters in Section 4E, in the Gauss-Bonnet theorem in Section
4F, as well as in the global surface theory in Section 4G, we will
return to consider the special case of dimension two in more detail.

There are good reasons to write the indices on coordinate functions
as superscripts, and we shall do this throughout, writing for example
w=(u,...,u™)and z = (z',...,2"*"). The reason for this is the so-
called Ricci calculus, as well as the Einstein summation convention.
In the latter convention, summation symbols are omitted for sums
over indices which are superscripts in one place and subscripts in
another. This will be explained in more detail in Chapters 5 and 6,

while we will explicitly write all summation signs in this chapter.

4A The covariant derivative

The analysis of the ambient space R™*! leads to the notion of di-
rectional derivatives of functions and vector fields, as is well-known
(cf. 4.1). For the theory of surfaces this has the disadvantage that
even the derivative of tangential vector fields in the tangent direction
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may very well have a normal component {this is just a directional
derivative in space). This would leave the realm of “intrinsic geom-
etry of the surface”. There is a way out of this, by considering only
the component of that directional derivative which is tangent to the
surface (cf. 4.3). The so-called covariant derivative obtained in this
manner has in addition a series of very pleasant properties. It is, for
example, a property of the intrinsic geometry, cf. 4.6.

4.1. Definition and Lemma. (Directional derivative)

Let Y be a differentiable vector field, defined on an open set of
R™t! and let X be a fixed directional vector at some fixed point
p of this open set. (In other words, assume (p, X) € T,R"!.)
Then the expression

DXYIP = DY\p(X) = lim %(Y(p +tX) —Y(p))

is called the directional derivative of Y in the direction of X (cf.
[27], Chapter XVII, §2). Here DY denotes the Jacobi matrix.

Furthermore, D XY‘p is already uniquely defined by the value of
Y along an arbitrary differentiable curve c: (—¢,¢) — R™*! with
¢(0) = p and ¢(0) = X. More precisely, one has

DxY[, = lm - (¥(elt) ~ Y (2)).

The (vector-valued) partial derivatives of Y correspond to the case

X = e; with the standard basis ey, ..., e,, meaning that we have the

equation D, Y = g}; .. Consequently we have with X =3, Xte;

X o1
Dx¥], =3 X'De¥], =3 X'lim 3 (Y0t te) =Y (7).

PROOF of this claim: By the chain rule we have

lim %(Y(c(t)) —Y(c(0))) = %]tZOY(c(t)) = DYIP(X) = DXYIP.
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4.2. Consequence. For a (hyper-)surface element f: U — IR"'!
let Y denote a differentiable vector field along f, and let X be some
fixed tangent vector to f at the point p = f(u) (see Definition 3.5).

Then, according to 4.1, the directional derivative DXY’ is well-
defined as a vector field along f. More precisely, the following relation
always holds at the point p = f(u):

ny|p =DY| (DfH)™HX)) = }i_r)r(l)%(Y(U#—t(Df)'l(X)) —Y(u)).

Here, c(t) = f(u+t(Df)~1(X)) is a particular curve for which ¢(0) =
X. Hence we apply 4.1 to this. Note that Y is not defined at points
of the surface element, but rather on the set of parameters. Thus
Y (u+t(Df) (X)) is a well-defined vector field along this curve.

The derivative in the direction of the ith coordinate u! is nothing but
the case X = %. It follows that

I H 1 1 1 n 1 i n
D%YIP—%I_%g(Y(u,...,u +t,.u) =Y (W, u™)

and in particular

4.3. Definition. (Covariant derivative)

If X,Y are tangent to a hypersurface element f, then the expres-
sion

VxY :=(DxY)™¢& = DxY — (DxY,v)v

is called the covariant derivative of Y in the direction of X. If
X,Y are tangent vector fields, then the covariant derivative VxY
is again a tangent vector field. The normal component of DxY is
nothing but the second fundamental form of f, since the equality

(DxY,v) = II{X,Y)

holds because of the relation (Y,v) = 0, and consequently
(DxY,v) = —(Y, Dxv). Hence we can also write

DxY =VxY + II(X,Y)v.
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REMARK: In [1], D is written instead of V for the covariant de-
rivative. It is at any rate important to differentiate between the two
differential operators (directional derivative and covariant derivative):

The directional derivative D is defined for vector fields on the am-
bient Euclidean space.

The covariant derivative V is defined only for tangent vector fields
on the hypersurface element.

For a scalar function ¢ along f there is only one kind of directional
derivative in the direction of X, defined as the limit of a difference
quotient and written Dx¢ = Vxp. In addition, we can multiply
such scalar functions pointwise with vector fields, with the notation
wX for the vector field p — (¢ X)(p) = ¢(p) - X (p).

4.4. Lemma. (Properties of D and V)
(1) D$01X1+502X2Y = LPIDle + LPQDX2Y'>
VW1X1+302X2Y = gpleIY + L:DQVXQY" (linearity)
(ii) Dx(Yl + YQ) = DxY1 + DxYa,
Vx(Yl + YQ) VxY1 +VxYas. (additivity)
(ii) Dx(¢Y)=¢DxY + Dxyp Y,
Vx(pY)=pVxY +Vxep- Y. (product rule)
(iv) Dx<Y1,Y2> <DXy1,YQ> +<Y1,ny2>,
Vx <Y1, Y2> <ny1, YQ) + <Y1, ny2>. (compatibility
with the
inner product)

WARNING: For the directional derivative and the covariant derivative,
commutativity fails, i.e., in general DxY # Dy X and VxY # Vy X.
An example of this:

Let e1, e2 be the standard basis of IR? with coordmates (z!,2?). Then

one has D, e; =0 for all i, j. Choosing X :=x!-es, Y := ¢y, we get
DxY =D,i.,e1 = leezel =0,
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but Dy X = Del(zleg) =a2' Do ea+ De,ateg =2 #0.
N N
=0 =1
4.5. Definition. For two vector fields X,Y in IR™*! or two vector
fields along f, the expression
[X, Y] = DxY — Dyx

is called the Lie bracketof X and Y. One has [X,Y] = VxY —Vy X,
if X and Y are tangent vector fields. Moreover,

of of1_ o*f _ 0%
[ ] =0 e g = G

In addition, in arbitrary coordinates, one has
L0 Of
X, Y * —
[X.¥]= Z <€ ou’ 0uz) ou’’

ifX =3, gL 5o, Y =2, nj%. An abbreviated notation for this is
[(X,Y) = X(Y?) - Y(X).

Here the index j denotes the jth coordinate.

CONSEQUENCE: For given vector fields X,Y the vanishing of the Lie

bracket is a necessary condition for X and Y to be basis vector fields
x=2Lv=2L

Out? oud ”

4.6. Theorem. The covariant derivative V depends only on the
first fundamental form, and as such is a quantity of the intrinsic
geometry of the surface.

Bud *
determine VY, it is sufficient to know the quantities <VX ,5{;>

for all k. From the calculus rules 4.4 we get the equation
i i  Of
VY =3V Y =SV (V) =
K3

o of of
‘ZE (8ulw ]vaut 3u1)

PrROOF: We set X = >, fi% and Y = 3, 2L, In order to
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and consequently

af i of of
<VXY’8 k 25 (0 ’g]k+n <V48uJ 8uk>)

Here we use the notation
._ af of
Fij’k T <V6—6u£{ Oud » duk >’

and these quantities are symmetric in the indices ¢ and j, as we know
by 4.5 that the Lie brackets of basis fields vanish. On the other hand,
we also have

0 of of
3k T gk <6ui’ 0u1> =T + Tk
By cyclically permuting the indices one gets

3] 3]
5y Jik = Ljik + Thi g Fui Ik = Tiji+Lijikee

From this we get, by adding or subtracting these equations,

7] 7]

0
2Lk = gkt g9kt gk

which is an expression which clearly depends only on the first funda-
mental form. O

4.7. Definition. (Christoffel symbols)
(i) The quantities I';; j defined by the expressions

of of
Luwi=1 (Vg4 55 5 )

are called the Christoffel symbols of the first kind.
(ii) The quantities Ffj defined by
0. O~y 0f
245w = 2 TG

are called the Christoffel symbols of the second kind.
(iii) By definition one has 1"1] =Tk, Ffj = F?i aswellas Ty =
Z Fz] gmk

CONSEQUENCE: The first fundamental form (g;;) uniquely deter-
mines the Christoffel symbols and thus also the covariant derivative
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of X =3, andY = Py 7 2L through the equation

k
vt = 2 (et )
ik J

4.8. Corollary. (Equations of Gauss and Weingarten)
For every (hyper-)surface element f, the following equations hold:
(i) The Gauss formula
62f _ Fk af

ouioud p ij.ﬂ_*_h

(ii) The Weingarten equation

i St G = o

The proof is more or less contained in the above definitions (for the
Gauss formula) and in 3.9 (for the Weingarten equation). In fact,
compare the equations

DxY =VxY +HO(X,Y) and Dv=—LoDf.

Like the Frenet equations in the theory of curves, 4. 8 can also be
written as a motion of the Gaussian three-frame Eﬁ, 3oz, v using the
following matrix:

o Ty T3 ha 24

5 Bul oul
3 _ 1 2 af

o | sz | =| T Tk he 52 |
v —h} —h? 0 v

and similarly in higher dimensions.

4B Parallel displacement and geodesics

That a vector field Y in Euclidean space is constant means just that
the directional derivatives DxY vanish in all directions X. Since one
has to think of the different vectors in space as being based at different
points, a constant vector field is characterized by the property that all
these vectors are parallel to one another (and have the same length).
However, the naive parallel transport of (p, X) to (g, X) would not
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work for surfaces since, if X is tangent at p, it is not necessarily tan-
gent at ¢. Instead, this notion of being parallel has been transferred to
the notion of covariant derivative in differential geometry as follows:

4.9. Definition. (Parallel vector field, geodesic)
If Y is a tangent vector field along a surface element f, then Y is
called parallel, if VxY = 0 for every tangent vector X.

If YV is a vector field (tangent to f) along a regular curve ¢ = fo-,
then Y is said to be parallel along c, if VxY = 0 for every X which
is tangent to c.

A non-constant curve ¢ on a surface is called a geodesic (or auto-
parallel), if V¢ = 0 holds along the curve c.

PHYSICAL INTERPRETATION: If we view c(t) as the motion of a mass
particle, then the expression D:.¢ = ¢ is just the acceleration vector
in Euclidean space. The motions free of acceleration (the lines) are
characterized by the vanishing of this expression. Similarly, on the
surface the expression V¢ is the vector of acceleration on the surface,
i.e., the tangential component of the acceleration. In this sense the
geodesics are the motions on the surface which are free of acceleration
(meaning without consideration of the forces which act perpendicular
to the surface). On the surface of the sphere, the geodesics are pre-
cisely the great circles. The consideration of V¢ requires by 4.6 only
the knowledge of the first fundamental form. From this it is clear
that geodesics are quantities of the intrinsic geometry of a surface.

WARNING: In general there is no non-trivial parallel vector field on
open sets of surfaces, however there are always parallel vector fields
along given curves (4.10), and locally one always has geodesics (4.12).

REMARK: If one (in special cases) wishes to consider non-regular
curves c¢(t), then one can still define a covariant derivative of a vec-

tor field Y along that curve by the relation V.Y = (%)Tang'. The

calculus rules in 4.4 hold in this case also. For a constant curve ¢, a
vector field Y is parallel along c if and only if Y is constant.
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A further notation for this is

VY (t)

D:Y = Dy(d)_dy() V() VeV =~

dt dt

4.10. Theorem. (Parallel displacement)

For every continuously differentiable curve v: I — U on a hyper-
surface element f: U — IR™"! there exists for every given vector
Y, which is tangent to the surface at a point f(v(49)) a unique vec-
tor field Y along ¢ := f o~ which is parallel to ¢ and whose value
at c(tp) is Yo. It is called the parallel displacement of Yy along c.

PROOF: As aboave we denote by 7/ (¢) the coefficients of the vector

Y(t)=3; (¢ )am and by u'(t) the coordinates of the curve v(¢). In
the formulas for VxY following 4.7 above we get the relation £*(t) =
%4(t), and consequently (using the chain rule)

VeV = Z (auz +Z )gfk
Z( % k) o

The requirement that Y should be parallel is thus equivalent to the
system of ordinary differential equations

K0 + 3w e (Tl (elt) = 0

for the function n*(t),k = 1,...,
there exists for given initial conditions n!(tp),...,n"(to) exactly one
solution for every t in the given interval ([27], Chapter XIX). O

n. This system is linear, hence

4.11. Corollary. A parallel vector field along a curve has a con-
stant length. In particular, for a geodesic with V¢ = 0, the length
[[¢l| of the tangent is necessarily constant.

This follows easily from the equation (properties 4.4) Vo(X,X) =
2(V:X, X) = 0, provided that VX = 0. Similarly, the inner product
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(and hence also the angle) of two parallel vector fields along the same
curve is constant.

REMARK: An arbitrary regular curve ¢(t) can be transformed into a
geodesic by a reparametrization if and only if V¢ and ¢ are always
linearly dependent. This expresses the fact that an acceleration can
only be forward or backward, not to the side.

4.12. Theorem. {Geodesics)

For every point pg = f(ug) on a surface element f, and for every
vector Yy with ||Y5|| = 1 which is tangent to the surface at pg, there
exist an £ > 0 and a unique geodesic ¢ = fo~, parametrized by arc
length, for which ¢(0) = pg and ¢é(0) = Yp, where v: (—¢,e) - U
is differentiable with v(0) = wy.

PROOF: To set up the differential equation for a geodesic c(t), we
must set ° = %’ in the corresponding equation in the proof of 4.10.
We get (again utilizing the chain rule)

u* :
0=V =Y u(t) (aau(f) + Z e (t)Ffj(c(t))) %

ik

o of
. Lk . i - g k
= (i + 3w rs (e(t) 52
which leads to the system of equations

ik () + Z W (¢)a? (OTE (c(t)) = 0

for kK = 1,...,n. Since c(t) is determined by the functions u’(t)
according to the relation c(t) = f(v(t)) = f(ul(t),...,u™(t)), this is
a system of ordinary differential equations of the second order for u*(t)
(not of the first order for u'(¢)). The local existence of solutions for
given initial conditions u*(0),%*(0) then follows from general results
([27], Chapter XIX). ’ O

REMARK: By Definition 4.3 the expression V¢ is nothing but the
tangent component of D:¢ = ¢. The (oriented) length of the normal
component of this is the normal curvature w,, while the (oriented)
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length of the tangent component is also called the geodesic curvature,
cf. 3.11 and 4.37. Thus geodesics are also characterized as the curves
with vanishing geodesic curvature.

ExAMPLES: Tt is clear that in Euclidean space the geodesics are pre-
cisely the straight lines since all Ffj vanish identically. On surfaces
(t, ) — (r(t) cosp, r(t)sing, h(t)) of rotation, the curves = const
are always geodesics (up to reparametrization), while the curves t =
const are geodesics only for values tp with 7(¢g) = 0.

4.13. Theorem. (“Shortest paths are geodesics”)

Let p, g be fixed points on a surface element f: U — IR™t! joined
by a regular C*>°-curve ¢ = f o~. If ¢ is a “shortest path” (i.e., if
any other C*°-curve with the same endpoints is at least as long),
then ¢ is a geodesic (up to reparametrizations).

WARNING: This does not answer the question as to whether shortest
paths exist, or whether they are differentiable and regular if they
exist.

ProOoOF: This is based on the same variational principle that we al-
ready applied in 3.27 in the investigation of minimal surfaces. We
start with a given curve and compare its length with the length of

4

curves which are “near” to it. For this it is convenient to parametrize
the given curve c¢(s) by arc length in the interval [0, L] and then em-
bed this in a family of curves with parameter ¢, fixing the endpoints.

Thus, let C(s,t) be a differentiable map with
C(s,0) = efs), C(0,8) =c(0), C(L,t) =e(L),

for all s € [0, L] and t € [—¢,¢]. The curves we compare c(s) with are
then c;(s) = C(s,t). They have the same starting and ending points
as ¢, but they are in general not parametrized by arc length. The
length of ¢; is simply given by

L 8ct Bct 1/2
L(Ct) —/0 <g,g> ds
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We take the derivative of this expression with respect to t at the point

oot = &l [ (5 5
[ [0
= [5G ye= [ (GG Gove)is
Yo o [ R T

= —/OL <%§,Vclcl>ds

ac _ aC _
because 5= |s=0 = S7|s=1 = 0.

Now, by assumption we have %|t=0L(ct) = 0 for every mapping of
this kind. This is only possible if V..¢’ = 0 holds along the whole
curve ¢. Otherwise we could construct a C in such a way that the
integral is non-vanishing. Suppose for example V¢’ # 0 for some pa-
rameter sg. Since V. ¢ is always perpendicular to ¢/, we can construct
a parameter map C(s,t) with 2 90—y = Vo' (for example, over the
parameter domain). By applylng an appropriate cutoff function, one
can also ensure that the endpoints are the given points. Moreover,
one can ensure that C(s, t) = ¢(s) outside of a small neighborhood of
89, where the integrand Bt , Vc/c’> does not change sign. This is a
contradiction to the above calculation under the assumption that the
curve c is the shortest path. Thus we see the role played by the map
C: it is arbitrary, and there are certainly sufficiently many such maps
to carry out the argument. For this it is irrelevant whether one can

actually realize an arbitrary one-parameter family ¢; in this manner.
O
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4C The Gaussian equation and the Theorema
Egregium

In this section we want to investigate the Gauss and Weingarten equa-
tions 4.8 with a view to the situation in which the surface f itself is
not given, but rather its (hypothetical) first and second fundamen-
tal forms. In the process, we naturally run across more equations,
which describe the integrability conditions for the derivative equa-
tions (these are conditions which guarantee that the derivative equa-
tions can be solved, yielding a surface f with the given fundamental
forms), and this has various implications (some of them quite sur-
prising), for example the Theorema Egregium of Gauss 4.16, which is
anything but obvious.

4.14. Remark. (Strategy for determining f)

We want to integrate the Gauss and Weingarten equations as a sys-
tem of partial differential equations (for n > 2). Note that, even in
the simplest cases, for the existence of a solution f of a system of

equations
6f 1 af 1 n
w :bl(u ,..,,u"),...,% :bn(u seea U )
for given functions by,...,b,, necessary conditions must be fulfilled,
the so-called integrability conditions
ob;  0Ob; .
i D for all 14, 7,

since the second partial derivatives of a solution f (if it were to exist)
with respect to u; and u; are symmetric in ¢ and j. One can for
example integrate from the origin (0,...,0):

?
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Because of the integrability conditions these integrals are independent
of the path of integration, at least inside an n-dimensional cube with
the corners (0,...,0) and (u!,...,u"). In particular, changing the
order of integration does not change the result. We must expect
similar integrability conditions in 4.8:

#*f 0
OutduiduF — Ouidukdui’
0% o2y

uioul  duwioul’
and the corresponding expressions for the right-hand sides of 4.8 (i)
and (ii).

4.15. Theorem. The integrability conditions for the Gauss and
Weingarten equations (4.8) are the two following equations:

(i) The Gauss equation

6 s 8 5 T S T S
Wrij - Wrik + (F'j rk FikFrj)

= Z (hijhkm — hikhjm)gms for all 4,7, k, s
(ii) The Codazzi-Mainardi equation

) ) .
sophii = 5ty (nghrk - r;khrj) =0 for all i, j, k.

PROOF: We take the derivative of the Gauss formula from 4.8 and
insert both equations from 4.8 in the right place in the result:

_0 &Fr 9 f
T Ouk Outdul  Oud Sutduk

2
- Z ( ) ous Z (8u3 Flk) (‘i{s + ;F% (9uakgur

=X (" - ) e+ S0 (s )
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_ZF (erra s +thV)

0 0
+(Whij ¥ zk) - Uthmg -~+hm2h]m 8u9

The Gauss equation simply expresses the vanishing of the coeflicients
of g L while the Codazzi-Mainardi equation expresses the vanishing
of the coefficients of v. The analogous integrability condition for the
Weingarten equation from 4.8,
v 0%y

outdus Ol Ot

yields no new equations, but rather is just a reformulation of the
Codazzi-Mainardi equation. This makes sense, since the motion of
the normal is always coupled to the motion of the tangent (hyper-)
plane. 0

0=

REMARK: The left-hand side of the Gauss equation is called the
curvature tensor and is in general expressed in the form

Tk = 88’“FS k+Z( LY — sz)

For the significance of the curvature tensor see 4.19 below.

4.16. Corollary. (Theorema Egregium of C. F. Gauss)

The Gaussian curvature K of a two-dimensional surface element
f: U — IR® of class C® depends only on the first fundamental
form? (and is consequently an intrinsic quantity of the surface).

Recall that the Gaussian curvature K was defined by K = Det(L)
= Det(II')/Det(1), cf. 3.13.

PROOF: We set i = 7 = 1,k = 2 in the Gauss equation and multiply
through by g,2. The right-hand side results from a summation over
s in the expression

2This is also true if f is only of class C?, see Ph.Hartman & A.Wintner, On the
fundamental equations of differential geometry, American Journal of Math. 72 (1950),
757-774.



4C The Gaussian equation and the Theorema Egregium 149

Z (Ri1ham — h12h1m ) 9™ gs2 = hi1haz — hiahia = Det(II).

™m,s

This expression depends only on the first fundamental form, as follows
from the Gauss equation (left-hand side of the equation). Thus this
also holds for K = Det(II)/Det(I) = >, g2sR521 /(911922 — 9%). O

REMARK: The mean curvature H does not depend only on the first
fundamental form. For example, on the one hand we have the plane
with H = 0 and the cylinder with H # 0, cf. 4.25. However, both
surfaces have the same first fundamental form.

4.17. Lemma. Let X,Y, Z be vector fields, defined on an open
set in JR™. Then one has

Dx(DyZ) - Dy(DxZ) = Dix,y|Z.

Proor: First note that the statement is trivial if X, Y are the stan-
dard basis elements e;,e; of IR", since D, D Z = D, D, Z and
[ei, Ej} = (.

Next, let X = 37, €%; and Y = 37 n/e;. The calculus rules in 4.4
imply the relations

DxDyZ —DyDxZ

_ Z&iDEi(anDeJZ) _ anDeJ (Z&”Delz)
i 77 ej __ang_ﬁj_pe
4,7

X (el S

e, He; e

2%

The last equality is legitimate by 4.5 (Lie brackets in local coordi-
nates). O



150 4. The Intrinsic Geometry of Surfaces

4.18. Theorem. (Variants of the integrability conditions)
Let X, Y, Z be tangent vector fields along a surface element f: U —
JR"*1. Then the following equations hold:

(i) The Gauss equation
VxVyZ — VyVxZ - VixyZ = (LY, Z)LX — (LX, Z)LY
=1I(Y,Z)LX - II(X,Z)LY
(ii) The Codazzi-Mainardi equation
Vx(LY)—Vy(LX)— L([X,Y]) =0.

PROOF: We simply decompose the equation of 4.17 into the tangent
and normal components with the aid of the formula DxY = VxY +
(LX,Y)v and then apply the calculus rules in 4.4:

0= DnyZ — DyvDxZ — D[Xy]Z = Dx(vYZ+ <LYV7 Z>I/)
- Dy (VxZ +{LX,Z)v) — Vixy1Z — (L(IX,Y]), Z)v
= VxVyZ —VyVxZ ~ Vixy)Z ~ (LY, Z)LX + (LX, Z)LY

+ ((Vx(LY),2) = (Vy(£X). 2) — (L(X,Y]), 2) )v.

4.19. Corollary and Definition. (Curvature tensor)
The value of VxVyZ — VyVxZ — Vix y)Z at a point p depends
only on the value of XY, Z at p, because the right hand side of the
Gauss equation in 4.18 does. One also refers to this state of affairs
by saying

R(X,YVZ :=VxVyZ -VyVxZ — V[Xﬁy]Z
is a tensor field, which is called the curvature tensor of the surface,

cf. Chapter 6. This tensor field only depends on the first fundamental
form. The Gauss equation can be written

R(X,Y)Z = (LY, Z)LX — (LX, Z)LY.

The notation R(X,Y)Z comes from the fact that for fixed vectors
X,Y, the so-called curvature transformation R(X,Y’) can be viewed
as an endomorphism of the tangent space. For the two-dimensional
unit sphere, this transformation is just a rotation by 7/2, as L is the
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identity. Here we are assuming that X and Y are orthonormal. In

the parameters ul, ..., u™ we have the equation
af Of\ of . of
— - = R =
R(auk’ Al ) pur = 2=t dus

with the quantities Rfkj which also occurred in 4.15. The curvature

tensor of Euclidean space is according to 4.17 simply R(X,Y}Z =
DxDyZ — Dy DxZ — Dix y|Z = 0.

REMARK: If one introduces the notation V x L by means of the “prod-
uct rule”

Vx(LY) = (VxL)(Y) + L(VxY),

then the Codazzi-Mainardi equation takes on the following simple
form of a symmetry of VL for the shape operator L:

0= Vx(LY)~Vy(LX)—L(VxY-VyX) = (VxL)(Y)~(Vy L)(X).

For this reason, an endomorphism field A of the tangent space which
satisfies (VxA)(Y) — (Vy A)(X) = 0 for all X,Y is called a Codazzi

tensor.

4.20. Corollary. (Variant of 4.16, Theorema Egregium)
Let X,Y be orthonormal vector fields along f: U — IR3. Then
one has (R(X,Y)Y,X) = Det(L) = K.

PROOF: In the orthonormal basis X, Y, the shape operator L is rep-
resented by the matrix

[ (LX,X) (LX,Y)
( (LY, X) (LY,Y) )

The Gauss equation 4.19 now implies (with Z =Y")
(R(X,Y)Y,X) = (LY, Y)(LX,X) — (LX,Y)(LY.X) = Det(L) = K.
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4.21. Corollary. Let f: U — IR"! be a hypersurface element with
orthonormal principle curvature directions X3, ..., X,, and principle
curvatures Ki,...,kKp. Llhen one has <R(X,«,Xj)Xj,Xi> = Kk, for
all i # 7.

ProOF: For LX; = k,X; and (X, X;) = 1, (X;, X;) = 0, one has by
virtue of the Gauss equation

(R(X;, X)X, X;)
== <LX],XJ><LXZ,XZ> - <LX“X]><LXJ,X1> = l{jﬂi — 0.

The expression ( R(X;, X;)X;, X;) can be viewed as an analog of the
Gaussian curvature, a kind of curvature in the 4, j-plane. In Riemann-
ian geometry, this quantity is referred to as the sectional curvature in
this plane (cf. Section 6B).

4.22. Corollary. The second mean curvature (cf. 3.46)

Kikj = Kikj
; "5 = Ty ; i*;
is a quantity of the intrinsic geometry, since it is independent of the
choice of X;. Indeed, the Gauss equation shows that K3 is a trace-
quantity, which can be calculated purely in terms of the curvature
tensor. The sum of the <R(Xi,X]-)Xj,Xi> over all ¢ # j always
has the same value, independent of the choice of the orthonormal
basis X; and independent of the Weingarten mapping. One calls
the quantity Zi# kik; the scalar curvature, because it is a scalar
curvature function on the surface and for its determination no choice
of tangent vectors on the surface is necessary. This last property is
to be seen in contrast with, for example, the Ricci curvature, which
depends on a direction, cf. 6.10.

4D The fundamental theorem of the local theory
of surfaces

In this section we want to carry through the integration of the equa-
tions of Gauss and Weingarten in 4.8, since we have already discussed
the corresponding integrability condition in detail in 4.15. The initial
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value problem for this integration has a very intuitively clear geo-
metric interpretation, namely as the parameters of the Euclidean mo-
tions (translations and rotations) which one may apply to the surface.
Thus we first formulate the invariance of the Gauss and Weingarten
equations under Euclidean motions. Recall that the orientation of
a surface element is essentially determined by the choice of the unit
normal vectors, cf. 3.7.

4.23. Lemma. (Invariance under motions and uniqueness)

Let f: U — IR™*! be a given surface element and let B: R"! —
IR"*! be a Euclidean motion, i.e., B(z) = A(z) + b with an ortho-
gonal map A € SO(n +1). Set f := Bo f. Then, after an
appropriate choice of unit normal vectors, for the two fundamental
forms g, g, h,g one has the equations

9ij = Gij> hi; = hij.
Conversely, if for two surface elements f, f: U — IR™*! which are
oriented in the same way, the equations g;; = g;;, hi; = hs; hold,
then the two surface elements are the same up to a Euclidean
motion, i.e., one has

f::Bof

for some Euclidean motion B.

Proor: If A and b are constant, then %%- = A(%), and, for an
appropriate choice of unit normals v, one has 7 = Av. Since A is
orthogonal, the claim of the first part follows immediately.

For the second part we define for every u € U a map A(u): R"+1
— R*+1 by A(u)(QL u) = 9| and A(u)(v(u)) = D(u). The map

ou® = Bu ly
A(u) is then an orthogonal map A(u) € SO(n + 1) for all u. We
will now show that A(u) does not depend on u. By taking one more

derivative, we get on the one hand

- 2
L 2 () - 242 (52

Autdul ~ Oul
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v J(Av) 0OA (ﬂ )

out  ow EE(V) * ou?

On the other hand, §g¥ = ¢ and f‘fj = ]."f] From this and the
equations of Gauss and Weingarten it follows that

o2 f 714( 2f )
5 ,

Outdui utOul

This implies gfi = 0 for all . Hence A is constant and f — A(f) is

also because of 21, = A(SL). O

4.24. Theorem. (The fundamental theorem of the local theory
of surfaces, O. Bonnet)
On an open set U C IR™ let symmetric matrix functions

gij = gij(ul, cey u”), hi]‘ = hz’j (’U,l, . Un)
of class C? resp. C' be given, so that (g;;) is everywhere positive
definite and so that g;; and hy; fulfill the Gauss and Codazzi-

Mainardi equations (4.15).
Then, for a given initial condition

W@ e U, ppe R X0 X x© ¢ prtt e, R

with <Xi(0), X](-O)> = gij (u(o)) and given unit normal (9 in p (i.e.,
a unit vector which is perpendicular to all XZ.(O)), there is an open
connected subset V C U, 4(® € V and a unique (hyper-)surface
element f : V — IR™"*! of class C® whose Gauss map is v and

which has the properties

L f(u®) = po;

2. %(u(o)) = Xi(o) fori=1,...,n;

3. v(ul®) = .

4. gi; and h,; are the first and second fundamental form of f
(with respect to v).
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PRrRoOOF: The initial condition X 1(0)

mal (?) at the point py by requiring that XI(O)7 X;O), - X}lo), V(0 g
a positively oriented basis of R**!. Then, in particular, (19, (0)
=1, <1/(0),Xi(0)> =0 for i =1,...,n. Thus, after choosing an ori-
entation we may assume without restriction of generality that v has
been fixed. However, formally the same surface can have both h;;
and —h;; as second fundamental form, depending on the choice of
the normal. Without the choice of normal in 4.24, the surface would
only be unique up to a reflection at the tangent plane T, f.

uniquely determines the unit nor-

We write down the equations of Gauss and Weingarten 4.8 in two
steps as systems of linear partial differential equations of the first
order,

v «
8u’ ZF X + i, out Z hingka
7

on the one hand, and
of
oui —
on the other.

Step 1: As a first step we seek a solution Xi,...,X,,v of the first
system. The integrability conditions

62Xj 82Xj und 621/ 821/

oulou™  dumow oulou™  Oumout

are exactly the equations of Gauss and Codazzi-Mainardi in 4.15 (just
replace there 2 s by X ;) which are satisfied by assumption. Therefore
there exists locally a unique solution to the given initial condition
x©O xo
be found for example in [6], Appendix B. It goes back to Frobenius
(1877). The method is to reduce the system of partial differential
equations to a linear system.of ordinary differential equations. The

X,(IO), 9. This existence and uniqueness result can

integration is carried out in the same way as we saw at the beginning
of Section 4C: first a curve integral from the fixed initial point to
a second point is calculated, which is independent of the path of
integration by the integrability conditions (at least on some simply
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connected open set, for example an e-neighborhood V of u(® which
lies inside of U). If U itself is simply connected, then one can set
V=U.

It remains to show that
<V7V>:1v <V’Xi>:0a <Xi>Xj>:gij~

This holds certainly at the point py because of the assumed initial
conditions. The three equations then also hold in a neighborhood if
both sides turn out to be solutions of one and the same differential
equation. To see this, we take the derivative of the three left-hand
sides, using the first system of equations above:

0 ov &l
[ = _— = — E i X ;
auz<yay> 2<auzay> 2klhkg < lvy>

8 v X,
gtV Xa) = <auwXﬂ> + < EE>

== hag™ (X0, X;) + Y TH (v, Xe) + haj (v, v);
k,l k

a r s
HoF Ko Xi) = D T (X, X) 4+ Y T (X, X
+hik<l/, X]*> + hjk<Xi, IJ>.

Now one can see that not only the three left-hand sides (v, v), (v, X;),
and (X;, X;), but also the three right-hand sides 1,0, g;; satisfy this
system of equations. By the uniqueness of solutions, these two solu-

tions must coincide.

Step 2: As a second step we look for a solution f of the second system,
now for given X;. The integrability conditions

0X; . 0X;

Ouw  Out

are satisfied here because of the symmetries

hij = hjl' and F,]f] = 1-\‘1;1
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Thus, by the existence result mentioned above, we get a unique solu-
tion f with the initial value f(u(®) = py.

It remains to show that g;; and h;; are in fact the first and second
fundamental form of f. The first was already shown above:

of of >

0= XX = (5555

v is the unit normal of f because of the relation 0 = <V, X,») =
(v, %). Hence we get

<3f’23u3’ > <ZF133 k hijv, >—h”D

4.25. Remark. For a two-dimensional surface element the first fun-
damental form does not determine the surface up to Euclidean mo-
tions. Here are some examples.

(i) The plane (x,y) — (z,¥,0) and the circular cylinder (x,y)
— (cosz,sinz,y) have locally the same first fundamental form.

(i) A compact convex surface with a flat part can be modified by
adding a “hump”, with reflection symmetry with respect to the
normal direction. The first fundamental form does not notice
this at all, since a reflection preserves the first fundamental form.

(iii) The helicoid f and the catenoid f have the same first funda-
mental form in appropriately chosen parameters, see 3.37. Con-
sequently, one has K = K by the Theorema Egregium, and in
addition H = H = 0, so that we even have k1 = Ry and kg = Ra.
But clearly these surfaces are not equivalent under a Euclidean
motion, not even locally, since this would contradict 3.23 (iii).

In all of these cases there are different possibilities of (h;;) for a given
(gs;) which satisfy the Gauss and Codazzi-Mainardi equations. If the
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quantities (g;;) and (h;;) are arbitrarily prescribed, without the equa-
tion 4.15 being satisfied, then there is no surface element at all with
(gs5) as the first fundamental form and (h;;) as the second fundamen-
tal form.

4E The Gaussian curvature in special
parameters

For two-dimensional surfaces in IR?, the Gauss equation yields in par-
ticular an explicit expression for the Gaussian curvature, depending
only on the first fundamental form, that is, on the three quantities
E, F,G. This follows from the Theorema Egregium. However, in gen-
eral this expression can be quite complicated. One gets, for example,

1

K= 4(EG — F2)2(

D; - Dy),

where D and D3 are the following determinants:

—2F,y + 4Fu0 —2Gy E, 2F, - E,

D, = Det 2F, - G, E F ;
G, F G
0 E, G,
D; = Det FE, FE F
G, F G

For a proof of this, see for example {4], 3-3. Without going into
this proof in more detail, we will give quite independently of this a
much simpler formula in special parameters which holds for arbitrary
surfaces. This allows rather easy calculations with the Gaussian cur-
vature using only the first fundamental form.
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4.26. Special case. (Orthogonal parameters; lines of curvature
parameters® )

If f: U — IR has no umbilical points, then one can introduce local
parameters (u,v) such that F' = gi2 = hip = M = 0 (cf. 3.15),

hence
E 0 L 0
I“(o G)’ II*(O N)’

with the principal curvatures k; = %, Ky = % The equations of
Codazzi-Mainardi (i) and Gauss (ii) hold in the following form:

(¥

1 E, Gy
= Nﬁ@((@)v + (@)u)
This equation for K holds already purely intrinsically in or-
thogonal parameters, i.e., if I = ((;E GO) In isothermal param-
eters with ' = G = X one has

w-5((3).+ (3).)

PROOF: The proof is carried out by specializing the formulas of 4.15
and 4.16. First, we calculate the Christoffel symbols, for example
[111 = 2B, and I'{; = £E,/E, and similarly for the other indices.
Then, applying the Codazzi-Mainardi equation 4.15 fori = j =1,k =
2 on the one hand and for ¢ = j = 2,k = 1 on the other, we get

1F, 1E,

Il

1
—ﬁA(log A).

0= "Ly —=0+Thy ~Tighiy = Ly — 57N = 5= L,

1G 1G
=N,—-0 i b, —1I? =N, — ——% — —=%N.
0 + 15911 1oho2 = N 2 EL 5 C

For the Gauss equation we do what was done in 4.16 and calculate

Det(11) = 3 ((P1)e — (Tia)e + 3 (T — TRl) ) os2

3

37This means these parameters are such that the parameter lines are lines of curvature,
cf. 3.15.
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_(_%(Eu)v_%( u) 1E,1G, 1E,1G,

_1&( 1&) lﬂlGu)
2 F 2 G 2G2G
It then follows that

Det(II)

Det(1)

G ¢ ¢ T 3£t

= QEG@(\/EE Evo = Ey(VEG),+VEG-Guy - Gu(VEG),)

¢: EG. BG, E GQ>

4.27. Definition. (Geodesic parallel coordinates)

The coordinates of a surface element f: U — IR are called geodesic
parallel coordinates, if the u-curves (i.e., the curves defined by v =
constant) are geodesics parametrized by arc length, which intersect
each of the v-curves orthogonally. By construction, two v-curves
cut segments of equal length in the u-curves.

REMARK: Such geodesic parallel coordinates occur if and only if the
first fundamental form can be written as

1 0
o o)
with a positive function G = G(u, v). The necessity of this form of the
first fundamental form is clear by definition. Conversely, this form
shows that the u-curves are also parametrized by arc length and are
always perpendicular to the v-curves. The equation for the geodesics,
V. fu =0, can be verified by calculating the Christoffel symbols. For
the calculation, those Christoffel symbols which contain derivatives
of G are irrelevant.

Locally geodesic parallel coordinates always exist on surface elements.
They can be constructed from a given fixed curve v = u(?), where u(®
is a constant, by constructing all the geodesics which are orthogonal
to it. But one still must show that these are in fact coordinates,
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a verification of which can be found for example in [4], 4-3. In the
particular case in which the starting curve u = u(® is itself a geodesic
which is parametrized by arc length, one speaks of Fermi coordinates.
Such coordinates are often used in geodesy. In this special case one
has:

0

Gu®, v) =1, 0

G(u®,v) =0, Ffj(u(o),v) =0

for all v and all 7, 5, k.

4.28. Corollary. In geodesic parallel coordinates (g 0), the fol-
lowing simple equation for the Gaussian curvature holds:

(VG)uu
T

Alternatively, we have for I = (3 G(;) the expression K = —Gy,, /G.

K(u,v) = —

This is a special case of 4.26 (ii) with E = 1. Note that (VG)y, =
1{ G,

iESy

EXAMPLE: A surface of rotation f(u,p) = (r(u)cose,r(u)sing,

h(u)) with "2 + h'? = 1 is always parametrized by geodesic paral-
lel coordinates because of the relation

10
(o )

cf. 3.16. These are Fermi coordinates in a neighborhood of a circle
with 7/ = 0 and r = 1, cf. 4.12. The formula K = —r,,/r in 4.28
specializes to the equation K = —r"/r, which is already familiar to
us from 3.16. Compare this with the surfaces of rotation of constant
Gaussian curvature Ky as the solution of the differential equation
" 4+ Kor = 0 in 3.17. Here it is not obvious that an elongated
sphere and an oblate sphere have the same first fundamental form
as the standard sphere. However, in Fermi coordinates f(¢,¢) =
(acostcos £, acostsin £, fot V1-—a?sin’z dz) around the geodesic
t = 0 this is indeed the case: I = (1 0) is independent of a. As

0 cos?t
a further application of 4.28, we prove Theorem 4.30 below, which
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is more generally concerned with the isometry problem for pairs of
surfaces.

4.29. Definition. (Isometric)

Two surface elements f, f are said to be isometric (to one another),
if in appropriately chosen coordinates they have the same first fun-
damental form, ie., if for given f: U — R"T!, f: U — R™*! there
is a parameter transformation ®: U — U such that

<8f af>:<a<fo<1>> a(fo@>>

out’ Oul Aut T O

for all ¢, 5. Two isometric surface elements can thus be mapped in a
length preserving manner, i.e., the mapping fo®o f~1: f(U) — f(U)
is length preserving. Compare this with Definition 3.29.

4.30. Theorem. (“Surfaces with the same constant Gaussian cur-
vature are isometric”)

Let f: U — IR3,f: U — IR? be surface elements with the same
constant Gaussian curvature. Then locally f and fare isometric.

PROOF: Let K be the constant Gaussian curvature. We fix two points
inU, U and introduce in appropriately chosen neighborhoods geodesic
parallel coordinates, starting with a given geodesic u = 0 (i.e., Fermi
coordinates). We denote the parameter for both surface elements by
the same symbol (u,v). The first fundamental forms of the surfaces,
1, I then have by 4.27 the form

[:G) G(B,@)’ I= (é 5(2,@)

with G(0,v) = 1 = G(0,v) for every v. The quantities G and G are
uniquely determined by the differential equations

2 2 — ~
O va--xkve, L Va-_kVE

Ou? du?
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which hold by 4.28. The uniqueness follows once we are given initial

conditions
0 0 [=
_u1/G(u’v)’u=O:0: % G(’U,,’U)quo.

Note that for fixed but arbitrary v, this is an ordinary differential
equation of second order in the parameter u. Putting everything
together, we have in these parameters G = G, hence I = I and thus
the (local) isometry of f and f |

WARNING: In general 4.30 no longer holds without the assumption
that the curvature is constant, i.e., there are non-isometric surfaces
with the same Gaussian curvature in certain parameters. However,
this can change when one passes to Fermi coordinates or other pa-
rameters. Therefore, the differential equation which we utilized above
can no longer be used. See Exercise 7 for an example of this kind.

RETROSPECTIVE: Theorem 4.30 shows in particular that locally there
is only one first fundamental form for which X' = 0, namely the
Euclidean one. This puts the results of 3.24 on developable surfaces
in a new perspective. At the same time, 4.30 leads to a simpler proof
for the relation (1) < (2) in 3.24, without any details on the geometry
of ruled surfaces. Note, however, that a straight line on a surface is
always a geodesic. Hence it must remain a geodesic after developing
a ruled surface isometrically into the plane. Compare the definition
of “developable” in Section 3.24. Moreover, it is clear from 4.30 that
all surfaces of rotation with the same constant curvature in 3.17 are
locally isometric to one another.

For two-dimensional surfaces there are many examples of pairs of sur-
faces for which the first fundamental forms coincide, but the second
do not. What is the analogous statement in dimensions n > 37 The
following theorem gives a surprising answer that in higher dimensions
nothing of the kind happens, at least not if the rank of the Weingarten
mapping is at least three. The possibility of different second funda-
mental forms for a fixed first fundamental form is hence something
particular to dimension two.
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4.31. Theorem. (“The first fundamental form determines the
second”)

Let f, f: U — R™*! be two hypersurface elements with the same
first fundamental form (g;;) = (g.;). Suppose that the rank of the
Weingarten mapping L is at least three at a point p = f(u) . Then

one has for the second fundamental form at this point
(has () = % (hi; (u)),

where the sign corresponds to a choice of orientation.

Proor: Up to a Euclidean motion we may assume we are in the
following situation: p = f(u) = f(u),T.f = T.f. Let R, R,L,L be
the curvature tensors and the Weingarten mapping of f. The Gauss
equation then tells us that

(LY, Z)LX - {(LX,Z)\LY = R(X,Y)Z
= R(X,Y)Z = (LY, Z)LX — (LX,Z)LY
for all tangent vectors X.Y,Z € T,f. By assumption there are
X,Y such that the resulting vectors LX,LY are linearly indepen-
dent. Since there is also a Z which is linearly independent of LX and
LY | it follows from the Gauss equation that then also LX, LY are
linearly independent. Thus we always have L # 0, and by repeated
application of this argument it can be seen that the rank of L is the

same as the rank of L. We then choose X after the fact in such a way
that LX # 0. The Y which belongs to this is initially not fixed.

We now wish to show that LX, LX are linearly dependent, which we
do by contradiction. Thus, we make the assumption: Assume that
LX,LX are linearly independent.

Because Rank(L) > 3, there exists a Y such that the three vectors
LX,LX, LY are linearly independent. Without restriction of general-
ity, we may assume that (LX, LY} = 0. Applying the Gauss equation
with Z = LY, we get

(LY,LY)LX — (LX,LY)LY = (LY,LY)LX — (LX,LY)LY.

Since the last coefficient vanishes, either LX, LX are linearly depen-
dent (if (LX,LY) = 0), or the three vectors LX, LX, LY are linearly
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dependent. But both conclusions contradict our assumption, proving
the claim.

This conclusion can be made for every X for which LX 3# 0, with
the result that LX = ¢ xLX holds for every X and appropriately
chosen cx € IR, which may depend on X. If LX = 0, we set cx =
0. In a basis of eigenvectors of L we then have LX; = \X,; and
[in = ¢,\;X;, which implies that the latter is also a basis consisting
of eigenvalues for L. But since L(X; + X;) = ;] L(Xs + X;) =
i (AiXs 4+ A X;), we get ¢; = ¢;; = ¢; for all 4,5 with A\, A; # 0. By
the remark we made above, we have on the other hand the equality
Ker(L) = Ker(L). Since at least one of the eigenvalues must be non-
vanishing, it follows that LX = cLX for every X with a constant
¢ # 0 which is independent of X. Note that in the case that LX =
0, the equation is trivial for every c¢. Applying the Gauss equation
once again, we get ¢ = 1, hence L = +L. All of the preceding
considerations were made at a point p. [l
If the mentioned condition on the rank of L is satisfied at a point,

then it is also satisfied in a whole neighborhood of the point. Thus,
the uniqueness result 4.23 yields the following statement.

4.32. Corollary. If U is connected and if for two functions, f
and f: U — IR™*! defined on U, the condition (g;;) = (¢;;) holds
everywhere, and if in addition we have everywhere Rank(L) > 3,

then f(U) and f(U) coincide everywhere up to a Euclidean motion
(including reflections).

In other words: under the assumption that Rank(L) > 3, the first
fundamental form alone completely determines the geometry of the
hypersurface.

REMARK: If for the rank of L we have Rank(L) < 2, then the anal-
ogous statement is no longer true, as can be shown in simple ex-

amples. If Rank(L) = Rank(Z) = 1, take two cylinders over dis-

tinct plane curves ¢, ¢ : take for example f(t,z) = (c(¢t),z), f(t,x) =
(¢(t),z),t € I C R,z € R""!. For examples with Rank(L) = 2, take
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similar cylinders over two isometric surfaces like the helicoid and the
catenoid.

4F The Gauss-Bonnet Theorem

The Gauss-Bonnet theorem is one of the most important theorems in
all of differential geometry. It expresses what appears at first sight
to be a surprising invariance of the integrated Gaussian curvature
(or its mean value). This can be visualized as follows. Consider a
two-dimensional surface element with a boundary curve and make a
change on this surface, for example like the ones we met in the consid-
eration of minimal surfaces in 3.28. We now require that this change
preserves not only the boundary curve, but also a neighborhood strip
of the boundary. In other words, only changes are allowed which van-
ish near the boundary curve. Then the integrated Gaussian curvature
is also unchanged! The change accounts for just as much additional
positive as negative curvature. In particular, there is no non-trivial
condition for the corresponding variational problem as in 3.28. The
functional in question, which associates to a surface the total (inte-
grated) Gaussian curvature, is just a constant. This automatically
then holds for compact surfaces without boundary (compact two-
dimensional submanifolds). Since by the Theorema Egregium 4.16
the Gaussian curvature is intrinsically defined, the value of the cur-
vature integral here, which does not depend on the embedding but
only on the surface itself, yields a topological invariant, the so-called
Euler characteristic.

In order to prove this theorem (locally as well as globally), we reduce
it to the theorem on turning tangents 2.28 and the theorem of Stokes,
which will be restated in 4.36. The theorem of Stokes allows an
elegant formulation using differential forms, the calculus of which goes
back to E. Cartan. That is why we consider differential forms here
and formulate the main results of the local theory of surfaces in this
language. This is also useful in itself, as the calculus of differential
forms is an important tool in mathematics. For background we refer
o [27], Chapter XIX.

In what follows let V* denote the dual space of V, if V is an IR-
vector space. More precisely, we have the description V* = {w: V —
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R | wis an R-linear map}. The positions of the indices which occur
in this section are based on the usual practice of writing the indices
corresponding to an ON-basis for the space V' as subscripts, and those
for the dual space as superscripts.

4.33. Definition. (Differential forms, exterior derivative)
A Pfaffian form (or one-form) in IR™*! (resp. on a hypersurface el-
ement) is given by associating to each point a linear form on the
tangent space,
pr—wp € (LR
[ resp. ur— w, € (T f)"].

w is said to be continuous or continuously differentiable, if the coef-

ficients with respect to the standard basis e1,...,e,11 (resp. with
respect to 8—8}17 e aau—fn) have the corresponding property, i.e., if all
w(e;) [resp. w( % )] are continuous or continuously differentiable func-

tions. Here and in the sequel we use the notation w(X) instead of the
more formal w,({(p, X)) for each p.

For an orthonormal basis X1,..., Xp41 of R*™! let w!, ..., w"™t! be

the corresponding dual basis, i.e., such that

i Y R L, i=y,
Sop=5={y 7
In particular, the dual basis of the standard basis e1,...,e,41 In

Rt is denoted by dz', ..., dx"t1.

To express the covariant derivative in terms of differential forms, we
begin with the directional derivative in the ambient space and define
one-forms wj by the equations wj(Y) = w'(Dy X;) for every Y. We
then get

DyX; =Y wi(Y)X;.

These w! satisfiy the equation w} = ~w!, because wHY) + WwI(Y) =
Dy (X;, X;) = 0. In what follows the vectors X7, ..., X,, will be taken
to be tangential and X, .1 taken to be normal to a hypersurface ele-

ment. Then X, y; is nothing but the familiar unit normal v, and one
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has
wHY) =w'(DyX,) =w'(VyX;) fori,j<n

and for tangential Y. One also calls the wj« connection forms, since
they determine the covariant derivative uniquely, and the covariant
derivative is also referred to as a connection (cf. 5.15). The connec-
tion forms play here the same role as the Christoffel symbols. They
determine and are determined by one another.

With the Gauss-Bonnet formula in the back of our minds, we consider
in particular the case n = 2, in which we require only one-forms and
two-forms, but not k-forms for £k > 3. The two-forms occur as the
derivatives of one-forms, more precisely by the skew-symmetrization
of this derivative, as follows.

For a one-form w = Y, w(X;)w", the exterior derivative dw is defined
by
dw(X,Y) = Dx(w(Y)) = Dy (w(X)) - w([X,Y]).

This derivative is skew-symmetric: dw(X,Y) = —dw(Y, X), and the
value of dw(X.,Y) at a point p depends only on the values of X and
Y at the point p (exercise). Thus, dw is pointwise a skew-symmetric
form on the tangent space. In the two-dimensional case, it follows
that dw is a scalar multiple of the surface element (with a function
as multiplier), and in general such a two-form is a linear combination
of the w* Aw?,i < j. For the “wedge product” A one sets w® Aw? =
—w? A w? and views this as a bilinear operation, which associates to
two given one-forms a two-form (and similarly for k-forms with higher

EXAMPLES:

1. Every vector field X uniquely induces a one-form by means of
the equation w(Y) = (X, Y).

2. The curve integral of a one-form along a curve c: [a,b] — R™ is

defined as ,
/cw :/a w(é(t))dt.
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3. One has
d(dz*)(X.Y) = Dx (dz*(Y)) — Dy (dz*(X)) — dz*([X,Y])
= XY -Y(X) - [X Y],
where the upper index i on vectors simply denotes the ith com-

ponent. The last expression vanishes if we use the formula of
4.5 for the Lie brackets. Hence d(dx*) = 0.

4. In the same way, the equation d(a - dzt) = da A dx* is verified
for every scalar function a.

5. The differential df of a differentiable scalar function f on IR™+!
is the one-form of
df = Z P

It is easy to see that the condition d{df)} == 0 is equivalent to the
symmetry of the second partial derivatives of f:

2
d(df) = Zd(ngl) Adrt = Z 6fjgzldzj A dx?
i iJ

:Z( 0*f 1 )dxi/\dxj.
1<J

Oridxi  87IdT

6. More generaly, the condition dw = 0 is necessary for it to be pos-
sible to write w as a differential form of a function (integrability
condition): w = df.

The equations of Gauss and Weingarten of the theory of surfaces from
4.8 correspond here to the decomposition into w;- for 7,5 < n on the
one hand and into w!_; on the other. Note that X,., = v (unit
normal):

n+1l n
DyX; =) wi(V)X;, VyX;=) ui{Y)X,
i=1 1=1

WITHY) = (Dy X;, Xni1) = —(X;,DyX,i1)
(X;, LYy =II(X;,Y).
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4.34. Theorem. (Maurer-Cartan structural equations)
The following equations express the integrability conditions of the
derivatives in the theory of surfaces, in which the first equation
is similar to the Gauss equation and the second is similar to the
Codazzi-Mainardi equation:

n+1

(i) dw}—{—Zwi/\wé‘:O fori,j=1,...,n
k=1

n
(ii) dw;+1+2wi/\wﬁ+120 fori=1,...,n.
k=1

ProoF: The proof is, like that of 4.18, based on the decomposition
of higher derivatives into tangential and normal parts, where for each
occurrence we have to replace the covariant derivative by the connec-

DyX; =) wF(V)X
k

Then a straightforward calculation leads to

tion forms

0 = (Xi,DxDyX; - DyDxX; - DixyX;)

wi<DX(ZwJ’-“(Y)Xk) — Dy(Zw;«“(X X5
k k
=Y WX, V)X
k
Z FY)wk(X) - ZW (X)wi(Y)

# 30 P00 = 3 Dy (X)) )
—ij (X, Y)w HXk)
k

Il

S W AKX Y) + Dx(Wi(Y)) — Dy (w}(X)) — wi([X, Y])
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- (Zw}v Awh +dw})(X,Y)-
k

(i) thus corresponds to the case ¢, < n, and (ii) corresponds to
the case ¢ < n,j = n + 1. Note here that wZﬂ = 0 because of the
p

skew-symmetry w; = ;. [l

In 4.19 and 4.20 we have seen that the curvature of a surface is al-
ready completely determined by the curvature tensor R(X,Y)Z =
VxVyZ —VyVxZ —Vxy)Z. Since this expression is clearly skew-
symmetric in X and Y, one can naturally define two-forms, the so-
called curvature forms. These contain the same information as the
curvature tensor.

4.35. Definition and Theorem. (Curvature forms)
The curvature forms €} are defined by the relation Q(X,Y) =
(R(X,Y)X,, X;). Then one has the equation

n
i 3 i k
Q;ﬁdqutg wy A wj -
k=1

In connection with 4.34 (i) this corresponds to the Gauss equation.

For two-dimensional surface elements one has by 4.20
= Q3(X1, Xo) = (R(X1, X2) X2, X;) = Det(L) = K

and consequently the elegant relation
2
K- -w'Anw? =0 =dul +Zw,ﬁ Awh = dwj.
k=1
PROOF: We simply rewrite the Gauss equation in the following way:

(RIX,Y) X, X,) = (LY, X;)(LX, Xi) = (LX, X;)(LY, X)
= w;“(Y) W (X)) — wj"“(X) WIHY) = —wlin, /\w?‘“(X,Y).
From this it follows, using 4.34 (i}, that
n n+l n
0 = —wh /\wj"+1 = z:w,’C /\LA)JI'C - Zw}c /\w;vc = Zw,’C /\w;»v +dw§-.
k=1 k=1 k=1
O
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4.36. Theorem of Stokes. Let B be a compact set with smooth
boundary B in IR*, and let w be a differentiable (k — 1)-form,
which is defined in a neighborhood of B. Then the following Stokes
integral theorem holds:

/dw:/ w.
B oB

OB represents the oriented boundary of B. In addition to this, the
same relation holds for the image of B under an immersion f. In the
special case k = 2, the integral on the left-hand side is an ordinary
surface integral (in the sense of 3.4), while the integral on the right-
hand side is a contour integral along the (oriented) boundary curve.

This general theorem contains several well-known integral theorems
as special cases, for example the Gauss integral theorem in the plane.
A proof and further information can be found in [27], Chapter XIX,
and [28], Chapter XIV.

4.37. Definition. (Geodesic curvature)
To motivate the notion of curvature on surfaces in 3.11 and 3.12
we have referred to the normal component x, of the curvature s of
a curve as the normal curvature. The tangential component of this
curvature is called the geodesic curvature kg of the curve. Setting
k= [|De,er|| = llet]l and £y = (Deye1,v) = (er,v) = (e, €1),
one necessarily has

Kg = <v€161»62> = <e/1»€2>7
where e; is the unit tangent vector of the curve and e; is the
(oriented and normed) normal vector to the curve on the surface
(i.e., e1,ea are a ON-basis of the tangent plane). Our definitions
are such that 2 = n:gz + K2, cf. 3.11. The geodesic curvature is an
important quantity in the Gauss-Bonnet formula 4.38.

In particular, equations for the derivatives of the frame

Ve €1 = Kgea, Ve €2 = —Kg€1
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hold then in analogy to the Frenet equations €} = key, €5 = —key
for the Frenet frame of plane curves (2.5). Note that (V,e1,e1) =0,
which is similar to the relation (e}, e;) = 0 in the Frenet theory we
met earlier. Once the orientation has been fixed, the sign of k, shows
for plane curves whether the tangent of the curve moves to the right
or to the left when one runs through the curve, see Figure 4.1 or
Figure 4.10. Geodesics are characterized by the relation x, = 0, just
as the lines are characterized among all plane curves by the relation
k=0, cf. 4.9:

Ved =0 < Ve =0 <= (Ve er.62) =0 <= K, =0.

Figure 4.1. Curves of constant geodesic curvature in the 2-sphere

4.38. Theorem. (Gauss-Bonnet formula, first local version)

Let U C IR? be an open subset, and let B C U be diffeomorphic to
a closed disc (in the terminology of [28], Chapter XIV: a region B
which is the interior of a closed C%-path ~ which is parametrized
counterclockwise.) Let f: U — IR® be a surface element such that
f is injective. We assume that the boundary of B is parametrized
by v: I — U in such a way that the interior of B is to the left of
v, and we set ¢ = f o«y. Then

KdA+/KgdS = 2,
1(B) ¢

where K denotes the Gaussian curvature of f and k4 is the geodesic
curvature of c.
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Figure 4.2. Gauss-Bonnet formula

As far as terminology is concerned, the statement that B has a smooth
boundary means that every point of B has a neighborhood which is
either diffeomorphic to an open disc D? = {(z,y) € IR? | 2% +1? < 1}
or diffeomorphic to a half-disc D2 = B2N{y > 0}, in which the lincar
boundary belongs to the set. The points in the former case are called
interior points, and those of the latter case are called boundary points
of B. By assumption the boundary of B is then a simply closed curve
in the sense of Section 2F. In particular, the theorem on turning
tangents 2.28 is applicable. The injectivity of f is only necessary for
the integral, guaranteeing that no part of the surface is counted twice,
cf. Definition 3.4. From the standpoint of the intrinsic geometry, this
can be ignored, provided the integral of K is interpreted as the integral
f 5 K+1/9 du A dv over the parameter domain, cf. 3.6.

EXAMPLES:

1. A disc of radius r in JR? C IR3. Here one has K = 0 and Kg = %,
and this implies [ KdA + [ kgds = 2m.

2. The upper hemisphere {(z,y,2) € R3 | 22 +y* +22 =1,z > 0}.
Here one has K =1 and k4 = 0 (since the equator is a geodesic)
and hence [ KdA + [ kqds = 2.

PROOF OF 4.38: We think of c: [a,b] — IR® as being parametrized
by arc length with e; = ¢’ and an accompanying oriented two-frame
€1, €2 in the tangent plane of the surface (i.e., ez is a unit vector which
is perpendicular to the curve, that is in a sense the unit normal in
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the surface). Moreover, we choose orthonormal vector fields X, Xo, v
along f such that X; = %/H%H, requiring in addition that v is a
unit normal to the surface. The important thing is that X, X2 and
e1, e2 have the same orientation. Then we can (as in 2.23 and 2.24)
introduce a polar angle ¢ by

e1 =cos X1 +sinpXy, es = —sin X7 + cos pXo.

More precisely, ¢: [a,b] — IR can be defined as a continuous polar
angle function. By the theorem on turning tangents 2.28 we then have
(b} — p(a) = 27 (note that B is to the left of the boundary). The
theorem on turning tangents holds literally just for the curve v in U
and the polar angle v/ makes with the u'-axis. The measurement of
the angle in U can be continuously deformed into the measurement
of the angle in f(U) by the one-parameter family (1 —t)d;; + tg;; of
“inner products”. In the process, ¢(b) — ¢(a) remains integral, so
that in this way the theorem on turning tangents is also valid for the
curve ¢ in f(U). However, the equation ¢’ = & from 2.23 does not
remain valid in the form ¢’ = k4. Instead, ¢’ leads to a second term
as follows.

From (e1,X1) = cosy we conclude that E%(el,Xl) = %f(— sin ).
The theorem on turning tangents then implies

dp b1 4
Eds__/a siwa;<ehxl>ds

1
B _/a sin (<Ve161,X1> + e, Ve,X1>>ds

b
2T =
a
b

b
1 .
:—/ - (coscp(Velel,el>—smcp(Velel,eg)
o SIMY N e’ e

=0 =Kg

+cosp (X1, Ve, X1) +sinp (X9, V., X1) )ds
N————r R

b
=/ (Rg+wé(61))d$=/ﬁgd3+/ w%:/fcgds+/ Q3
a ¢ f(8B) c £(B)

=/f<:gds+ K -w' AW
c f(B)
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But w! Aw? is precisely the surface area element (= dA) of the surface.
The theorem of Stokes 4.36 has been used in the next to last equation,
together with 4.35. Note that this calculation is purely intrinsic and
makes no use whatsoever of the second fundamental form. In fact,
4.38 is a purely intrinsic result. |

4.39. Theorem. {Gauss-Bonnet formula, second local version)
Let B be as in 4.38, now not diffeomorphic to a closed disc, but
rather homeomorphic to one, with piecewise smooth and connected
boundary (that is to say, every point has a neighborhood which
is either diffeomorphic to D? or D% or D2, = {(z,y) € R? |
22+ y?2 <1, 2 > 0and y > 0} or diffeomorphic to the closure
of D*\ D% in D2, ie,to{(z,y) e R* [2*+y* <1, z<0ory
<0}).

In the image f(B) let ay,...,an, be (oriented) exterior angles at
the finitely many places where the boundary is not smooth (the
so-called corners), where we always assume that —7m < oy < 7

holds. Then
KdA+/ Kqds + o; = 27,
/f(B) of(B) Z

Figure 4.3. Exterior angle in the Gauss-Bonnet formula

The proof of 4.39 can be carried out in one of two different ways:
either one generalizes the theorem on turning tangents to the case
of a piecewise smooth boundary curve, or one reduces it to 4.38 by
smoothing each of the {initely many corners. For this it is sufficient to
smooth the corner in the above defined set Di + by an appropriately
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chosen convex curve and then to pull back the result to the boundary
of B by means of the difeomorphism. This can be thought of as
follows: the exterior angle «; corresponds to the “skip” of the tangent
at the ith corner. We will not go into these technical details here. The
smooth pieces of the boundary between the corners are also called
edges, and f(B) can be viewed as an abstract polygon. This will be
important in the combinatorial considerations of Section 4.43.

4.40. Corollary. (Geodesic n-gon)

Let B be as in 4.39, but the boundary is now assumed to consist
of finitely many segments of geodesics (this forms what is referred
to as a geodesic n-gon) with exterior angles «;,...,a,. Then

KdA =27 — (79
o 2

In the special case n = 3 (a geodesic triangle) we obtain the Theorema
FElegantissimum of Gauss

/ KdA=2r—a1—as—az3=0 + P2+ 33—,
F(B)

in which 3; := 7 — «; denotes the interior angles (0 < 3; < 27). From
this we get the following consequence.

4.41. Corollary. The sum of the interior angles of a geodesic
triangle

. > . K >0 holds in the interior
s = in case K =0 of the triangle
<7, K<0 ge.

What is important in this simple formulation is that the interior
of the triangle is really contained in the surface. Thus, it is not
sufficient to glue three segments of geodesics together such that
they close to a triangle.
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Figure 4.4. Sum of the interior angles in a geodesic triangle
with K >0,K=0,K<0

For a geodesic n-gon, the 7 in the above formulas is replaced by
(n — 2)m, with equality again holding precisely in the Euclidean case.

EXAMPLE: An octant of the 2-sphere is the set given by the condition
{(z,y,2) € R® | 2 +y® + 22 =1,2,y,2 > 0}.

Here one has K =1 and k, = 0 (the boundary consists of segments
of great circles) and o; = %, i = 1,2,3. This implies the equation

/KquL/f-cquZoz2 = 2.
- — 3

=g \\6-/ —3,

=37

The fact that the sum of the interior angles in a Fuclidean triangle is
precisely 180° = = is one of the basic insights of Euclidean geometry.
In spherical trigonometry it has been known since ancient times that
the sum of the interior angles is larger than 7 and smaller than 5.
The most interesting case is the hyperbolic case (K = —1), which is
closely related to the parallel axiom and non-Euclidean geometry, cf.
3.44. In the hyperbolic plane the sum of the interior angles always
lies between 0 and 7. From the Theorema Elegantissimum in 4.40 it
follows that the surface area of a geodesic triangle also lies between 0
and 7, even though the surface area of the entire hyperbolic plane is
infinite.

4.42. Corollary. In case one has K < 0 everywhere on a surface
element, there is no geodesic two-gon in the sense of 4.40. In other
words, in a simply connected domain, it is not possible that two
geodesics intersect in two points if K < 0.
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4.43. Theorem. (Gauss-Bonnet formula, global version)
Let M C IR® be a compact two-dimensional (orientable) subman-
ifold (without boundary). Then

/ KdA = 2nx(M),
M

where x(M) € Z denotes the Euler characteristic of M, which is
invariant under homeomorphisms and in particular is independent
of the embedding of the submanifold.

SKETCH OF PROOF: Since M is compact, it can be covered by finitely
many subsets, each of which can be described as an image of a surface
element as in Definition 3.1. Therefore, M can be decomposed into
finitely many parts My, ..., M,, such that

1. M=, M,

2. M; N M; contains no interior points for ¢ # j, but at most
boundary points of M; resp. Mj,

3. each M; is a compact set with piecewise smooth and connected

boundary as in 4.39 (with finitely many corners and edges).

A compact submanifold without boundary is always oriented in the
sense of 3.6 and 3.7. Thus, for every ¢ = 1,...,m with orientation as
in 4.39, we have

/ KdA-l-/ Rgds=27r—2aij.
M; aM; 7

When we take the sum over all ¢, the boundary components cancel,
e, > fons Keds =0, and we get

/ KdA =2mm ~ ) o5
M 0,9

=2rm — Z(T{' — Bi;)  (where §;; denote the interior angles)
2,7
= 27 (number of corners — number of edges +m) =: 2rx(M).

The next to last equality is verified by realizing that the sum of the
interior angles at each corner is 2r and therefore >, ; Bij 1s equal to
the number of corners, multiplied by 2w. Moreover, the number of
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summands in the sum is equal to twice the number of edges (every
edge occurs in precisely two of the M;), and thus ), ;7 Is equal to
the number of edges, multiplied by 2. O

The last equality is nothing but the definition of the Fuler charac-
teristic x(M). In fact, (M), being a purely combinatrially defined
quantity, does not depend on the decomposition of M into the M.
The Gauss-Bonnet formula shows that this quantity is independent
of combinatorial considerations, since the integral over K has nothing
to do with combinatorics.

The classification theorem for surfaces in topology tells us that two
(abstract) compact surfaces without boundary are homeomorphic (in
fact diffeomorphic) to one another if and only if their Euler char-
acteristics coincide and both surfaces are either orientable or non-
orientable. For a proof of this see for example [38], Chapter 1, Sec-
tion 5, or [37], Chapter 7. The standard models for compact sur-
faces (more precisely: two-dimensional compact manifolds) are either
the sphere with g handles (cylinders connected on both ends to the
sphere) or a sphere with g Mébius strips connected to it. To connect
a cylinder, one cuts two disjoint holes into the sphere and glues the
ends of the cylinder along the boundaries, which are all just copies
of the one-sphere. This is done in such a way as to preserve the ori-
entation. To connect a Md&bius strip to the sphere, one cuts one hole
in the sphere and glues the Mébius strip along this boundary (which
makes sense since the boundary of the Mébius strip is connected,
hence a copy of the one-sphere). One speaks of oriented surfaces of
genus ¢ in the former case, of non-orientable surfaces of genus g in
the latter case. The Euler characteristic is x = 2 — 2¢ in the former
case and x = 2 — g in the latter. For oriented surfaces the principle
of construction is illustrated in Figure 4.5.

Orientable examples are the sphere with ¢ = 0 and x = 2, the torus
with g = 1 and y = 0, and the pretzel surface with ¢ = 2 and x = —2.
Non-orientable examples are the real projective plane with ¢ = 1 and
x = 1, and the Klein bottle with g = 2 and x = 0.
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oo

Figure 4.5. Orientable surfaces of genus 3 and the Euler
characteristic x = —4, decomposed in irreducible pieces*

Two final remarks: (i) The fact that the quantity [, KdA is constant
for a fixed Euler characteristic (fixed topological type) can also be
shown without the local Gauss-Bonnet formula, using the calculus of
variations. In fact, it can be shown that the purely intrinsic variation
of this integral under variations of the metric (i.e., under variations
of the first fundamental form) vanishes identically. See 8.6 and 8.8
for more details on this.

(ii) An anolog (due to H. Hopf) of 4.43 for compact hypersurfaces in
IR™*! with even n states that [,, KdV = c,x(M). where ¢, is half
the volume of the unit sphere S™ and K denotes the Gauss-Kronecker
curvature, which is the determinant of the Weingarten mapping.® For
odd n such a theorem does not hold, cf. Exercise 21.

4G Selected topics in the global theory of
surfaces

The theory of sufaces in the large or global theory of surfaces is con-
cerned with the properties of compact surfaces or surfaces which are
complete in some sense. Think of this as meaning that the surface
“extends to infinity”. Compact surfaces (without self-intersection)

4Following F. Apéry. “Models of the real projective plane”. Vieweg 1987, p. 130.

SH. Hopf, Uber die curvatura integra geschlossener Hyperflichen, Math. Annalen
95, 340-367 (1926); see also D. H. Gottlieb, All the way with Gauss-Bonnet and the
sociology of mathematics, Amer. Math. Monthly 104, 457-469 (1996).
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are best thought of as two-dimensional compact submanifolds of IR?
(cf. 1.5, and for the orientability 3.7). The Gauss-Bonnet theorem
for two-dimensional submanifolds of IR3 is, according to 4.43, the
equation

/ KdA = 2mx(M).
M

Following this fundamental result, we turn first to the total absolute
curvature, and then we will discuss some classical results about sur-
faces with constant curvature. First we relate the Gaussian curvature
with the surface area of the Gaussian normal image, i.e., the image
of the surface under the Gauss map v. The symbol Volg: denotes the
surface area (i.e., two-dimensional volume) of a subset of the sphere.

4.44. Lemma. (Gaussian normal image)

Let f: U — IR3 be a surface element and let B C U be compact.
Suppose the Gauss map v: U — S? is injective and has maximal
rank. Then

/ |K|dA = Volg: (v(B)).
f(B)

PROOF: We orient the surface in such a way that [dA becomes
positive. Then we have, on the one hand,

/ |K|dA=/ |Det(L)|dA:/ |Det(L)|+/Det(gs; )du' du?,
1(B) £(B) B

and on the other

Volg: (v(B)) / \/Det(e;;)du’ du®

:/ \/(Det(L))QDet(gij)duldu2.
B

Here, e;; denotes the third fundamental form, which is nothing but
the first fundamental form of the spherical image, cf. 3.10. The last
equality follows from the transformation rule for the Gram determi-
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nant. This is most easily seen in a basis of eigenvectors of the Wein-
garten mapping: letting LX = AX, LY = uY, we have Det(L) = Ay
and

(LX,LX) (LX,LY)

Det( (LY,LX) (LY,LY) )
o (X X)X, Y)
‘Det< A(Y, X) u2<Y,Y>>
_ (X, X) (X)Y)
‘AQ“QD“< v, x) (v,Y) >

4.45. Corollary. For a surface element f: U — IR3, let (U,)nen
be a sequence of open sets in the domain of definition U of the
parametrization. Suppose that U,,; C U, for all n and that
N, f(Un) = {p}. Then we have
. Volg2(v(Up))
K(p) = lim ——————*
(p) "i’ngo VO]U(Un)

4.45 follows immediately from 4.44 and the mean value theorem of
calculus. To conclude in this way, however, it is necessary to give the
“volume” of the Gauss normal image a definite sign, depending on
whether v is orientation preserving or reversing. Once this is done,
the Gaussian curvature is viewed as the infinitesimal change of the
volume element (with sign) of the Gauss map v. The points for which
K = 0 are characterized as the points at which the Gauss map has
rank less than two.

A convez two-dimensional submanifold is defined similarly as in 2.30,
namely as the smooth boundary of a convex three-dimensional set in
IR3. The convez hull of a given set A is defined to be the smallest
convex set containing A.
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4.46. Theorem. (Total absolute curvature)

(i) Let M, denote a strictly convex and compact two-dimensional
submanifold in IR®, i.e., a surface for which K > 0 holds
everywhere, which bounds a convex set (one also speaks in
this case of an ovaloid). Then the Gauss map of this surface
is globally bijective, and one has

KdA = 4nr.
Mg

(i) Now let M an arbitrary two-dimensional submanifold of R?
with My ={ex € M|K(z) >0}, M_ ={z € M|K(z) < 0}.
Then

KdA > 4o,
My

with equality if and only if M is contained in the boundary
of the convex hull of M.
(iii) Let M be as in (ii). Then

/ |K|dA > 2m (4 — x(M)),
M

with equality holding if and only if fM+ |[K|dA = 47 and
[ |KIdA = 27m(2 — x(M)).

PROOF: (i) First we must agree that a continuous Gauss map v: My —
5% which is defined everywhere, must be globally bijective (and hence
is a diffeomorphism because of the assumption on differentiability).
If we chose v in such a way that v(z) at every point z € My points
in the outward direction (away from the surface), then this clearly
defines a continuous Gauss map. Moreover, v is surjective: for a
given direction e € S? we can, by applying parallel translation, find
a plane which touches the surface and is perpendicular to e, with the
additional property that e points outward; it follows that e coincides
with v(z). The map v is also injective: if v(z) = v(y) for two dif-
ferent points z,y of the surface, then the tangent planes at x and y
are parallel to each other. Because K > 0, the surface lies in each
case strictly in a half-space, which is bounded by these tangent planes
(except for the points x and y themselves). In fact, this half-space is
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the one which is opposite the vector e, i.e., the half-space with the
same exterior normal vector. This is a contradiction to the convexity,
thus establishing the injectivity, since the segment joining x with y
must lie in the interior of the surface, but in the situation at hand it
partially lies in the exterior. From the bijectivity of the Gauss map
v, it follows from 4.44 that [ my K dA coincides with the surface area
of the entire two-sphere (which is 47).

For the proof of (ii), note that M has a convex hull with boundary
M. This M is a (maybe not strictly) convex surface. At any rate
M contains all points of M with K > 0, since otherwise the convex
hull would necessarily be smaller. Every point of M satisfies K >0
hence fM\M+ KdA = 0. Here we would like to apply the equation of

(i) to M with the result

KdAZ/ KdA:/ KdA = 47,
M, M,o.nM M

The equation in (i), however, holds a priori only for strictly convex
surfaces with K > 0. Moreover, M is only C! at the points where
M leaves the boundary of the convex hull. But one can show that
in this case the Gauss map, while not being bijective when restricted
to M\ {x € M | K(z) = 0}, still maps dominantly on the surfae
area of the sphere S2, since the points where X = ( don’t contribute
to the integral. This is because on an open connected piece of the
surface where K = 0, the Jacobi determinant of v vanishes and thus
also the distortion in volume. On the other hand, every element of S2
is in the image of v, and a neighborhood of every point with K > 0
carries a positive contribution to the integral. In conclusion, the
equality [ K'dA = 47 holds also for arbitrary convex surfaces. Also,
the inequality in (ii) holds, and in the case of equality f My, T 47 there

can be no points of positive curvature which are not in M.

(iii) follows now quite easily from (ii) and 4.43 by decomposing the
integral

/|K|dA:/ |K|dA+/ |K|dA = 2 KdA—/ KdA
M My M_ My M
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=2 KdA —2nx(M) > 8 — 2nx(M). O
My

4.47. Definition. (Tightness)

If a compact two-dimensional submanifold of IR3 satisfies the equal-
ity in 4.46 (iii), then it clearly has only as much positive curvature
as is absolutely necessary, and the integral of the absolute value
|K| of the curvature is a small as possible for a given topological
type of the surface. One calls the surface tight, if its total absolute
curvature is minimal, i.e., if one has

/ |K|dA = 27(4 — x(M)).
M

REMARKS:

1.

Definition 4.47 can also be applied to compact surfaces with self-
intersections. In fact, both 4.46 and 4.48 hold in this case, and
with appropriate modifications also in the non-orientable case.
However, the proof of 4.46 has to be modified for these general-
izations; in particular, the definitions which are used must first
be adapted. For this it is necessary to know something about
globally defined immersions of abstract manifolds. In any case,
we will not define the notion of an abstract manifold until later
on in Chapter 5, and cannot use that here.

Just like the total curvature [ o K dA, the total absolute curva-
ture [ a [K|dA is a quantity of the intrinsic geometry. In this
sense, the notion of tightness is determined intrinsically. Note,
however, that without the ambient Euclidean space the inequal-
ity in 4.46 (iii) is wrong. There are abstractly defined metrics on
compact surfaces with vanishing (flat torus, cf. 7.24) or purely
negative Gaussian curvature, and thus equality in the weaker
inequality

/ |K|dA > 27]x(M))
M

becomes possible. The case of equality in the last inequality
simply means that the sign of K is equal to the sign of x(M).
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3. Figure 4.6 shows a tight surface of genus 2, which is in fact a
connected component of the algebraic surface®

Ht (2?2 +94H?% = (922 - 1)1 - 22).
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Figure 4.6. A tight surface of genus 2

4.48. Corollary. The following conditions on a compact surface
M C IR? are equivalent:

(i) M is tight.
(i) [, |K|dA = 27(4 — x(M)).
(iii) fM+ KdA = 4.
(iv) Every plane £ C IR® decomposes M into at most two con-

nected components, i.e., M \ £ has at most two connected
components, each of which is on one side of the plane.

8 According to T. Banchoff & N. H. Kuiper, Geometrical class and degree for surfaces
in three-space, Journal of Differential Geometry 16, 559-576 (1981), Section 5.
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PROOF: The equivalence of (i), (ii), (iii) are clear by 4.46 and 4.47.

For the implication (iii) = (iv), we make the assumption that M \ &€
has at least three components and take this assumption to a contra-
diction. First, it is easy to see that each component of M \ £ has at
least one point with positive Gaussian curvature: the plane which is
parallel to £ and which contains that point of the component of the
surface which is farthest away from £ touches the surface at a point
with K > 0 such that a unit normal v is perpendicular to £. If we
slightly perturb &£, we get a (variable) plane £ and can arrange that
the unit normal vectors v’ to these planes cover an open set of the
Gaussian normal image, and that in addition the number of compo-
nents of M \ £ is always at least three, since these components are
open in M. Then, by 4.44, at least one of these normal vectors v/
must have three points of tangency with the three components, at
points with positive Gaussian curvature. On the other hand, by 4.46
(ii), all points with positive Gaussian curvature lie on the boundary of
the convex hull. But this is an impossibility for the third point, since
in the boundary of the convex hull there can be at most two such
points. In other words, it is impossible that there are three parallel
planes, all of which touch one and the same convex surface (in the
case at hand the boundary of the convex hull of M).

For (iv) = (iil) we assume conversely that fM+ KdA > 4rm. Then by
4.46 there is a point x with positive Gaussian curvature, which does
not lie in the boundary M of the convex hull but rather in the interior
of the convex hull. By moving the tangent plane at x slightly, we can
find a parallel plane &, such that M \ £ contains a small neighborhood
of x as a separate component. On the other hand, M \ £ must have
at least two further components, since £ passes through the interior
of the convex hull. Thus there are at least three components. O

4.49. Corollary. The tightness of a compact surface is invariant un-
der projective transformations of the ambient space. More precisely,
let M be a tight two-dimensional submanifold of IR?, and let F be a
projective transformation of the projective closure IRP3, which maps
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every point of M to a point in the finite (affine) part’. Then F(M)
is again compact and tight.

This follows simply from the fact that projective transformations map
planes to planes. Thus the two-piece property of 4.48 (iv) is preserved,
since F'(M) \ F(£) has as many components as M \ .

REMARKS:®

L. Since the property {iv) in 4.48 makes no assumption on differ-
entiability, one considers also the more general condition on a
compact subset of IR3 that it is homeomorphic to a surface, and
defines the surface to be tight if the property (iv) is satisfied
{two-piece property, TPP). The notion defined in this manner is
a generalization of the notion of convexity, since every convex
set and the boundary of such a set has the property (iv).

2. The differential topological interpretation of the notion of tight-
ness is the following. In almost all directions z, the function
M 3 p+ (p, z) has only finitely many (non-degenerate) critical
points (i.e., points with vanishing gradient) on the submanifold
M. The number of these critical points is always larger than or
equal to 4 — x(M). Equality for almost all z is satisfied precisely
for the tight surfaces.

3. There are orientable and tight surfaces of arbitrary genus. The
sphere and the torus of rotation are obviously tight, and the
example in Figure 4.6 indicates how to construct tight surfaces
of higher genus. It is in principle sufficient to glue to a given
tight surface of genus g a handle with non-positive curvature,
such that the result is a tight surface of genus g + 1. It is
an interesting fact that there are also non-orientable surfaces

"This part is given by the image of the embedding (2!, 22, 2%) — [1, 2", 22, 2%] of R?
into RP®. Here RP? is the set of all equivalence classes [z°, @', 22, %] (not all entries
zero) where [z, 2!, 22, %] = [Az®, Az?, Az?, A2®] for any A # 0. The affine part is just
given by #° # 0. A projective transformation is nothing but a linear transformation
of 4-space, regarded on this set of equivalence classes.

8Cf. also the survey article T. Banchoff & W. Kiihnel, Tight submanifolds, smooth and
polyhedral, in: “Tight and Taut Submanifolds”, MSRI Publ. 32, 51-118, Cambridge
Univ. Press 1997.
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in IR® which have the same tightness property. To accommo-
date this case one must modify the definition appropriately (see
the remark following 4.47), since there is no globally defined
Gauss map and globally defined surface element in this case.
Still, the condition in 4.48 (iv) can be carried over literally. Of
course, closed, non-orientable surfaces in IR® always have some
self-intersections, but they do exist as globally defined immer-
sions in abstract non-orientable surfaces. Non-orientable tight
surfaces exist for every value of the Euler characteristic y < —2.
The only exceptions to this are thus the projective plane (x = 1),
the Klein bottle (y = 0) and the non-orientable surface of genus
3 (x=-1).

We also mention without proof the following result on the total cur-

vature on non-compact surfaces:

4.50. Theorem. (S. Cohn-Vossen 1935%)

Let M be a non-compact but complete two-dimensional submani-
fold of IR® (completeness here means that every Cauchy sequence
in M converges to a point in M). Then one has the following
inequality for the total curvature:

/ KdA < 2mx (M),
M

with equality at least if the total surface area | oy dA is finite. More
precisely, this holds under the assumption that f o FdA either con-
verges as an improper integral or diverges to —oco. x (M) denotes
the Euler characteristic, which in the case of non-compact surfaces
either is finite or is defined (formally) as —oc.

This theorem is actually true in a more general context, being an
intrinsic result for abstract two-dimensional manifolds with an (ab-
stract) first fundamental form, which is complete in the sense that
every geodesic can be continued infinitely in both directions. This
notion of completeness is explained in more detail in Section 7C. One

9 Kiirzeste Wege and Totalkriimmung auf Fldchen, Compositio Math. 2, 69-133
(1935); for a short proof see: S. Rosenberg, Gauss-Bonnet theorems for noncompact
surfaces, Proc. Amer. Math. Soc. 86, 184185 (1982).
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can also study minimal surfaces “in the large”, looking for minimal
surfaces in space, in particular for those without self-intersections and
those with finite total curvature, see [12].

Following these considerations of the total curvature, we now pass to
constancy conditions on the curvature of a surface. This is a quite
natural question, comparable with the conditions for the Frenet cur-
vature to be constant in our discussion of curves. The (round) sphere
for example has constant Gaussian curvature and constant mean cur-
vature as well as constant principal curvatures. As far back as the
nineteenth century global results were discovered which characterize
the (round) sphere by curvature conditions of this kind.

4.51. Theorem. (H. Liebmann 1899'%)
Let M be a compact, two-dimensional submanifold in IR? of the
class C* with constant Gaussian curvature K. Then K is positive,

and M is a sphere of radius r = TR

PROOF: Every compact surface in IR® has at least one point p for
which K (p) > 0. This follows for example from 4.46 (cf. also Exercise
10 at the end of the chapter). Thus the constant K is positive. Let
k > A > 0 denote the two principal curvatures. If one always has
k = A, then the surface is locally already a piece of a sphere by 3.14.
All the more, then, this holds globally. Otherwise there would be a
point p for which «(p) > A(p), where k has a local maximum and
thus A a local minimum (from the constancy K = & ). But this is
impossible, which we will now show by contradiction.

For this we use, in a neighborhood of p, curvature line parameters
{u,v) and the Gauss and Codazzi-Mainardi equations from 4.26. Set-
ting k = L/E, X\ = N/G, we have

E,

L= (er), Nu:%(n+/\).

Y Eine neue Eigenschaft der Kugel, Nachr. Akad. Gottingen, Math.-Phys. Klasse,
44-55 (1899).
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If we differentiate L == xF and N = AG and insert the above expres-
sion, we get the relation

2, E 220G
_2mE

A=k T N
At the point p the principal curvatures are stationary; hence we have
Ku(p) = Ko(p) = Au(p) = Ay(p) = 0 and consequently E,(p) =
G, (p) = 0. By differentiating one more time we get

2Ky F

= oY A
Eyy o —\ +“v( )+ Al ),

E,

220G
)
The expressions (---) here denote some continuous (hence bounded)
functions of F, G and their derivatives. We know that s has a local

maximum at p and A has a local minimum there. Thus ,,(p) <
0, A (p) > 0, from which it follows that

We now evaluate the Gauss equation 4.26 (ii) at the point p:

1 E, c.
K= _Q\/—E—G((@) * (@))

Using F,(p) = G.(p) = 0, we get from this

1
K = T a0~ Evv U <0,
(p) 2EG( w(p) + G (p)) 0
which contradicts the assumption that K (p) > 0. O The proof

of this theorem implies the following purely local lemma, which we
formulate separately. It immediately leads to Theorem 4.53 as well.

4.52. Lemma. (D. Hilbert)

If at a point on a two-dimensional surface element of the class C*,
which is assumed to be non-umbilic, the larger of the two principal
curvatures has a local maximum and the other has at the same time
a local minimum, then at this point K < 0.



4G Selected topics in the global theory of surfaces 193

4.53. Theorem. (H. Liebmann 1900)

Let M be a compact, two-dimensional, C*-submanifold of /R? with
K > 0 everywhere and with constant mean curvature H. Then A
is a sphere of radius I_Ilﬂ

PROOF: If all points on the surface are umbilics, then M is a sphere by
Theorem 3.14. Otherwise there is a point p with x(p) > A(p). From
the assumption that H is constant, we have const. = 2H = k + )},
and k has a local maximum precisely where A has a local minimum.
But this contradicts the previous lemma 4.52. O

Figure 4.7. Wente-torus with constant mean curvature!?

REMARK: It was conjectured for some time that the sphere is the
only compact surface that has constant mean curvature (attributed
to H. Hopf). In fact, there are other surfaces with constant mean
curvature. By a theorem of Alexandrov, all of other examples must

Y Reproduced with kind permission of K. Grofie-Brauckmann and K. Polthier, for
more information see the essay Numerical examples of compact constant mean
curvature surfaces, “Elliptic and parabolic methods in geometry” (B.Chow et
al., eds.), Proceedings Minneapolis, MN 1994, 23-46, A.K.Peters 1996, cf. also
http://wuww-sfb288.math.tu-berlin.de/ konrad/articles.html.
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have self-intersections. The first example of this type was the so-
called Wente-torus, named after its discoverer H. C. Wente 19842,
pictured in Figure 4.7 and Figure 4.8.

Figure 4.8. Building blocks and the interior of the torus!®

Exercises
1. Show that all geodesics on a circular cylinder
flu,v) = (cosu, sinu, v)

are either Euclidean lines, circles, or helices. What do the
geodesics on a circular cone look like?

12Cf. U. Abresch, Constant mean curvature tori in terms of elliptic functions, J.
Reine und Angew. Math. 374, 169-192 (1987) as well as R. Walter, Explicit examples
to the H-problem of Heinz Hopf, Geometriae Dedicata 23, 187-213 (1987): both arti-
cles contain computer images and explain the rather complicated interior of the Wente
torus.

L3Reproduced with kind permission of 1.Sterling and U.Pinkall. Figures from Wallmore
Surfaces, U.Pinkall and 1.Sverling, The Mathematical Intelligencer, Vol. 9, No. 2, 1987,
pp- 38-43. With kind permission of Springer Science and Business Media.
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2. Show that the geodesics on the surface of the sphere are precisely
the great circles.

3. Suppose we are given a curve ¢ on a surface element, which
passes through a fixed point p. Show that the geodesic curvature
kg(p) of ¢ coincides with the curvature &(p) of the plane curve
which is obtained as the orthogonal projection of ¢ in the tangent
plane at p.

4. Show that (locally) a curve on a surface element is uniquely
determined by the geodesic curvature as a function of the arc
length, if one prescribes a point ¢{0) and the direction ¢’(0).
Compare this with the plane case discussed in Section 2B as
well as the case k5 = 0 in 4.12.

5. Show that a Frenet curve on a surface element is a geodesic if
and only if the unit normal to the surface coincides with the
principal normal of the curve (at least up to sign).

6. Do there exist local coordinates u',u? on an arbitrary surface

element with the property that the u'-curves are perpendicular
to the u?-curves, and all u'-curves are geodesics parametrized
by arc length? Hint: 4.28.

7. Show that the surface elements fi(u,v) = (usinv,ucosv,
logu) and fa{u,v) = (usinv,ucoswv,v) have the same Gauss-
ian curvature in the parameters u,v. The former surface is a
surface of rotation; the latter is the helicoid (cf. 3.37). Are these
surfaces (locally) isometric? Hint: Consider the curves for which
the Gaussian curvature is constant, as well as the curves which
are perpendicular to these, compare [5, §91].

8. Show that for a Tchebychev grid (cf Exercise 6 in Chapter 3)
the curvature is given by K = Bu au /sm 9.

9. The four-dimensional catenoid is defined as the hypersurface in
IR® which arises through rotation of a (plane) catenary around
an axis which lies in this plane. The topological type is IR x S3,
and this hypersurface contains the usual catenoid as a section
with any three-dimensional subspace which contains this axis
of rotation. Show that the hypersurface has vanishing scalar
curvature, i.e., the second mean curvature vanishes identically,
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cf. Definition 4.22. Hint: The principal curvatures are x; and
Ko = K3 == K4 = —Kj.

10. Show the following without using the results of Section 4G: a

two-dimensional compact submanifold of IR® always has an el-
liptic point.
Hint: Consider a ball of as small a radius as possible, which
contains the submanifold, and apply the Taylor-expansion in the
neighborhood of a point of contact. Why isn’t the Gauss-Bonnet
formula 4.43 alone a sufficient argument?

Figure 4.9. Geodesics in the Poincaré upper half-plane

11. The Poincaré upper half-plane is defined as the set {(z,y) €
IR? | y > 0} endowed with an abstractly given first fundamental

form (or metric) (g;;) = i((l) (1)) Although this metric is not

2
induced by a surface f ig IR3, one can nevertheless calculate
the Christoffel symbols and the geodesics'# as quantities of the
intrinsic geometry, see Figure 4.9. Hint: The geodesics are the
curves with constant x as well as the half-circles whose centers

lie on the z-axis. Introduce appropriate polar coordinates.

Figure 4.10. Curves of constant geodesic curvature in the
Poincaré upper half-plane

14These play the role of the “lines” in this non-Euclidean geometry, cf. 3.44.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Calculate the Gaussian curvature of the Poincaré upper half
plane along the lines of 4.26 (ii).
Show that for z = x + 4y € C all transformations
az +b
cz+d’
are isometries of the Poincaré upper half-plane, i.e., preserve the
abstract first fundamental form g;; above.

zZ —

a,b,c,d€ R, ad — bc > 0,

Let A(z) be a positive differentiable function. For an abstract
surface of rotation with metric ds® = dx? + \?(z)dy? (“warped
product metric”), calculate the Christoffel symbols and show
that the z-lines are geodesics parametrized by arc length. What
do the rest of the geodesics look like?

Determine all functions A in Exercise 14 such that the Gaussian
curvature of this abstract surface of rotation is —1. Hint: Look
at 4.28.

Is there a surface element in IR® with (g;,(u,v)) = (é ?) and
(hiy(w.v) = (5 3) 7

Is there a surface element in IR® with (g,;(u,v)) = (§ cos? %) and
(his(0,2)) = (o g2 w) ?

Calculate explicitly the total absolute curvature of a torus of
rotation, and compare this with 4.46.

Compare the total curvature of a closed space curve with the
total absolute curvature of the parallel surface generated by this
curve for sufficiently small distance €. From 4.46, derive an
alternative proof of Theorem 2.34 from this!®.

Prove the following: a compact 2-dimensional C*-submanifold of
IR3 is necessarily a standard sphere if the equation a H+ 8K =0
is satisfied with two constants «, 3 # O.

Hint: By the result of Exercise 10 there is an elliptic point, that
is, a point with k1 > 0, k2 > 0. Exclude points with x; = 0 or
ke = 0 by considering limits of x; /k2 respectively k2/k; in the
part where k7 > 0,k9 > 0. This implies that we have k; > 0
and k9 > 0 everywhere. Now use Lemma 4.52.

1501 K. Voss, Ewne Bemerkung iber die Totalkriimmung geschlossener Raumkurven,
Archiv d. Math. 6, 259-263 (1955).
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21.

22.

23.

24.

Calculate the total curvature (i.e., the integrated determinant of
the Weingarten mapping) for the following hypersurfaces in IR*:
consider the parallel set at a distance of £ from a plane circle, as
well as the parallel set of a two-dimensional unit sphere. Show in
particular that both of these are homeomorphic to the product
space S' x S2, but their total curvatures are different. This
shows that a direct analog of 4.43 cannot exist in this case: the
total curvature is not independent of the embedding.

For a surface of rotation, 3.16 tells us that (g,;) = (01 Toz) and
H = (rh’)'/(r?)" if the profile curve is parametrized by arc
length. This implies H = (rv1 —r2)/(r?) which is an ex-
pression depending only on r and thus only on the coeflicients
of the first fundamental form. However, this does not prove that
for surfaces of revolution H is a quantity of the intrinsic geom-
etry because this is not true. Why not? See the remark after

4.16.

Prove that the equations of of Gauss and Codazzi-Mainardi in
4.15 are equivalent to the following two equations:

() Rijri =D, gis Ry = harhji — huhji,

(b) V,hl = Vihi.

Here Vihi denotes the jth component of the tangential vector

(V3. 2) (3 = ¥ g1 (1(30)) - £(V 2.8

in local coordinates u!,...,u". (Compare the remark in 4.19.)

As a consequence we obtain once again the Theorema Egregium
in the form

K = Det(h;;)/Det(g:5) = Ri212/Det(g:;)-

(Compare 4.16.)

Using the model of the hyperbolic plane H? given in 3.44, prove
the following by analogy with Exercise 2: The intersection of
H? with any ordinary plane in Minkowski 3-space that passes
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through the origin is a geodesic in H?.

Briefly: The “lines” in the hyperbolic plane are geodesics. For
the same result in the Poincaré upper half-plane, compare Ex-
ercise 11.

Hint: The result of Exercise 5 is also valid in Minkowski space.
Therefore, one can apply it to the planar intersection curves in
the hyperbolic plane.






Chapter 5

Riemannian Manifolds

In this chapter we want to introduce the notion of an “intrinsic geom-
etry” without making reference to an ambient space IR"*!, not only
locally, but also as a global notion. This continues the considerations
of Chapter 4. The most important tools for this are on the one hand,
from a local point of view, a notion of “first fundamental form” inde-
pendent of an ambient space IR™*! (similar to the notion of intrinsic
geometry in the previous chapter), and on the other hand, from a
global point of view, the notion of a “manifold”. The local notion goes
back essentially to the famous lecture of Riemann!, which explains
the modern notions Riemannian geometry, Riemannian manifold and
Riemannian space. From the point of view of the development in the
book up to now, this is motivated on the one hand by the intrinsic ge-
ometry of surfaces, including the Gauss-Bonnet theorem, and on the
other hand by the natural occurrence of such spaces which can not in
any meaningful way be embedded as hypersurfaces in some IR", as for
example the Poincaré upper half-plane as a model of non-Euclidean
geometry. Furthermore, the space-times of 3+ 1 dimensions which are
considered in general relativity do not admit an ambient space in a
natural way. This motivates the intention of explaining all geometric
quantities in a purely intrinsic manner.

'B. Riemann, Uber die Hypothesen, welche der Geometrie zu Grunde liegen, edited
by H. Weyl, Springer, 1921; see also [7], Vol. II, Chapter 4.

201
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In the previous Chapters 3 and 4 we have basically been considering
surface clements f: U — IR™!, where U C IR™ was a given open set.
From a geometric point of view, we are really more interested in the
image set f(U) than we are in the map f itself. Nonetheless, for a
description and for local calculations we do use the parameter set U
and the parametrization f:

Usu p = f(u) € f(U).

If we decide that the basic object we are considering is the image
f(U), then we come to view the inverse mapping
f—l
f)sp — uelU

as an image which is “thrown” from f(U), in order to carry out
calculations in U. This map is called a “chart” in what follows, which
should be thought of as creating a “map” (but the word “map” has
a fixed, different meaning in mathematics, so that one uses “chart”
instead), and a set of charts which cover the object of interest forms an
“atlas”, just as a world atlas contains a map containing an arbitrary
location on the earth. For the mathematical notion this means that
every point has a neighborhood which is contained in one of the charts,
in which local computations near that point can be carried out in the
corresponding set I/. What we have to be able to guarantee is that all
defined notions are independent of the choice of charts used, just as
the Gaussian curvature in the theory of surfaces was independent of
the parametrization. In particular, we need to carefully consider the
transformations which map us from one chart into a different, nearby
one.

5A The notion of a manifold

We have already met submanifolds of IR™ in the form of zero sets
of differentiable maps, cf. Chapter 1. If there is no ambient space
to begin with, this definition no longer makes any sense. Instead,
one uses a description in terms of local coordinates in the form of
parametrizations or charts, just as one considers maps of the earth to
approximate that round object by flat pictures. Note that the chart
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maps go in the opposite direction from the usual parametrization we
have been using up to now.

5.1. Definition. (Abstract differentiable manifold)
A k-dimensional differentiable manifold (briefly: a k-manifold) is
a set M together with a family (M;);e; of subsets such that
1. M ={J;c; M; (union),
2. for every i € I there is an injective map ;: M; — IR* so that
©i(M;) is open in IR*, and
3. for M; N M; # 0, w;(M; N M;) is open in IRF, and the com-
position
¥y © ‘P;lz @i(M; 0 M) — w;(M, N M;)

is differentiable for arbitrary ¢, j.

M,  MnM;, M,

M

P
SEMIE

Figure 5.1. Charts on a manifold

Each ¢, is called a chart, 50;1 is referred to as the parametrization, the
set ©;(M;) is called the parameter domain, and (M;, v;),e; is called an
atlas. The maps p;op; 1 @;(M;NM;) — @;(M;NM;), defined on the
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intersections of two such charts, are called coordinate transformations
or transition functions. Without restriction of generality, we may
assume that the atlas is maximal with respect to adding more charts
satisfying the conditions 2 and 3 above. A maximal atlas in this sense
is then referred to as a differentiable structure.

EXAMPLES:

1. Every open subset U of IR is a k-manifold, where a single chart
is sufficient for the entire manifold, namely the inclusion map
@: U — IRF. Condition 3 is trivially satisfied in this case.

2. Every k-dimensional submanifold M of IR™ (cf. Chapter 1) is
also a k-dimensional manifold in the sense of the above defini-
tion. If M is given locally by M = {z € R"™ | F(z) = 0},
where F': IR* — [R"* is a continuously differentiable submer-
sion (i.e., the differential DF is surjective, or in other words
Rank(DF) = n — k), then according to the implicit functions
theorem one can locally solve the equation

F(z',...,2™) =0
(perhaps after a renumbering) in the explicit form

¢t = wk“(scl, .. .,:rk),

gt = 2o, ...,1b).

By making the association

(xt,... 28— (b, . 2k 2R e,

we get a parametrization, while the association (z!,...,z")
1

3. The (abstract) torus IR?%/Z? is defined as the quotient (group) of
these two Abelian groups. To give it a differentiable structure,
one defines charts by starting with arbitrary open sets M; in
IR? (more precisely, take their images in the quotient) which are
contained in the open square (zo— %, o+ %) x (Yo — %, Yo+ %) for
an arbitrary point (xo,%0) € IR?. Then set ¢(x,y) := (x—x0, y—
yg) to obtain one chart (depending on the choice of (xg,yo)). It

— (2!, ..., z%) gives us a chart.
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follows that the coordinate transformations are just translations
in IR?. One sees without difficulty that three of these charts
suffice to cover the image, namely the just mentioned squares
centered at the points (0,0), (%, %), (%, %) Two such sets do
not suffice.

Similar results, with appropriate modifications, hold also for the
n-dimensional torus R" /Z".

4. The (abstract) Klein bottle is a quotient of the two-dimensional
torus by the involution (z,y) ~ (z + 3, —y). We may take any
square in the (z,y)-plane whose length in the z-direction is at
most % and whose length in the y-direction is at most 1, as
charts.

5. The real projective plane is the quotient of the two-sphere
RP? .= §?] ~,

where the equivalence relation is given by z ~ —z. We may
take any open set in S? as M;, provided it is contained in a
hemisphere (by which we mean half a sphere), and in particular
contains no antipodal points. ¢ can be defined as a projection
to a hemisphere, followed by a projection of this onto a disc.

A model of this is the closed disc modulo the identification of
the antipodal pairs of points on the boundary. On the other
hand, the “classical” model of projective geometry is all of IR?
with an added “line at infinity”.

An atlas of the projective plane containing three charts can be
constructed as the charts induced by the centrally symmetric
atlas on S?, which consists of the six hemispheres in the three

directions (z!, 2%, 23).

6. The rotation group SO(3) is defined as the set of all (real) or-
thogonal (3 x 3)-matrices with determinant equal to 1. We show
that it is a 3-manifold by defining the Cayley map

CAY: R® - SO(3), CAY(A):=(1+A)(1- A",



206

5. Riemannian Manifolds

Here 1 denotes the unit matrix, and A denotes the skew-symmet-

ric matrix
0 a b
A= —-a 0 ¢
b —c O

with real parameters a,b, ¢, which can also be viewed as an ele-
ment of IR3. The Cayley map is injective, and the inverse map
can be used as a chart of SO(3) and determined as follows:

CAY(A) =B+ B(1-A)=1+4

< (B+1)A=B-1+=A=(B+1)"'(B-1).

Note that B + 1 is always invertible, except when —1 is an
eigenvalue of B. The matrices B for which this last condition
holds are precisely the rotations by w. In fact, the image of
the Cayley map is all of SO(3) with the exception of the set of
rotation matrices by a rotational angle of 7.

The set of all such rotations by = is naturally bijective to the
set of all possible axes of rotation, hence bijective to a projective
plane IRP?. To get charts covering this exceptional set of SO(3),
we require three more charts, just as in the above example of
an atlas for the projective plane. If we define E; as the rotation
matrix by an angle of m around the ith axis, and if we formally
set Eg = 1, then the following four maps (resp. their inverses)
define an atlas of SO(3):2

A Ey- CAY(4), i=0,1,2,3.

The four parametrizations of the atlas thus consist of the Cayley
maps “centered at” 1,E;,Es E3. The transformations from
one chart to another are given by matrix multiplication and are
therefore differentiable.

?] am indebted to Prof. E. Grafarend for a question giving rise to this, which arose
from applications in geodesy. Traditionally one considers in geodesy only a single chart
for the rotation group, yielding the Euler angles or Cardan angles.
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5.2. Definition. (Structures on a manifold)

Given a k-dimensional manifold, one gets additional structure by plac-
ing additional requirements on the transformation functions ;o gpi_l,
which belong to the atlas of the manifold; if all ;0 ! are (left-hand
side), then one speaks of (right-hand side) as follows:

continuous <« topological manifold
differentiable < differentiable manifold
C'-differentiable « C'-manifold
C7-differentiable «— C7-manifold
C-differentiable — (C°°-manifold
real analytic < real analytic manifold
complex analytic < complex manifold
of dimension §
affine < affine manifold
projective <« projective manifold
conformal <« manifold with a

conformal structure
orientation-preserving « orientable manifold

Convention: In what follows we shall understand by the term
“manifold” a C*°-manifold, and “differentiable” will always mean
C*. One can show that a C*-atlas always contains a C* one, so
that this convention is not a real restriction.

5.3. Definition. (Topology)

A subset O C M is called open, if ;(O N M,) is open in IR* for every
i. This defines a topology on M as the set of all open sets. Then all ¢;
are continuous, since the inverse images under them of open sets are
again open. M is said to be compact, if every open covering contains
a finite sub-covering (Heine-Borel covering property). In particular,
every compact manifold can be covered with finitely many charts.
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Running assumption: In what follows we will always assume
that the manifolds which occur satisfy the Hausdorff separation
aziom (Th-axiom), formulated as follows. Every two distinct points
P, q have disjoint open neighborhoods U,,U,. Note that this prop-
erty does not follow from Definition 5.1.

The important point here is that locally (or in the small) the topology
of a manifold is the same as that of an IR*. In particular this means
that the inverse images of open e-balls in IR* are again open in M,
although one cannot necessarily make sense of the notion of e-balls
there, as there is no distance function (metric) defined. But this
suffices to define the notion of convergence of sequences just as in IR
In addition, the topology of every manifold is locally compact, which
means that every point has a compact neighborhood, for example the
inverse image of a closed e-ball in IR*.

5.4. Definition. (Differentiable map)

Let M be an m-dimensional differentiable manifold, and let N be
an n-dimensional differentiable manifold; furthermore, let F: Ml —
N be a given map. F is said to be differentiable, if for all charts
p: U — R™vy :V — R" with F(U) C V the composition
Yo F oy !is also differentiable.

In particular this defines the concept of a differentiable function

f: M — IR, where in this case IR carries the (identity) standard
chart.

This definition is independent of the choice of ¢ and . A diffeo-
morphism F : M — N is defined to be a bijective map which is
differentiable in both directions. One then calls the two manifolds M
and N diffeomorphic. Two diffeomorphic manifolds necessarily have
the same dimension. This is because for IR™ and IR" with n # m,
there is no bijective mapping which is differentiable in both direc-
tions, since the corresponding Jacobi matrix is not square and hence
cannot have non-vanishing determinant (i.e., cannot be invertible).

REMARK: With respect to additional structures on our manifold, one
can similarly define when a map is analytic or complex analytic or
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affine, etc. For example, let us consider here the Riemann sphere C:=
C U {oo}. By means of the inclusion C — C one has a chart, and a
second is given by z — % These two charts define a complex structure
on the Riemann sphere, if one adds all compatible charts. Then all
meromorphic maps of the Riemann sphere to itself are differentiable
maps in the sense of the above definition, for example, also the map
2+ 2~k Furthermore, this defines a conformal structure on S? since
every complex-analytic function f(z) with f’ # 0 in one variable z is
conformal, cf. Section 3D.

Convention: For a chart ¢ we will denote by (u!,...,u¥) the
standard coordinates of IR¥, and by (z!,...,z*) the corresponding
coordinates in M. Thus, z‘(p) is the function given by the ith
coordinate of w(p), z*(p) = u'(¢(p)). The functions (ul,...,u")
as well as (z',...,z%) are thus on the one hand the coordinates
of the points considered, while on the other hand (u!,... u*) and
(z!,...,x*) are also viewed as variables, with respect to which we
can form derivatives. For a real-valued function f : M — IR we
Of | _O(foy™)
Ot p - du! ©(p)
and emphasize this notation by thinking of the partial derivatives
as infinitesimal changes of a function in the directions z¢ or u'.

set

5B The tangent space

Let M be an n-dimensional differentiable manifold and p € M a fixed
point. The tangent space of M at the point p is going to be thought
of as the n-dimensional set of “directional vectors”, which — starting
at p — point in all directions of M, cf. for example [27]. Since there
is no ambient space, this notion has to be intrinsically defined and
constructed. For this, there are three possible definitions, all of which
we describe here.
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5.5. Definition. (Tangent vector, tangent space)

Geometric Definition:

A tangent vector at p is an equivalence class of differentiable curves
c: (—e,6) = M with ¢(0) = p, where ¢ ~ ¢* & (poc)(0) =
(p o ¢*)(0) for every chart ¢ containing p.

Briefly: tangent vectors are tangents to curves lying on the mani-

fold.

Unfortunately there is no privileged representative of such an
equivalence class, and such a representative would depend on the
choice of chart (for example, a line in the parameter domain).

Algebraic Definition:
A tangent vector X at pis a derivation (derivative operator) defined
on the set of germs of functions

Fo(M):={f: M — R| f differentiable} / ~ |
where the equivalence relation ~ is defined by declaring f ~ f* if
and only if f and f* coincide in a neighborhood of p. The value

X(f) is also referred to as the directional derivative of f in the
direction X.

This definition means more precisely the following. X is a map
X: F,(M) — IR with the two following properties:
L. X(af + Bg) = aX(f) + 8X(9), @,8 € R, f,g € Fp(M)
(IR-linearity);
2. X(f-9) = X(f) g)+ f(p)- X(g) for f,g € Fp(M) (product
rule).
(For this to make sense, both f and g have to be defined in a
neighborhood of p.)

Briefly: tangent vectors are derivations acting on scalar functions.
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Physical Definition:

A tangent vector at the point p is defined as an n-tuple of real
numbers (£%);=1__, in a coordinate system x!,... z™ (that is, in a
chart), in such a way that in any other coordinate system 2%, ... "
(i.e., in any other chart) the same vector is given by a corresponding

n-tuple (£%)i=1,.. n, Where

5 o7
¢ = Z Ozl

7

&.

p

Briefly: tangent vectors are elements of IR™ with a particular trans-
formation behavior.

The tangent space T,M of M at p is defined in all cases as the set
of all tangent vectors at the point p. By definition T,M and T,M
are disjoint if p # q.

For the special case of an open subset U C IR™, the tangent space can
be identified with T,/ := {p} x IR™ endowed with the standard basis
(p,e1),...,(p,en). The vector e; corresponds to the curve c;(t) :=
p+t-e; (geometric definition) and to the derivation given by the
partial derivative f —— (—%@ v (algebraic definition). Therefore 5.5 is
compatible with the previous definitions given in 1.7 and 3.1. The
directional derivative coincides in IR™ with the directional derivative
which was already defined in 4.1.

Special (geometric) tangent vectors are those given by the parame-
ter lines (lines along which parameter values are constant), formally
meaning the equivalence classes of them. The corresponding special
tangent vectors in the algebraic definition are the partial derivatives

% v defined by

0 _of

ozt ()= oxt

in a chart ¢ which contains p. As a notational convenience one also

writes 3i| instead of a(zi p The special tangent vectors in the sense of

the physical definition are in this case simply the tuples which consist
of zeros except in the ith place.

_0foe™)

p Out @(p)

P
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The geometric definition is probably the most intuitive (a tangent
vector is a tangent to a curve), but not easy to work with. In this
definition it is not even clear that the tangent space is a real vector
space. The algebraic definition is most convenient for doing compu-
tations, and by its very definition it is independent of any chart. The
physical definition will be further clarified below. The art of doing
computations with the geometric quantities of the physical definition
goes back to G. Ricci and is called the Ricci calculus, cf. [16]. A vec-
tor is simply written as €%, and the very fact that the notion involves
a superscript indicates the transformation behavior, in this case, for
example, as a vector (or 1-contravariant tensor), cf. Section 6.1. This
aspect will be of importance in what follows, but for all definitions
we will give a coordinate-independent formulation as far as this is
feasible. The equivalence of these three definitions is explained for
example in [39], Chapter 2. In what follows we base our analysis on
the algebraic definition and will therefore not require this equivalence.

5.6. Theorem. The (algebraic) tangent space at p on an n-
dimensional differentiable manifold is an n-dimensional IR-vector
space and is spanned in any coordinate system z!, ..., 2" in a given
chart by
0 0

% ’p, ey 51.7 p.
For every tangent vector X at p one has

X = ; X(@')5—

p

Looking at the last equation, we see that the components £ of a
tangent vector X in the Ricci calculus are nothing but the X (z*),
that is, the directional derivatives of the coordinate functions x* in
the direction X. To prove the statement of the theorem we require
the following lemma.

5.7. Lemma. If X is a tangent vector and f is a constant function,
then X (f) =0.
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PROOF: First suppose f = 1 everywhere. Then by the product rule
5.5.2 we have

X(1)=X(1-1)=X1)-1+1-X(1) =2-X(1),

hence X (1) = 0. Now suppose that f has the constant value f = c.
Then by the linearity 5.5.1 we have

X(e)=X(c-1)=c- X(1)=¢-0=0.

O

PROOF OF 5.6: The proof utilizes an adapted representation of the
transition functions in local coordinates. We calculate in a chart
@ : U — V, where without restricting generality we may assume V
is an open e-ball with p(p) = 0, hence z!(p) = -+ = z"(p) = 0. Let
h:V — IR be a differentiable function, and f := h o v. We set
' On
hi(y) == j 8ui(t -y)dt (note: h € C® = h; € C)

and perform the following computation:

From this we get, using the identities f = hoy, f; = hjop, x* = u'op,
the equation

flg) = ) = fila) - '(g)
i=1

for a variable point ¢. Taking derivatives, we get

of
Oxt

= fi(p).

P
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Now if we are given a tangent vector X at p, then it follows from
properties 1 and 2 in 5.5 that

X(f)=X(f(p)+Zfiwi)—0+ZX fi): +Zfz

dw’ ( Z X(a")

for every f. It remains to show that the vectors ai

independent. But this is easy to see, since 5‘—27]11(:5]) -g% =47,

21

are linearly

Note that this proof only works for C°°-manifolds, as otherwise the
degree of differentiability of h; is one less that of h. In fact, the
algebraic tangent space on a C*-manifold is infinite-dimensional. But
there are no difficulties in simply passing to the subspace spanned by

%, e —a—g—n and performing the same calculations there. W

5.8. Definition and Lemma. (Derivative, chain rule)

Let F': M — N be a differentiable map, and let p, ¢ be two fixed
points with F'(p) = ¢q. Then the derivative or the differential of F
at p is defined as the map

DF|, : T,M — T,N

whose value at X € T,M is given by (DF[,(X))(f) := X(fo F)
for every f € Fy(N) (which automatically implies the relation
foF € Fp(M)). For the derivative as defined in this manner, one
has the chain rule in the form

D(G o F)|p = DG|F(p) o} DF|p

for every composition M SN @ of maps, or, more briefly,
D(G o F) = DG o DF.

PROOF: By definition we have
D(G o F)|p(X)(f) = X(fo Go F)

= (DF|,(X))(f 0 G) = (DGlo(DF,(X)) ) (/).
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REMARK: One can view DF|, as a linear approximation of F' at p,
just as in vector analysis on IR™. In coordinates x',...,2™ on M and
y',...,y"on N, DF|, is represented by the Jacobi matrix, for which
we have the more precise relation

91\ —0@oF) @
DF|P (@L) N ; Oz’ ’pa—yl q

In the physical definition of tangent spaces, the chain rule consists
essentially of the product of the Jacobi matrices, applied to the tan-
gent vector. In the geometric definition of the tangent space (i.e., for
equivalence classes of curves through the point p), the differential is
simply described by the transport of curves, as follows:

DFp([c]):=[Foc],
and the chain rule DG(DF([c])) = [G o F o ] is then quite obvious.

Note the action on the tangent of a curve:

é(0) = (F o.¢)'(0) = DF,(é(0)).

EXAMPLES:

(i) In case F : U — R™! (U C IR™) is a surface element in the
sense of Chapter 3 with u — F(u) = p, then the differential of F

acts in the following way on the basis 6—21—|u, ceey a% L of LU
resp. 5‘2—1|p, ey m—‘zﬂlp of T,IR™1:
0 oz 0
EREA RIS SL AN
v\ Jud lu 7 oullu Oxtlp
where the matrix %z—; is the familiar Jacobi matriz of the map-
ping F. Here, ' is the ith component of F(u!,..., u"), also
written as the function z*(u?, ..., u™?).
(ii) If (z*,...,2") and (y',...,y") are two coordinate systems on
a single manifold, then one has similarly, for F' equal to the
identity,

‘

de oy
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(iii) For the components & and n, respectively, of a tangent Vector
X = E.gﬂa—‘zj =37 6y1, one has similarly X = E ¢l 2 a7 =
doii g9 o ayw hence n* = =3; g3 9y 525 - This is precisely the trans-
formation behavior of tangent vectors in Ricci calculus (Defini-
tion 5.5).

The following summation convention is used in Ricci calculus, and
is usually referred to as the Einstein summation convention: sums
are formed over indices which occur in formulas as both an upper
(in the numerator) and a lower (in the denominator) subscript,
without the explicit summation symbol, for example

hik = h]gk instead of hik = thk and
[R=4 j

)

. By
i i _
Nt =& D instead of n’ E 53 8:1:1

5.9. Definition. (Vector field)
A differentiable vector field X on a differentiable manifold is an
association M 5 p — X, € T, M such that in every chart ¢: U —
V with coordinates ', ..., z", the coefficients ¢*: U — IR in the
representation (valid at a point)

p—Z§ dwl

are differentiable functions.

P

Another common notation for this is X = 3, £'-2; 5.7 Or, in Ricci cal-
culus, X = £'. Note that in the physical definition, a vector field is
identified with the n-tuple (¢!,...,£") of functions of the coordinates
A L

As to the notations used in conjunction with vector fields, for a
scalar function f : M — IR, the symbol fX denotes the vector field
(fX)p = f(p) - Xp (one can say that the set of vector fields is a mod-
ule over the ming of functions f on M), while the symbol X f = X(f)
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denotes the function (X f)(p) := Xp(f) (in other words, X f is the
derivative of f in the direction of X).

5C Riemannian metrics

The first fundamental form of a surface element is a scalar product,
which is defined by restricting the Euclidean scalar product to each
tangent space, as we have explained in Chapter 3. In our present
endeavor, we have to find a way to do this without the ambient space,
that is, defining (intrinsically) a scalar product on each tangent space.
Recall the following fact from linear algebra, which we will require in
this regard.

The space L*(T,M; R) = {a: T,M x T,M — IR | « bilinear} has the
basis
{de'], @ dap | 6,5 = 1,...,n},
where the dz* form the dual basis in the dual space
(TpyM)* = L(T,M; R),

defined as follows:

de ‘p(%‘p) =% = { 0 ifij.
The bilinear forms dz’|, ® dz’|, are defined in terms of their action
on the basis (this action being then extended by linearity):

» 0 0 — 1 ifi=kandj=1
do'ly ® do'lp) (5| 5| ) = 017 = , !
(da’], ® d”lp) Oxklp Oxlly kT 0 otherwise.
By inserting the basis, for the coefficients of the representation
o = Zaij d.I‘l@dl"]
1.J
one obtains the expression
o o 0
g = a(@’ 5}7)
In Ricci calculus, the form « is just represented by the symbol a;;;
one also refers to this as a tensor of degree two, cf. 6.1.
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5.10. Definition. (Riemannian metric)
A Riemannian metric g on M is an association p +—— g, €
L*(T,M; R) such that the following conditions are satisfied:
L gp(X,Y) = gp(Y, X) for all X,Y, (symmetry)
2. gp(X,X) > 0forall X #0, (positive definiteness)
3. The coeflicients g;; in every local representation (i.e., in every
chart)
9p = Zgz‘j(p) ~dz’|p ® d2’l,
g
are differentiable functions. (differentiability)

The pair (M, g) is then called a Riemannian manifold. One also
refers to the Riemannian metric as the metric tensor. In local coor-
dinates the metric tensor is given by the matrix (g;;) of functions.
In Ricci calculus this is simply written as g;;.

REMARKS:

1. A Riemannian metric g defines at every point p an inner product g,
on the tangent space T, M, and therefore the notation (X,Y’) instead
of g,(X,Y) is also used. The notions of angles and lengths are deter-
mined by this inner product, just as these notions are determined by
the first fundamental form on surface elements. The length or norm
of a vector X is given by || X ]| := 1/g(X, X), and the angle 3 between
two tangent vectors X and Y can be defined by the validity of the
equation cos 3 - | X|| - ||Y|| = ¢{X,Y), cf. Chapter 1.

2. If the condition that g is positive definite is replaced by the weaker
condition that it is non-degenerate (meaning that g(X,Y) = 0 for
all Y implies X = 0), then one arrives at the notion of a pseudo-
Riemannian metric or semi-Riemannian metric, in which all notions
are defined in exactly the same way as for a Riemannian metric. In
particular, a so-called Lorentzian metric is defined as one for which
the signature of g is (—, +, +, +); such metrics are basic to the general
theory of relativity. In this case the tangent spaces are modeled after
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Minkowski space IR} instead of Euclidean space (cf. Section 3E) with
the metric

-1 0 0 0

_ 0 1 0 O
(Qz‘j) = 0 0 1 0
0 0 0 1

The difference compared with Euclidean space is that there are vec-
tors X # 0 with g(X, X) = 0, so-called null vectors. We have already
studied the three-dimensional Minkowski space in connection with
curves and surfaces (compare sections 2E and 3E). The tensor g;; is
referred to in the theory of relativity as the gravitational potential
or gravitational field, cf. [25], Section 1.3. It gives a metric form to
the manifold (four-dimensional space-time) according to the gravity
coming from the matter which is contained in the space.

Examples:

(i) The first fundamental form g of a hypersurface element in R™*!
is an example of a Riemannian metric.

(i) The standard example is (M,g) = (IR™,go), where the metric
(g0)i; = 0i; (identity matrix) is the Euclidean metric in the
standard chart of IR™ (given by Cartesian coordinates). This
space is also referred to as Fuclidean space and denoted by IE™.
The metric is

1 0 ... 0
01 ... 0

(go)ij: o : )
0 0 ... 1

so that go(.,.) = (-,-) is, not unexpectedly, nothing but the
Euclidean inner product.
(iii) A different Riemannian metric on IR" is given for example by
g,]-(xl, Cey (L‘n) = 51']'(1 + (L‘i.’E]‘)Z
1+ 72 0 o 0
0 1423 ... 0
(9i5) = S

0 0 1+22
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(vii)

Similarly, one can define numerous Riemannian metrics simply
by choosing the coeflicients g;; arbitrarily, provided only that
one has positive definiteness or non-degeneracy of the metric.

After choosing constants 0 < b < @, on (0,27) x (0,27) C
IR?, 0 < r < 1, one can define a Riemannian metric by

(gu;(u,v)) = ( b02 (a+bocosu)2 )

This coincides with the first fundamental form on an open subset
of the torus of revolution (cf. Chapter 3).

We can give the abstract torus JR?/Z? a uniquely defined Rie-
mannian metric ¢ with the property that the projection

(RQvQO) - (RQ/ZQ,Q)

is a local isometry in the sense of 5.11. This is called the flat
torus. In the chart (0,1) x (0, 1) the metric is (g;;) = ((1) (1)), as

in the Euclidean plane.

Similarly, the real projective plane IRP? = S%/4 can be given a
unique Riemannian metric g such that the projection (S?, g;) —
(IRP?,g) is a local isometry in the sense of 5.11, where gy is the
standard metric on the unit sphere.

The Poincaré upper half-plane {(x,y) € IR? | y > 0} with the

metric
1 1 0
e == (o 1)

is a Riemannian manifold. In this metric, length is given by

|]5%|| = i; thus the half-lines in the y-direction have infinite

length: f; 1dt = —log(n) — oc for n — 0 and [ +dt =
log(n) — oo for n — co. In fact, every geodesic is of infinite
length in both directions. We refer also to the Exercises at the
end of Chapter 4 as well as Section 7TA for more details.
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5.11. Definition. (Maps which are compatible with the metric)
A diﬁ"erentiableA/ map F: M — M between two Riemannian man-
ifolds (M, g), (M,q) is called a (local) isometry, if for all points p
and tangent vectors X,Y we have

9F) (DF|p(X), DF[p(Y)) = gp(X, Y);

more generally, F' is called a conformal mapping, if there is a func-
tion A: M — IR without zeros, such that for all p, X,Y, one has

Gr(p) (DF,(X), DE,(Y)) = X (p)gs(X,Y).
See also Definitions 3.29 and 4.29.

By definition a local isometry preserves the length of a vector, angles,
and areas and volumes, whereas a conformal mapping preserves angles
but rescales the length of any vector by the factor A.

EXAMPLES: The map (z,y) + (cosz,sinz,y) is a local isometry of
the plane onto a cylinder. Stereographic projection defines a confor-
mal map between the plane and the punctured sphere.

QUESTION: Does there exist a Riemannian metric on an arbitrary
manifold M7 Locally there is no problem in constructing one, as we
choose any (g;;) which is both positive definite and symmetric. To
make this construction global, one can use the method of a partition
of unity. To introduce this notion, we define the following

NoTaTiON: For a given function f: M — IR, the topological closure

supp(f) == {x € M | f(z) # 0}
is called the support of f.

5.12. Definition and Lemma. (Partition of unity)
A differentiable partition of unity on a differentiable manifold M is
a family (f;);es of differentiable functions f;: M — IR such that the
following conditions are satisfied:

1.0 fy<lforalliel,

2. every point p € M has a neighborhood which intersects only
finitely many of the supp(f,), and
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3. Y ier Ji =1 (locally this is always to be a finite sum).

If there is a partition of unity on M such that the support supp(f;) of
each function is contained in a coordinate neighborhood, then there
exists a Riemannian metric on M.

Proor: For each ¢ € I choose g,(c? as a symmetric, positive definite

matrix-valued function (in the chart associated with supp(f;)). This
locally defines a Riemannian metric g9, and f; - ¢/ is differentiable
and well-defined on all of M, namely, it vanishes identically outside

of supp(f;). Then we set
g:=> fi-g".

i€l
It follows that g is symmetric and positive semi-definite because f; > 0
and ¢ > 0, and from >, fi =1 we see that g is even positive definite
at every point. U

WARNING: The same method does not show the existence of an in-
definite metric g on M, because in this case § can degenerate, even if
all §® are non-degenerate. In fact, there are topological obstructions
to the existence of indefinite metrics. For example there is a Lorentz
metric of type (— + + -+ +) on a compact manifold if and only if the
Euler characteristic satisfies x = 0. This is because precisely in this
case, a line element field exists®. Among the compact surfaces, only
the torus and the Klein bottle satisfy this condition.

We mention the following result without proof.

Theorem: If the topology of M (i.e., the system of open sets, cf. 5.3)
is locally compact (which always holds for manifolds) and the second
countability axiom is satisfied (there exists a countable basis for the
topology), then there exists in every open covering an associated par-
tition of unity, in the sense that supp(f;) is always contained in one
of the given open sets.

For a proof, see for example [40]. In fact it is sufficient to make the
(weaker) assumption that the space is paracompact.

L. Markus, Line element fields and Lorentz structures on differentiable manifolds,
Annals of Mathematics (2) 62, 411-417 (1955).
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Under the same assumptions there exists a Riemannian metric. In
particular, the compactness of M implies the topological assumptions
required. Thus, on an arbitrary compact manifold there exists a Rie-
mannian metric.

5D The Riemannian connection

Just as at the beginning of Chapter 4, we have here the problem
of defining the derivative on an abstract differentiable manifold or
abstract Riemannian manifold not only for scalar functions (this is
sufficiently done in the algebraic Definition 5.5), but also for vector
fields. What we have to define is the notion of the derivative of a
(tangent) vector field with respect to a tangent vector, with a result
which is again a tangent vector. This will be defined in 5.13 in such a
way that a Riemannian metric is not necessary and both arguments
X and Y are treated equally. The so-called Riemannian connec-
tion, defined in 5.15, is nearer to the notion of covariant derivative of
Chapter 4; in fact, it is just a generalization. Here we also require a
compatibility with the Riemannian metric. The fundamental lemma
of Riemannian geometry, presented in 5.16, shows the existence of a
unique Riemannian connection for an arbitrary Riemannian metric.

5.13. Definition. (The Lie bracket?)
Let X,Y be (differentiable) vector fields on M, and let f: M — IR
be a differentiable function. Through the relation

(X, Y](f) == X(Y(£) - Y(X(f))
we define a vector field [X, Y], which is referred to as the Lie bracket

of X,Y (also called the Lie derivative LxY of Y in the direction
X). At a point p € M we have [X,Y],(f) = Xp(Y ) - Y, (X f).

The Lie bracket measures the degree of non-commutativity of the
derivatives. In Section 4.5 above we made a similar definition, namely
[X,Y]:= DxY — Dy X, which in IR™ is equivalent to the above def-
inition. For the definition of the Lie bracket, no Riemannian metric
is required; the differentiable structure is sufficient. The exercises

4Named after Sophus Lie, the founder of the theory of transformation groups.
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at the end of the chapter help give a geometric interpretation and
intuition of the Lie bracket. For scalar functions ¢ one simply sets
Lx¢ = X(p) and declares in this way a Lie derivative for scalar func-
tions and for vectors. There is also a Lie derivative in the direction of
a vector field defined for one-forms given by the formula £Lxw(Y) :=
X(w(¥)) —w(LxY). On can similarly define a Lie derivative for ten-
sor fields in general, see [42, 2.24]. If the Lie derivative vanishes in
the direction of a vector field, this leads naturally to a corresponding
notion of “constancy”. An example is an isometric vector field X
(also called a Killing field) on (M, g) characterized by the equation
Lxg = 0. Here we have Lxg(Y,Z) = g(VvX,Z) + g(Y,VzX).

5.14. Lemma. (Properties of the Lie bracket)
Let XY, Z be vector fields, let «, 8 be real constants, and let f,h
M — IR be differentiable functions. Then the Lie bracket has the
following properties:
(i) [aX + BY, 2] = o|X, Z] + B8]Y, Z];
(i) [X,Y] = —[Y, X];
(iif) [fX,RY]=f-h- [ X, Y]+ [ - (Xh)- Y -h-(Yf)- X
X, Y, Z)] + [Y,[1Z,X]] + [Z,[X,Y]] =0; (Jacobi identity)

lV

[
(v) [d d:vf} 0 for every chart with coordinates (z!,..., z");

i 0 SO L 8Eiy D
[ZS Zn e ]} :Z<f 827 =N 8:1:1)@ (represen-

tatzon in local coordinates).

PRrROOF: The properties (i) and (ii) are obvious. (iii) follows from the
product rule 5.5:

X, hY)(9) = FX((RY)6) = hY (fX)9)
= J(XR)(Y9) + FRX(Y¢) = h(Y f)(X ) — hfY (X¢)
= (FRIX, Y] + f(XR)Y = h(Y /)X ) (0)

for every function ¢ in a neighborhood of the point under considera-
tion.
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(v) is nothing but the well-known Schwarz’ law
o s 0 o0 f o /0
527 (7)) = G = 97 (57 1)

for the commutativity of the second derivatives.

The representation in (vi) has already occurred in Section 4.5, and is
proved here in an entirely similar manner.

The Jacobi identity (iv) is easily checked as follows, where we sym-
bolically write [X,Y] = XY — Y X:

(X, [Y. Z]] + [v,[Z,X]] + [Z,[X,Y]]
=XYZ-XZY ~YZX +ZYX +YZX ~YXZ

—ZXY +XZY +ZXY - ZYX - XYZ+YXZ=0.

5.15. Definition. (Riemannian connection)
A Riemannian connection V (pronounced “nabla”) on a Riemann-
ian manifold (M, g) is a map

(X,)Y)— VxY,

which associates to two given differentiable vector fields X,Y a
third differentiable vector field VxY', such that the following con-
ditions are satisfied: (f: M — IR denotes a differentiable function):

(i) Vx,+x,Y =Vx,Y +Vx,Y; (additivity in the subscript)

(ii) VixY = f- VxY; (linearity in the subscript)
(iii) Vx(Y1 +Y2) = VxY| + Vx Yo, {additivity in the
argument)

(iv) Vx(fY)=f - VxY + (X(f)) - Y; (product rule in the
argument)

(v) X(9(Y,2)) = g(VxY,Z)+g(Y,VxZ), (compatibility
with the metric)

(vi) VxY - Vv X — [X,Y] =0. (symmetry or

torsion-freeness)
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REMARK: For simplicity one often uses the notation Vx f = X (f) for
the directional derivative of f in the direction X. Dropping the con-
ditions (v) and (vi) defines a plain “connection”, and if the condition
(vi) is not satisfied, the difference T(X,Y) := VxY — Vy X — [X,Y]
is called the torsion tensor of V. Instead of “connection” one also
speaks of a covariant derivative (cf. 4.3), and instead of “Riemannian
connection”, the term Levi—Civita connection.

The meaning of the term lies in a kind of “connection” between the
different tangent spaces, which are disjoint by definition. This will
occur again in sections 5.17 and 5.18, where the notion of parallel
displacement {(or parallel transport) of vectors in introduced. In this
way it is possible to relate tangent vectors which are based at different
points of the manifold. The properties for calculations with the Rie-
mannian connection are identical to those of the covariant derivative
in Section 4.4.

EXAMPLES:

1. In Euclidean space (IR",g,) with the standard metric go, we
can set V = D, which means that the directional derivative is a
Riemannian connection, cf. the properties mentioned in Chapter
4,

2. On a hypersurface M™ — IR™"! the covariant derivative in the
sense of Definition 4.3 defines a Riemannian connection for the
first fundamental form in the above sense.

3. In R3set VyY := DxY + %(X xY), where X XY is the usual
cross product of vectors. This V satisfies (i) - (v), but not (vi):

VxY —VyX =DxY =DyX + X XY =[X,Y]+X xY
N—

torsion

5.16. Theorem. On every Riemannian manifold (M, g) there is
a uniquely determined Riemannian connection V.

PROOF: First we prove the uniqueness. From properties (i) - (vi) we
get, for vector fields X, Y, Z, a relation as the sum of three equalities:



5D The Riemannian connection 227

X(Y,Z) = (VxV,Z)+(Y,VxZ)
Y(X,Z) = (VyX,Z)+(X,VyZ) +
—Z(X)Y) = —(VzX)Y)—(X,VzY)

XY, Z2)+Y (X, Z)~-Z(X,Y) = (Y,VxZ - V7 X)+(X,VyZ = VzY)
[X.,Z] v,Z]
+{Z,VxY +VyX)
N e’

2V x Y +[Y,X]

From this we get the Koszul formula
(x)  2VxY,Z)=X{Y,Z)+Y(X,Z) - Z{(X,Y)
- <Y> [X, Z]) - <X, [Yv Z]> - <Zv [Ya X]>

The right-hand side is uniquely determined, given Z; hence also V xY
is uniquely determined.

To show the ezistence of V we define V by the requirement that (x)
holds for all XY, Z.

It remains to show that (Vx Y)lp is defined (without using Z as a
vector field), in other words, the expression <VXY]p,Zp> depends
only on Z,, or equivalently,

for every scalar function f. This is easily verified by applying the
properties of the Lie bracket and the product rule

X(fh) = f-(Xh)+(Xf)-h.

The validity of (i) - (vi) for the V defined in this manner has to be
established.

(i) and (iii) are obvious.

(ii} By applying the formula (x) we get
2AVixY, Z) - 2(fVxY,Z)
=YX, Z) - (ZFX,Y) = (Y. =(Z2f)X) - (Z,(Y /) X) = 0.
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The proof of (iv) is similar.

(v) We have 2(VxY, Z) + 2(Y. Vx Z)

= X<Yv Z>+Y<X7 Z>_Z<Xa Y> —<Y, [X! Z}>*<Xv [Y* Z]>~<Za [Y, X]>
FX(Z YY)+ Z(X,Y)~Y (X, Z)—(Z,[X,Y]) = (X, [Z,Y]) = (Y, [Z, X])
= X(Y,Z) + X(2,Y) = 2X (Y, Z)

)Wehave AVxY - Vy X, Z)
Y(X
2

e

Z) - <YZ>+Z<YX> <X Y, Z]) + (¥, [X, Z]) +(Z,[X,Y])
[ Y], Z). O

In local coordinates we get with the same formula the expression which
we already met in Section 4.6 for the Christoffel symbols

1 0 0 0 m k.
Lok = 5( - agz’j —+ 8_jgzk —+ 8_igjk)» Iy = ¥Fi1‘,k9

where (g*™) := (grs) 7", and
0 0 P o
< ﬁ@7@>—ljij,k,vilé; kF”‘jw'

From this we get the following expression for V XY, in local coordi-
nates, provided X = 5. & le and Y =}, 7 aEJ:

VXY =Vy a2, (Zn&zﬂ)

- ; (Zgl - Zr )
i
Especially for X = a%l we obtain

e - (Sril) - S Trie)




5D The Riemannian connection 229

Consequently, in Ricci calculus the notation for this formula is
On*
k
Vin® = Py + I k 7.

In this expression, the left-hand side is not to be interpreted as the
derivative of a scalar function n*, but as the kth component of the
derivative of the vector (n*,...,n") with respect to the ith variable.

If we consider, instead of vector fields on the manifold itself, vector
fields along a curve ¢, then the coordinate functions n* are not to be

viewed as functions of 2!, ..., 2™, but rather as functions of the curve
parameter t. In this case, the following equation may be taken as a
definition, where c!(t), ..., c"(¢) are the coordinates of ¢:

v = 3 (T + Sewroreogy)

ﬂ 2 877k(t) i 9

=2 (EemT Cewron 5(0(6))) e
The Riemannian metric thus determines the Riemannian connection,
and this in turn determines the notion of parallelness in the same way
that the covariant derivative in the ambient Euclidean space did in
Section 4.9.

17. Definition. (Parallel, geodesic, cf. also 4.9)

1. A vector field Y is said to be parallel, if VxY = 0 for every
X.

2. A vector field Y along a (regular) curve c is said to be parallel
along the curve ¢, if V.Y = 0 (this is independent of the
parametrization).

3. A regular curve c is called a geodesic, if V:é = Aé for some
scalar function A. This is equivalent to the equation V. ¢ =
0, provided ¢ is parametrized by arc length.
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The same remarks made in 4.9 for non-regular curves hold here also.

5.18. Corollary. (Parallel displacement, geodesics)

(i) Along an arbitrary regular curve c¢ there is for each Y €
T,1)M a vector field Y (along c) which is parallel along ¢
and whose value at ¢(t) is Yp. This vector field Y is called
the parallel displacement of Yy along c.

(ii) Parallel displacement preserves the Riemannian metric, i.e.,
(Y1,Ys) is constant for any two parallel vector fields Y1, Y5
along c.

(i) At every point p and for each X € T,M with g(X,X) =1,
there is an € > 0 and a uniquely determined geodesic ¢ :
(—€,e) — M which is parametrized by arc length and for
which ¢(0) = p, é(0) = X.

The proof is literally the same as in 4.10, 4.11 and 4.12. It is sufficient
to consider the parts of the curve which are contained in local charts.
The equation which Y(t) =3 ;7 I(t)52; satisfies if and only if it is
parallel along ¢: V.Y =0 (Where z'(t) are the coordinates of ¢) is

+Z ) TE(e() =0, k=1,...,n.

The system of equations which ¢ satisfies precisely if it is a geodesic
is

o +Zw B TE () =0, k=1,...,n.
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5.19. Definition. (Exponential mapping)

For a fixed point p € M let c&f) denote the uniquely determined
geodesic through p which is parametrized by arc length in the
direction of a unit vector V. In some neighborhood U of 0 € T, M,

the following mapping is well-defined:
T,M2JU> (p,tV) — cg)(t).

Here the parameters are chosen is such a way that (p,0) — p.
This map is called the exponential mapping at the point p, and it
is denoted by exp,,: U — M. For variable points p one can define
a mapping exp in a similar manner by the formula exp(g,tV) =
exp,(tV) = cgf’)(t). This can be defined on an open set of the
tangent bundle TM, compare exercise 3.

Figure 5.2. Exponential mapping at a point p

REMARK: exp,, maps the lines through the origin of T, M to geodesics,
and this mapping is isometric because the arc length is preserved, see
Figure 5.2. In all directions perpendicular to the geodesics through
p the map exp, is in general not isometric, i.e., it is not length-
preserving. This question will be addressed again later in Section 7B,
where a more precise study of the transformation of lengths is made.

EXAMPLES:

1. In IR™ the exponential mapping is nothing but the canonical
identification of the tangent space T,,JR™ with IR™ itself, where
the origin of the tangent space is mapped to the point p. More
precisely, exp,(tV) = p + tV.
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2.

For the unit sphere S? with south pole p = (0,0, —1), the ex-
pouential mapping can be expressed in the following manner
using polar coordinates, where we write a tangent vector as
T COS ‘Z"a% + rsin gz')a%, thus viewing it as a function of r and ¢:
T T, . T

exp, (7, ¢) = (cosq’)cos (r- —2~),sin¢>cos (r~ 5),sm (r— 5))
The circle 7 = 7 in the tangent plane gets mapped to the equa-
tor, while the circle r = 7 maps to the north pole. At this point
the exponential mapping degenerates.

In the group SO(n, R) with the unit element F and with the
(bi-invariant) standard metric, expg is given by the exponential

Ak
Ab——éz—];’—

k>0

series

evaluated for an arbitrary skew-symmetric real (n x n)-matrix A
(cf. the proof of 2.15). This is the origin of the name exponential
mapping. The exponential rule

exp ((t + s)A) = exp(tA) - exp(sA)

expresses the fact that the line {tA | ¢t € IR} is mapped by expp
onto a l-parameter subgroup of matrices. A very similar state of
affairs holds for other matrix groups such as GL{n, R), SL(n, IR),
U(n),SU(n). This mapping is of fundamental importance in
the theory of Lie groups. The tangent space at the unit element
is the corresponding Lie algebra. In the case of the rotation
group SO(n, IR), the Lie algebra is the set of skew-symmetric
(n x n)-matrices, together with the multiplication given by the
commutator [X,Y] = XY — YX. (Compare with 5.13.) For
more details see [43], Chapter 1.

5.20. Definition. (Holonomy group)

Let P°: T,M — T, M denote the parallel translation along a closed
curve ¢ with ¢(0) = ¢(1) = p. For this it suffices that ¢ is continuous
and piecewise regular, since the parallel translation is the composition
of the corresponding smooth parts and one may then apply 5.18 (i).
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For ¢; and ¢y let ¢o * ¢; denote the composition of the curves, and
let c71(t) := ¢(L —t) for c: [0, L] — M (run through in the opposite
direction). Then one has
pearer — pez oPCl,
P = (P

and the set of all parallel translations from p to p along piecewise
regular curves thus has the structure of a group. It is called the
holonomy group of the manifold (M, g) at the point p. If M is path
connected, then all holonomy groups are isomorphic to each other and
one just speaks of the holonomy group of (A4, g). The holonomy group

is always a subgroup of the orthogonal group O(n), which operates
on T,M = IR™. This follows from 5.18 (ii).

EXAMPLES:

1. The holonomy group is trivial for [R™ and for the flat torus
IR™/Z™. The reason for this is that the parallel translation in the
sense of the Riemannian metric coincides with the usual paral-
lel translation. For every closed path the result under parallel
translation is the vector one starts with.

2. On the standard sphere S§? the holonomy group contains all
rotations (exercise).

3. On a flat cone with a non-trivial opening angle (this is a ruled
surface with K = 0, cf. 3.24), the holonomy group is not trivial.
This is seen by cutting the cone open and developing it on the
plane (cf. 3.24). The identification at the boundary leads to
non-trivial elements of the holonomy group.

4. On a flat Mébius strip the holonomy group also contains a re-
flection. This can again be seen most easily by developing the
surface in the plane.

Exercises

1. Show that the open hemispheres {(z, 22, z3) € S? | x; # 0} for
1 =1, 2,3 define an atlas of the two-dimensional sphere with six
(connected) charts Uy, ..., Us. Here 1,22, 3 denote Cartesian
coordinates. Determine explicitly the transformation functions
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between the charts. A picture of the six hemispheres can be
found on the cover of the book [14].

Show that the Cartesian product AM; x Ms of two differentiable
manifolds is again a differentiable manifold.

Show that for a given differentiable manifold M the set of all
pairs (p, X) with X € T,M is again (in a natural way) a dif-
ferentiable manifold; it is called the tangent bundle T M of M.
For this, construct for every chart ¢ in M an associated bundle
chart by means of

(I)(va) = (*P(p)afl(p), o 7§n(p)) € R" x Bna

where €', ..., €™ are the components of X in the corresponding
basis, i.e., X, = > i, {i(p)g% . Check the properties of Defi-
nition 5.1. (Note: Formally the definition of the tangent bundle
includes the projection from TM to M given by (p, X) — p.)

Determine whether this definition of the tangent bundle coin-
cides in the case of M = IR™ with Definition 1.6.

Show the following. The tangent bundle of the unit circle S*
is diffeomorphic to the cylinder S! x IR. The analogous state-
ment does not hold for the two-sphere S?, but surprisingly it
does hold for the three-sphere S3: the tangent bundle of $3 is
diffeomorphic to the product S® x IR3, cf. the exercises at the
end of Chapter 7.

The metrics on two Riemannian manifolds (M, g1) and (M>, g2)
induce in a canonical manner a Riemannian metric g1 X g2 on
the Cartesian product M; x My, the so-called product metric.
What is the form of this metric in local coordinates?

Let a submanifold M of IR* be given by the equation
M = {(x1,29,73,74) € R* | 23 + 22 = 23 + 23 = 1}.
Prove that M is a two-dimensional manifold by displaying an

explicit atlas.

Construct an explicit Lorentzian metric, i.e., a metric tensor
of type (—+), on the (abstract) Klein bottle (cf. the examples
following 5.1 in the text).
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10.

11.

12.

13.

Let (M, g) be a two-dimensional Riemannian manifold, and let
A C M be a geodesic triangle which is the boundary of a simply
connected domain. Show that the parallel translation along this
boundary (traced through once) is a rotation in the tangent
plane. Calculate the angle of rotation in terms of quantities
which only depend on the interior of A. Hint: Gauss-Bonnet
formula.

Show that the holonomy group of the standard two-sphere S2
really contains all the rotations. Hint: Consider curves which
are constructed piecewise from great circles.

Determine the holonomy group of the hyperbolic plane as a sur-
face in three-dimensional Minkowski space (cf. 3.44). Here the
covariant derivative is to be taken as in Euclidean space, that
is, with tangent components which are directional derivatives.

Let (M., g«) be an n-dimensional Riemannian manifold and let
f: IR — IR be a function without zeros. Then IR x M endowed
with the metric

glt,at, . a™) = di? + (f(1)? - gula,. . 2™)

is again a Riemannian manifold, the so-called warped product
with the warping function f. Show that the ¢-lines are always
geodesics. What are sufficient conditions in order that geodesics
on M, are also geodesics on M7

Let X be a vector field on the manifold M. Show the following.

(a) At every point p € M there is a uniquely determined curve
¢ept Ip — M with ¢,(0) = p,c,(t) = X, where I, is the
maximal interval around t = 0 with this property.

(b) For every open neighborhood U of p there is a set, open in
IR x M, such that the map ¢ which is defined by ¥(¢,q) :=
1i(q) := ¢q4(2) is differentiable. v is called the local flow of
X at the point p.

{c) In case 1 is defined for every t € IR, one calls the vec-
tor field (or also the flow) complete. In this case one has
Yiys = 1Yy 0 g for all t,s € IR. This property defines a
one-parameter group of diffeomorphisms, since ¢ +— v is a
group homomorphism. Why are all 1)y diffeomorphisms?
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14.

15.

16.

17.

18.

19.

20.

Let X be a vector field on an n-dimensional manifold M with
X, # 0 at a point p € M. Using the previous exercise, show that

there is a coordinate system z!,...,2" near p with X = -2;
y ) ; p )

.
Let X,Y be vector fields on M, and let 1 denote the local flow
of X at a point p € M. Again using the previous exercise, verify

the following equation:
X, Y] = lim = (w Vpip) = Yo )

Show that the tangent space of the rotation group SO(3) at the
“point” corresponding to the identity matrix can be identified
in a natural manner with the set of all skew-symmetric (3 x 3)-
matrices (cf. also the proof of 2.15). Calculate the differential of
the Cayley map CAY : IR® — SO(3). For the definition of this
map see the examples following 5.1.

Give an explicit atlas for the manifold IRP?® (real projective
space), which is defined as the quotient of the three-sphere by
the antipodal mapping.

Show that the exponential series
Ak
A— > o
k>0
is actually an orthogonal matrix for an arbitrary skew-symmetric
matrix A.
Find a formula for the inverse mapping of the exponential map-

ping (a kind of logarithm) for the case of the group SO(n). Hint:
Take a power series and determine the coefficients.

The Schwarzschild half-plane is defined as the half-plane £ =
{(t,r) € R? | 7 > ro} with the semi-Riemannian metric ds? =
—hdt? +h~1dr?, where h denotes the function h(r,t) := 1 —rq/r.
Show that the maps (t.7) — (&t + b,7) are isometries. More-
over, calculate the Christoffel symbols and show that the r-lines
are always geodesics. Show also that for the geodesics, written
v(s) = (¢(s),r(s)), the quantity h(-y(s))t'(s) is a constant. The
constant rg corresponds to the Schwarzschild radius, which de-
pends on the mass of a black hole, which one should imagine is
situated at r = 0.
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21.

22.

Suppose we are given coordinates in (M, g) such that in these
coordinates the metric tensor has diagonal form, ie., g;; = 0
for ¢ # j. Show that the system of equations for geodesics is as
follows:

d dx* 1 - Ogsi [ da’ 2
fadl = )= — k=1,... .
ds (gkk ds ) 2 & dxk (ds ) ( )

Let the Schwarzschild metric be given as follows:

ds® = —h-dt> + h™" - dr? + r? (sin® 9dy® + d9?),
where h = h(r) =1 — 22 The Schwarzschild metric is a model
for a universe in which there is precisely one rotationally sym-

metric star. Show that every geodesic ¢ satisfies the following

equations with constants F and L:
(a) h- & = F,

2 ¢in2 de _
(b) résin®d- 3£ = L,

2
(c) d (7"2 . ﬁ) = r2gin ¥ cos ¢ (%f)

ds ds
Now suppose that ¢ is parametrized by arc length 7, which de-
scribes a freely falling particle (in particular, this implies it is
not a light particle, for which g(c, ¢/) # 0 holds), with the initial
condition that it is falling equatorially, i.e., satisfies ¥(0) = §
and 22(0) = 0. Then we have
(al) h - j_qt- = E,
(b)) r2de = 1,
(Yd=7%.
Hint: Exercise 21.






Chapter 6

The Curvature Tensor

In the Gauss equation 4.15 or 4.18, we have on the left-hand side an
expression which we called the curvature tensor. Its connection to the
curvature (and thus the nomenclature) is clarified by the Theorema
Egregium 4.16 and 4.20. For this it is of great importance that the
left-hand side of the equation only depends on the first fundamental
form or the covariant derivative, which follows from the equation

R(X,Y)Z =VxVyZ—-VyVxZ—-VixyZ

in the Koszul-style calculus, or

s 81—‘:?]' _ 8ka

*IT uk dud
in Ricei calculus. (The more precise notation here would be R%,;
instead of R}, ;.) This expression is well-defined for an arbitrary Rie-
mannian manifold and is the foundation for all further information
on curvature of Riemannian manifolds. In fact, all scalar curvature
quantities can be obtained from this curvature tensor. Before we go
into this, we make a brief digression with some general remarks on

T 8 T ]
+ 15T — D'y,

tensors.

6A Tensors

Tensors are operators which are not determined by the process of
taking derivatives of other quantities (a local process), but rather
through evaluation of known quantities at single points. An example
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is the Weingarten map of a surface. For the calculation of a derivative
it is never sufficient to know the given quantity at a point; rather, it is
imperative to know that quantity (in typical cases) at least all along
a curve, as was needed for the definition of the covariant derivative in
Sections 4.2 and 4.3. In comparison, the metric tensor (also known as
the measure tensor) g of a Riemannian manifold measures the scalar
product of two vectors X, Y, using only their values at a given point,
with no need for taking derivatives. A similar statement holds for
the tension and inertia tensors which occur in mechanics. It is of
great importance for differential geometry that the curvature tensor
is a tensor in the above sense. We already met this in 4.19, but at
that point it was a simple consequence of the Gauss equation, whose
right-hand side contains only the Weingarten map. But even without
using the Gauss equation this fact is easy to see, as we now describe.

Let X,Y, Z be three vector fields. Then the evaluation of the above
expression for the curvature tensor R(X,Y)Z at a point p requires
various covariant derivatives at p such as VyZ. However, if one
modifies the arguments X, Y, Z by scalar functions «, 3, (that is, if
one replaces X,Y, Z by aX, 3Y,vZ) and then evaluates the curvature
tensor at p, then no derivatives of «, 3,y come in. Instead, we have
the following equation:

(R(aX,BY)(v2))|, = a(p)Bp)y(p) (R(X,Y)Z)] .

More precisely, the derivatives of a,3 and v cancel out. Thus one
may view the result R(X,Y)Z at the point p as depending only on
X5, Yy, Z,. As a specific consequence we obtain the following expres-
sion in terms of local coordinates:

R(X,Y)Z = R( an]);gk%
_”Zkfl et R (d‘l’d;w)%’

independent of X,Y.Z
So one can evaluate the left hand side at p just by evaluating the
coefficients &%, 7, ¢* at p. This is precisely the property which defines
what a tensor is supposed to be.
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6.1. Definition. (Tensors, tensor fields)
A covariant tensor of degree s (briefly, a (0, s)-tensor) at a point p
on a differentiable manifold M is a multilinear mapping

Ap: (TyM) x -+ - x (T,M) — R.

]

Similarly, a (1, s)-tensor at a point p is a multilinear mapping

Ap: (TyM) x -+ x (T,M) — T, M.

S
A basis of the space of all (0, s)-tensors is given by the set
(dxﬂllp®.. .®d$js|p) 7
jlﬂ-')js:lw-n-,’n
where

= I i

: 0 0
wha o pa) (2,0
( e @dr ozl Oxte
As in the remark at the beginning of 5.10, a comparison of coeffi-
cients yields for the coeflicients of

Ap =3 Ay 4, -d” @ ®dal,
after insertion into the basis, the equation
0 0
Ajrpgs = Ap(&vT""’Bde:)'
This explains the abbreviated notation of Ricei calculus used for a

(0, s)-tensor, namely A,, ;,, and the similar notation A;lu_js for a
(1, s)-tensor. In the latter case, we have

sS4 o _ Ap(ﬁ—,...,i).
- wde Ot Qxn OxJs
A differentiable (0,s)- or (1,s)-tensor field A is an association
p+— Ay such that the coefficient functions A, ;, and A%
respectively, in the representation above are differentiable, just as
in Definition 5.10.

Convention: In what follows, all tensor fields occurring will be
assumed to be differentiable.
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REMARK 1: In this book we will use basically only tensors of the type
(0, 5) or (1, s). More generally one considers also mixed tensors, containing
covariant as well as contravariant degrees, as follows.

An s-covariant and r-contravariant tensor (briefly, an (r, s)-tensor) at a
point p on a differentiable manifold M is a multilinear mapping

Ap (T M) x -« X (TLoM)" x (TpM) x -+ x (TpM) — R,

T 8

where (Tp,M)"* := Hom(T,M; IR) denotes the dual space of the tangent
space. A basis of the space of all (r, s)-tensors is given by

- . - djl et d s ) Y
(81‘” P ®6w“ p® r |P® ®d”l Bty 10 aje=1,0m0
where
2 is k1 K, 0 9
(gl © - aelo) (4t o )

sk kr J1 WE]
=Rk e

Again, comparison of coefficients yields for the coefficients of the tensor

i1eei 0 0
Ap =) AUT . o ® @ 5 ®@de’ @ ®da,

Oz oxtr
after insertion into the basis, the following equation:
) ) 8
UL yeeny i i ir
A]- s A(dm’,...,dw 7&7;"”’%;;)‘

Thus, in this case the abbreviated notation used in Ricci calculus is A}
for an (r, s)-tensor. The covariant indices are written as subscripts, while

the contravariant indices are written as superscripts.

REMARK 2: In multilinear algebra, one interprets the above definition of
tensor as defining elements of a space called a tensor product, by means of
the following canonical isomorphisms, where “Mult” is the set of multilinear
mappings and “Hom” denotes the set of homomorphisms (i.e., linear maps):

Mult((TpM*)r, (T, M)*; IR) = Hom ((@ T,M") ® (é) T, M); IR)

~ ((@TPM*)®(®T,,M))* =~ ( ®T M)® ®T M)*
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For details on multilinear algebra, see for example [31] or [33].

For the set of tensors of type (1,s), the above definition lets us interpret
them as multilinear mappings

A:T,M x - x T,M — T,M
N, e’

s

where we have used also the canonical isomorphism between T,M and
TpM™:

A, X1, X.) € (T,M)** = T, M.

EXAMPLES OF TENSORS:

1. A vector field X is at the same time a (1, 0)-tensor field, denoted
by the symbol & in Ricci calculus, where X = Y, 515% is the
representation of X in local coordinates.

2. A one-form in the sense of Section 4F is a (0, 1)-tensor, which is
also referred to as a covector field. This is true in particular for
the differential of a function f, which is written df := 3", %dwi,

and in Ricci calculus f; = a%fq. One then has df (X) = Vx f =
X(f).

3. A scalar function is a (0,0)-tensor field, and thus has no index
in the Ricci calculus.

4. A Riemannian metric g is a (0, 2)-tensor field, cf. 5.10. In Ricci
calculus, g is described by the symbol g;;, which was introduced
in Chapter 3.

5. For a fixed vector field Y the covariant derivative VY is a (1,1)-
tensor field, defined by VY (X) := VxY (but the association
X,Y — VxY is not a (1, 2)-tensor field because of the product
rule). The difference of two connections V and U is always a
(1, 2)-tensor field.

6. The Weingarten mapping L: T,M — T, M of a hypersurface is
a (1, 1)-tensor field which is written in local coordinates h*. The

second fundamental form of a hypersurface is the corresponding
(0,2)-tensor field [I(X,Y) = I(LX,Y) = I(X,LY), which is
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written in Ricci calculus as h;; = hfgkj. Similarly, we have
hf = hijgjk-

7. A Riemannian metric g yields an isomorphism of T, M and T,M*

by
T,M > X —g(-,X)eT,M".

In local coordinates this is precisely the procedure of lowering
indices; a vector &7 becomes a covector &, = &g,; and conversely.

. The curvature tensor (= left-hand side of the Gauss equation)

is a (1, 3)-tensor:
XY, Z— R(X,Y)Z :=VxVyZ -VyVxZ - VxyZ.

In the Ricci calculus, the components of the curvature tensor are
given by the left-hand side of the Gauss equation 4.15, where
the position of the indices is for historical reasons as follows
(deviating from the convention of Definition 6.1, in accordance
with [19], Ch. III, Sect.7, and Ch. V):

o 90 L9
R 57 ) 7 = 2 B e

s ATs
L dFU _ dl—‘ik [ R L
ikj T 8.I‘k 8:{,‘]' i+ rk ikt rj*

By lowering the remaining upper index, we get the correspond-
ing (0, 4)-tensor

X,Y.Z,V — g(R(X,Y)V, ).

The switch of the two arguments Z,V is also a historical con-
vention. In Ricci calculus this amounts to putting the lowered
index of Rpiky = gmstkj in the first spot:

<5—:?—';’R(dik’dwﬂ)8a:’> ngs kj = Rmikj.

WARNING: In the literature you will often find the curvature
tensor to have the opposite sign, i.e., R(X,Y)Z := VyVxZ —
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VxVyZ — V|y x)Z; similarly for the components R, ;.

For an appropriate notion of the derivative of a tensor, the action of
a (1,1)-tensor A on a vector Y is just like the action of a matrix on
a vector. Thus, if you want to take the derivative of the expression
A(Y), then the product rule (A(Y)) = A/(Y)}+A(Y') must be accom-
modated. In other words, for the covariant derivative with respect to
X this means

Vx(AY)) = (VxA)(Y) + A(VxY).

In the case of tensors of higher degree, because of the multilinearity
there is an iterated product rule which must be taken account of, with
a corresponding number of summands. This motivates the following
definition.

6.2. Definition. (Derivatives of tensor fields)

Let A be a (0, s)-tensor field (resp. a (1, s)-tensor field), and let X
be a fixed vector field. Then we define the covariant derivative of
A in the direction of X by the formula

(VXA)(YI,. ..,YS) = Vx(A(Yl,,YS))

S
_ZA(Y17"'7E“17VXY1‘1Y1‘+17"'1YS)'
=1

Vx A is then also a (0, s)-tensor (resp. a (1, s)-tensor), and VA is a
(0, s+ 1)-tensor (resp. a (1, s+ 1)-tensor) by means of the formula
(VA (X, Y1,...,Ys) = (VxA) Yy, ..., Ys).

In Ricci calculus the following notation is used for this:

0
_ . _Tk . _Tk L
ViAjl---fs-amiAJl---Js F’leAkJ2'--]s FijQAJlkJSv--Js
k
- F’ijsAjl---J.s—lk7
(resp.
V. A™ _iAm L TTmAT —Tk am —Tk am™
Vs T gy I ds ir<iji..gs ij1 k2. gs ij2 01 kjs.Js
—_— . e — k m
Fljs jl---js—lk)'
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To legitimize this definition, we have to show that
(VxA)(Y1,....f- Y, Ys) = - (VxA)(Y1,...,Ys),

which means precisely that (VxA),(Y1,...,Ys) depends only on the
values Yi|p,...,Y,,. This equation is easily verified using the rule
5.15 (iv): the first term on the right-hand side (in the above definition)
contains the derivative of f in the form X(f)- A(Y1,...,Ys) and the
j-th summand of the second expression contains the expression

A(Yy, . YL, X(H)Y5, Y., Ys).

These two terms cancel because of signs.

SPECIAL CASES:

1. For a scalar function f (that is, for a (0, 0)-tensor), the covariant
derivative is nothing but the differential df = Df = Vf with
Vi(X) =Vxf = X(f) The gradient of f with respect to a
metric g, written gradf or, in more detail, grad,f, is then the
vector determined by the relation g(gradf, X) := Vf(X) for
all X. Note that here Vf does not denote the gradient, even
though this is a usual practice in much of the literature. Instead,
V [ denotes as in Definition 6.2 the differential of f as a (0, 1)-
tensor, while the gradient is a (1, 0)-tensor. In local coordinates,
the components f¢ of the gradient result from the components
fi= a%% by raising indices, f* = f;¢’*. In the standard chart
of Euclidean space there is no noticeable difference between f*

and f;, but in polar coordinates with
10 10
ion=( 5 5 ) wa @men=(y %),

r

one has f, = %évf¢ = % and similarly " = f.g"" = f,, f¢ =
fo9®® = for2.

2. The second covariant derivative of f is given by V2f = VV{.
More explicitly, here this is

(VIHXY) = (VxVI)(Y) = Vx(VI(Y)) = Vf(VxY)

= VxVyf = (VxY)(f).
V2f is also referred to as the Hesse form or the Hessian of f.
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3. The derivative of the gradient is the associated Hesse (1,1)-
tensor Vgradf. To see this, we calculate

Vx(g(gradf,Y)) = g(Vxgradf,Y) + g(gradf, VxY)
—_—— L Gy ——
VxVyf VxY(f)

and note the relation g(Vxgradf,Y) = V2f(X,Y). In Ricci

calculus we have V,V,f = V,f; = I%Lfa% — T fr and V,f7 =

V. frg™ for the Hessian (0,2)-tensor and the Hesse (1, 1)-tensor.

4. For a (0,1)-tensor w {or a one-form), the covariant derivative is
defined by

Vw(X,Y) = (Vxw)(Y) = Vx{w)) —w(VxY).
In local coordinates (i.e., in Ricci calculus) we have

Ow;
Viu.)j = J
ort

REMARK: The exterior derivative dw is defined as an alternating
two-form by the relation dw(X,Y) = Vw(X,Y) - Vw(Y, X), cf.
Section 4E.

5. Let A be an arbitrary (0, 2)-tensor; then the relation

k
- Fijwk.

VA(X,Y,Z) = (VxA)Y, Z)

= Vx(AY,Z)) - A(VxY,Z) - A(Y,Vx Z)
is written in Ricci calculus as
9
Ox
In particular, for the Riemannian metric A = g we have the

cquality Vg(X,Y,Z) = Vxg(Y.Z) - g(VxY,Z) — g(¥,VxZ)
=0 for all X,Y, Z; hence

Vidi; = 55 Ay — TR Asy — T3 Aus.

Vg=0.

This state of affairs is also expressed by saying that the metric
tensor g is parallel with respect to the corresponding Riemannian
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connection V (the so-called Ricci Lemma). In Ricci calculus the
notation is V;gjx = V;g'™ = 0.

6. For the Weingarten map L, we have the relation VL(X,Y) =
Vx{(LY) - L(VxY). The Codazzi-Mainardi equation is then
nothing but the symmetry of the (1,2)-tensor VL, cf. 4.19, in
Ricci calculus Vihi = V;Chg, cf. Exercise 23 in Chapter 4.

7. For the curvature tensor R(X,Y)Z = VxVyZ — VyVxZ —
Vix,y], viewed here as a (1, 3)-tensor, the covariant derivative
VxR is a (1,3)-tensor, written as follows:

(VxR)(Y,Z)V = Vx(R(Y, Z)V) — R(VxY, Z)V
~ R(Y,VxZ)V — R(Y, Z)Vx V.

6B The sectional curvature

We again return to the Theorema Egregium 4.20, (R(X, Y)Y, X) = K
for orthonormal X,Y, and more generally

(R(X.Y)Y,X) = K({X,X)(Y,Y) — (X,Y)?).

This relation holds for two-dimensional surfaces in IR3. For two-
dimensional Riemannian manifolds we can use this equation as a
definition of the curvature K, which we then again refer to as the
Gaussian curvature or the intrinsic curvature of the metric g. If the
dimension of the manifold is greater than two, we can make similar
considerations for every choice of two-dimensional submanifolds in
the tangent space. This leads to the notion of sectional curvature,
which is so to speak the curvature of two-dimensional sections of the
manifold. For our investigation of the sectional curvature, we need
some symmetry properties of the curvature tensor, which are not so
immediate.
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6.3. Lemma. (Symmetries of the curvature tensor)
For arbitrary vector fields X, Y, Z, V the following relations hold.
1. X, Y)Z=-R(Y,X)Z
9 R(X.Y)Z + R(Y,Z)X
" +R(Z X)Y =0;
3 (VxR)Y, Z)V+(VyR)(Z, X))V
" HVZRI(X,Y)V =0;
4. (R(X,Y)Z,V) = —(R(X,Y)V, Z>;
(R(X,Y)Z,V)=(R(Z,V)X,Y).
Written in Ricci notation, these five equations are as follows. (Re-
call that Rijkl = gSiRjkl')
1. R;’;k = R;Zj;
k + R]kz + Rk}l] -
V Rl]k + VR + kam =0;
szkl = ‘Rjzkl;
Rijki = Ry

(1st Bianchi identity)

(2nd Bianchi identity)

ot

O

Using the algebraic symmetries 1, 4 and 5, one can write these equa-
tions also in the following manner:

L. Rk = —Rjiet = —Rijik = Ry
2. 3Rk = Rijrt + Rjka + Rypiji = 0;
3. 3V Ry = ViBopim + Vi Ry + ViR

- Vjklm kilm ijlm =

REMARK: The nomenclature “the first and second Bianchi identity”
for the above relations is historically not quite correct but has been
used traditionally for some time. The second of these is the classical
Bianchi identity; the first is a kind of Jacobi identity, cf. also 5.14.
For a historical account of the second Bianchi identity (which is also
attributed to G. Ricci), see [20], VIL5 (p. 182).

PROOF:

1. This is clear by definition. In what follows, without restriction
of generality we let X,Y,Z, V be basis fields, so that the Lie
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brackets of two of these three vanish, and for example VxY =

Vv X.
2. This sum is calculated as follows:
R(X,Y)Z = VxVyZ-VyVxZ,
RY,Z)X =VyVzX —-VzVyX = VyVxZ-VzVyX,
R(Z, X)Y =VzVxY —=VxVzY = VzVyX-VxVyZ

When we add them up, the sum of the right-hand sides vanishes.
3. We have
(VxR)Y,Z)V =V x(VyVzV —VzVyV) - R(VxY, Z)V
—R(Y,VxZ)V = VyVzVxV +VzVyVxV,
(VyR)(Z, X))V =Vy(VzVxV - VxVzV) - R(VyZ X))V
—R(Z,VyX)V —V;VxVyV +VxVVyV,
(VzR)(X,Y)V =Vz(VxVyV - VyVxV) - R(VZzX,Y)V
~ R(X,VzY)W =VxVyVzV +VyVxVzV.
The sum of the three right-hand sides vanishes, as was to be
shown.
4. The skew-symmetry of a bilinear form w(X,Y) = —w(Y, X) is
equivalent to w(X, X) = 0 for all X, since
WX +Y,X+Y)=w(X,X)+w(V,Y) +w(X,Y) +w(Y, X).
=0

Thus, we have to show that (R(X,Y)Z,Z) =0 for all X,Y, Z.
For this, we consider the equation Y(Z,Z) = 2(VyZ,Z) and
take one more derivative:

X(Y(Z,2)) =2X(VyZ,2) =2VxVyZ, Z) + 2{Vy Z,Vx Z).

From this, for the curvature tensor we get
AR(X,Y)Z,Z) = 2VxVyZ,Z)—-2(VyVxZ,Z)
= XY({Z,7Z))-2{VyZ,VxZ)
~YX({Z,Z))+2(VxZ,VyZ)
w(@, Z)) =0.

Il
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5. This follows purely algebraically from 1, 2 and 4:

(RX,Y)Z,V) L (R(Y,X)Z,V)

—_
~

(
= (R(X, 2)Y, V) (R(Z,Y)X,V),
R(X,Y)Z,V) @ —(R(X,Y)V, Z)
D (R(Y, V)X, Z) + (R(V, X)Y, Z).
By adding we get the following equation:
2R(X,Y)Z,V)=(R(X,Z2)Y,V) +(R(Z,Y)X,V)

+HRY V)X, Z) + (R(V,X)Y, Z).

—
—

Now switching X and Z as well as Y and V', we get
2(R(Z,V)X,Y) = (R(Z, X)V,Y) + (R(X,V)Z,Y)
HRWV,Y)Z, X) + (R(Y, Z)V, X),

which is the same sum as before (after a further application of
1 and 4). O

PRELIMINARY REMARKS ON SECTIONAL CURVATURE: From the Gauss
equation

R(X,YVZ =(LY,Z)LX — (LX,Z)LY
(where L denotes the Weingarten map) it follows that the curvature
tensor of the unit sphere (where L is the identity) is given by

R(X,Y)Z = (Y, 2)X — (X, 2},

which in Ricci notation is written (Ri):jx1 = gikgj1 — gugjk. From this
it can be seen that for given orthonormal X,Y, the endomorphism
Ri(X,Y) (also called the curvature transformation) is a rotation of
90°, following an orthogonal projection onto the X,Y-plane. It is
therefore only natural to compare an arbitrary curvature tensor R
with this R;.

Note that the curvature tensor R; of the unit sphere is parallel:

(VxR)(Y,Z)V = Vx((Z, V)Y ={Y,V)Z) - (VxZ,V)Y
-§—<ny, V>Z - <Z, VXV>Y + <Y, va>Z
—(Z, V>VXY + <Y, V>sz =0,

because Vxg = 0.
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6.4. Definition. With respect to a given Riemannian metric
(, ), the standard curvature tensor R is defined by the relation
Ry(X,Y)Z :=(Y,Z)X — (X, Z)Y. We then set
k(X Y) = (Ri(X, Y)Y, X) = (X, X)(Y,Y) — (X, Y)?,
K(X,Y) = (R(X, Y)Y, X).
Let 0 C T, M be a two-dimensional subspace, spanned by X,Y.

Then the quantity
KX, Y)

K1 (Xv Y)
is called the sectional curvature of the Riemannian manifold with

K, =

respect to the plane o.

REMARK: If XY are orthonormal, then one has simply
K, = <R(X, Y)Y,X).

For the case n = 2 we recognize the Theorema Egregium with K, = K
(Gaussian curvature).

To legitimatize this definition, we must verify that K, depends only
on o, not on X, Y. To see this, let X =aX + Y, Y = ~vX + Y with
ab — By # 0. It follows from this that ©(X, Y) = (ad — 37)%6(X,Y)
and k1(X,Y) = (ab — Bv)%k1(X,Y).

In the case of an indefinite metric g, the sectional curvature is not

defined for all planes ¢, but only for the non-degenerate planes, i.e.,
those for which <R1(X, Y)Y, X> # 0 holds for at least one basis X, Y.

&(.,.) may be viewed as a biguadratic form, which is associated with
the (0, 4)-curvature tensor. It is symmetric by 6.3.1 and 6.3.5: x(X,Y)
=x(Y, X).

We recall that a symmetric bilinear form ¢ can be reconstructed from
the associated quadratic form ¥(X) := ¢(X,X) by means of the
elementary relation (the polarization)

20(X,Y) =9(X +Y) - 9(X) = y(Y),

cf. [81], V, §7. A similar fact can be used for the curvature tensor to
reduce the number of arguments from four to two.
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6.5. Theorem. The curvature tensor R can be reconstructed from
the biquadratic form x (and therefore from the knowledge of all
sectional curvatures).

ProoF: This turns out to be a purely algebraic consequence of the
symmetries 6.3.1, 6.3.2, 6.3.4 and 6.3.5.

1st step: We first show that R(X,Y)Z can be expressed purely through
the terms of the type R(X,Y)Y.

RX,Y + Z)(Y + 2)
~R(Y, X + Z)(X + Z)
0

R(X,Y)Y + R(X.Y)Z + R(X,2)Y + R(X,2)Z,
—R(Y. X)X + R(X.Y)Z + R(Z,Y)X — R(Y.Z)Z,
R(X.Y)Z + R(Y,X)Z.

When we add these three equations, three rows, the next to last
column vanishes because of the Bianchi identity in 6.3, yielding

BRIX,YYZ=RX, Y+ Z) Y +Z)-RY, X+ Z) (X + 2)
—R(X,Y)Y ~R(X,Z2)Z+ R(Y, X)X + R(Y,Z)Z.
2nd step: By 6.3,
(R(X,Y)Y,Z) =(R(Y,Z)X,Y) = (R(Z,Y)Y, X),
hence (R(., Y)Y, .) is for fixed Y a symmetric bilinear form. Thus, for
every fixed Y, we get the equation
UAR(X, Y)Y, Z) =w(X+ Z,Y) - 6(X,Y) — K(Z,Y).
If we now combine the first and second steps, we get the formula
BR(X,Y)Z,V) =k(X +V,Y + Z) = k(X,Y + Z) — (VY + Z)
k(Y +V,X+2)+c(Y, X+ 2)+c(V.X +2)
—s(X +V)Y)+r(X,)Y) +&(V)Y)
k(X +V,Z)+r(X,Z)+&(V, 2)
+KJ(Y+ V»X) - KJ(Y’X) - H(V>X)
+:(Y +V,Z) - (Y, Z) — «(V, Z),

an explicit formula for constructing R in terms of . |

6.6. Corollary. Suppose that the sectional curvature K, does
not depend on the choice of ¢, but only on the choice of the point
p, meaning that it is a scalar function K: M — IR. Then one has
R=K-R;.
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The proof is obtained immediately upon an application of 6.5, since
by assumption x(X,Y) = K - 1(X,Y) for all X,Y and since the
formula for R in dependence on & only contains additive terms of &.
Thus the equation k = Kx; carries over to R = KR;.

The assumption of 6.6 is satisfied in particular for n = 2. Thus there
is a single curvature tensor R; for a two-dimensional Riemannian
manifold, up to multiplication by the Gaussian curvature K. The
latter is of course not necessarily constant. In contrast, in dimensions
n > 3, one has the following result.

6.7. Theorem. (F. Schur 1886!)

When the sectional curvature K, of a connected manifold of di-
mension n > 3 does not depend on the plane o, but only on the
point p at which it is calculated, then it is constant, i.e., does not
depend on the point.

ProoOF: First of all we have by 6.6 the relation R(Y,Z)V = K -
Ry(Y, Z)V with a differentiable function K: M — IR. By taking
derivatives we get

(VxR)(Y,Z)V =K - (VxR)(Y,Z)V + X(K) - Ri(Y.Z)V

= X(K) R\(Y,Z)V

because Vx Ry = 0, cf. the examples in 6.2. We now wish to show
that X (K) = 0 for all X. By cyclically permuting the arguments, we
get

(VxR)(Y,Z)V = X(K)(Z, V)Y —(Y,V)Z),
(VYyR)(Z,X)V = Y(K)(X,V)Z-(Z,V)X),
(VZR)(X,Y)V = ZK){{Y,V)X - (X,V)Y).

1 Uber den Zusammenhang der Rdume konstanten Krimmungsmafles mut den pro-
jektiven Rdumen, Math. Annalen 27. 537-567 (1886).
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Now when we take the sum of these equations, the left-hand side
vanishes because of the third equation in 6.3, and hence we have

0 = (ZK)Y.V)-Y(K)ZV))X
+(Y(EWX, V) - X(K){Y,V))Z

forall X,Y, Z, V. By our assumption on the dimension there are three
orthogonal vectors X.Y, Z. We first set V = X, yielding

0=-Z(K)Y +Y(K)Z,
and consequently Y(K) = Z(K) = 0. Now we choose similarly V =
Y, yielding

0=Z(K)X - X(K)Z,
and then also X (K') = 0. Since at least one of the three vectors may
be chosen arbitrarily, it follows that X(K) = 0 for every X. Thus

K is locally constant, and by the connectedness of M it is globally
constant. |

6.8. Definition. (Spaces of constant curvature)

If on a Riemannian manifold K, is a constant or, equivalently, if
R =K -R; with K € IR, the manifold is called a space of constant
curvature.

REMARK: By scaling one means the process of replacing a metric
gby g := Mg, where A # 0 is a constant. In this case one has
Rl(X,Y)Z = A2R1(X,Y)Z. On the other hand we have ffj = Ffj,
VxY = VxY and, consequently, R(X,Y)Z = R(X,Y)Z as well as
K = KA~2. Hence in 6.8 there are (up to scaling) only three possible
curvature tensors with constant curvature:

R<=R, (with K = 1),
R=0 (with K = 0),
R=R_,:=—R; (with K=-1).
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Model spaces for these are the sphere S™, the Euclidean space [E"
and the hyperbolic space H", cf. Chapter 7 or (for n = 2) Section 3E.
The de-Sitter space-time is an example of a space-time with constant
negative curvature.

At this point we mention that (as will be proved later in Section 7B)
the constancy of the curvature holds not only for the curvature tensor,
but also locally uniquely determines the metric tensor, a generaliza-
tion of Theorem 4.30 (for two-dimensional surface elements) to higher
dimensions.

Theorem: Any two Riemannian metrics with the same constant
sectional curvature (and the same dimension) are locally isometric

to one another.

6C The Ricci tensor and the Einstein tensor

Building traces of objects is an important process in all of mathe-
matics, as well as forming determinants, not only for algebraic prob-
lems. The divergence, which occurs in classical integral theorems, is
a trace quantity, as is the Laplace operator, which occurs in impor-
tant differential equations. For an orthogonal (3 x 3)-matrix A one
can determine the angle of rotation ¢ from the trace alone, using the
formula Tr{A) = 142 cos . Similarly, the mean curvature is a trace.
We have already discussed its importance in Section 3D. In addition,
all averaged quantities formed from the curvature occur are traces, in
particular traces of the curvature tensor. Therefore, it is of utmost
importance to discuss at this point a general notion of trace. First
we recall that the trace of a linear mapping of a vector space is in-
dependent of the basis chosen, by defining it as a coefficient of the
characteristic polynomial, although it is usually defined as the sum of
the diagonal elements of the corresponding matrix, cf. [31], III, §3.
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6.9. Definition. (Trace of a tensor, divergence)

(i) Let A be a (1,1)-tensor, A, : T,M —— T,M. We define the
contraction or trace C A by

CAlp = Tr(Ap) = Y _ (A Ei, By),
where F1,..., E, is an ON-basis of T, M. In an arbitrary basis
bi,....by, with Abj = 3. A%b;, the trace can be expressed by
the formula }°; A? as usual.
(ii) Let A be a (1, s)-tensor. Then for every i € {1,..., s} and fixed
vectors Xj,j 7& i, A(Xl, ey Xi—la —,XH_l, ey Xs) is a (1, 1)—
tensor, whose contraction (or trace) is denoted by C;A:

CiA(Xy, ..., Xic1, Xig1, -, Xo)

= Z(A(Xl, v X1, By Xiga, ., XG), B
i=1

C; A is then a (0, s — 1)-tensor.
(iii) The divergence of a vector field Y is defined as the trace of VY,
ie.,
divy = CVY = (Vg Y, E).
(iv) The divergence of a symmetric (0, 2)-tensor 4 is similarly defined
as

(divA)(X) =) (Ve A) (X, E)).

7

REMARKS: The naive taking of the trace of a matrix makes no sense
in the case of (0, 2)-tensors. For example, for the second fundamental
form h,; of surface elements, the expression Ei h;; 1s not invariant
under parameter transformations, since it always vanishes in asymp-
totic line parameters on hyperbolic surface elements, cf. 3.18. Instead,
one must take the trace of the associated (1,1)-tensor: let A be a
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(0,2)-tensor and let A# be the associated (1,1)-tensor determined
by the relation A(X,Y) = (A#X)Y) = g(A#X,Y). We then set
Tr,A := TrA#. For this reason, one also often writes TryA instead
of just TrA in order to indicate that the forming of the trace is with
respect to the metric g. In particular one has Try(g) = n.

In Ricci notation, Tr(A;) is simply denoted by A!, with, as always, a
summation over i. Similarly, the ith contraction of A7 is denoted

-Js
Y ATl i imjiis..j. (in this case with sgmmation over m). Also, for
the dlvergence one writes div(n?) = V"

In the case of an indefinite metric, one needs to take account of the
fact that in an ON-basis E\, ..., E, with (E,, E;) = d,;¢;, a vector X
has the representation X = > ¢;(X, E;) E;. Consequently, one gets
as a formula for the trace

ZAqu AE;. E,).

EXAMPLES:

1. Suppose that a vector field Y (which is nothing but a (1,0)-
tensor) is defined on an open subset of Euclidean space. Then
the above deﬁnition of the divergence coincides with the expres-
sion >, 2= where Y is the i-th component of Y. This is the
classical divergence in IR™ which occurs in vector calculus [29].

2. In particular, for Y = gradf, one calls Af := C(VY) = divY =
div(gradf) = V,f* the Laplace-Beltrami operator of f. The
classical version of this in JR™ is the Laplacian Af =5, (79%27’%7'

3. In particular, the trace of the Weingarten mapping (of the trace
of the second fundamental form with respect to the first funda-
mental form) is just nH (i.e., up to a multiplicative factor n,
the mean curvature, cf. 3.13).
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6.10. Definition. (Ricci tensor, scalar curvature)
The first contraction of the curvature tensor R(X,Y)Z is given by
the expression

(C1R)(Y,Z) =Tr (X — R(X,Y)Z) =Y (R(E,Y)Z, E;)
and is called the Ricci tensor Ric(Y, Z), or briefly, Ric = CyR.
In Ricci notation one gets from the special order of the indices
the equation R;; = Rj.ik, which is formally in a sense the second
contraction instead of the first. The Ricci tensor is symmetric,
hence Ric(Y, Z) = Ric(Z,Y), because of the symmetries of R, cf.
the second step in the proof of 6.5.

The trace of the Ricci tensor is called the scalar curvature S. One

has
S = Z (E;, B5)E;, E;)

(one could also view thls as the second iterated trace of the cur-
vature tensor). In Ricci notation we have § = R; = Rjpg" =
Rllkg which is why one also writes R instead of S. At this point
that could be misleading, as the symbol R is also used for the
curvature tensor in Koszul calculus.

REMARKS:

1. By construction, the Ricci tensor is a mean value of other cur-
vatures, however without any kind of normalization factor as in
the arithmetic mean. More precisely, for every unit vector X,
the value Ric(X, X) is the sum of all n—1 sectional curvatures in
planes which contain X and are orthogonal to one another. The
scalar curvature S = 3, . Kjj is then the sum of all sectional
curvatures in the (7, j)-planes of an ON-basis.

2. In the local theory of hypersurfaces, we have already met the
scalar curvature as the second elementary symmetric function
(cf. 4.22) of the principal curvatures ;. Hence § = Ei;éj Kifs.
Similarly, we get Ric(E;, E;) = &; Z#Z t;, where the E; are the
principal curvatures. All of this is based on the Gauss equation

(R(E:,E,)E;,E,) = (LE;, E;){(LE;, E;)
—<LE¢, E]><LEJ, E1> = Kikj.
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6.11. Lemma. One has the commutativity C;(VxA) = V x(C; A)
for every (1, s)-tensor A. In Ricci calculus this is expressed by the
same symbol Vi A; for both sides.

1...%...Js

PROOF: First let A be a (1,1)-tensor (i.e., s = 1). We start from the
definitions

CA =Y (AE, E,),

Vx(CA) =Y [(Vx(AB), B + (AE, VxE))

1

C(VxA) = Z <(VXA)(Ei),Ei>

- Z KVX(AEi), E> - <A(VXEZ‘)*EZ'>}'

Applying the connection forms w (cf. Sectlon 4F), we have the equa-
tion VxE; = 3, Wl (X)E; w1th wh + w! = 0. Inserting this, we
get

Z((AEl,VxE1> + <A(VxEZ),E1>)
= 3B YWl (X)E) + 3 <A(sz<X>Ej),Ei>

—Zw J(AE;, E;) + Y wi(X)(AE; E;) =

Jii
—wi(X)

For tensors of higher degree (s > 1), simply keep the arguments
which are not involved in the contraction fixed. The same reasoning
as above then applies to the remaining (1, 1)-tensor. For the proof in
Ricci calculus one would have to distinguish between (V¢A)! on the
one hand and V(A% on the other. Then one gets

OA! ri Al - _dﬁ
oz Py Piidm = Ok

for a (1,1)-tensor; similarly for the others. ad

(ViA); = = Vi(4))
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6.12. Definition. (Einstein space)

A Riemannian manifold (M, g) is called an Einstein space (in which
case g is referred to as an Einstein metric), if the Ricci tensor is a
multiple of the metric g:

Ric(X,Y) = A- g(X,Y)

for all X,Y, with a function A : M — IR. Taking the traces, we
see that § = nA.

The relation Ric(X, X) = Ag(X, X) for all X is equivalent to this,
with a function A : M — IR. The expression

Ric(X, X)

9(X,X)

is also called the Ricei curvature in the direction X. Einstein spaces
are also those Riemannian manifolds for which the Ricci curvature
only depends on the point, but not on the direction X. Formulated
differently, Einstein spaces are characterized by the property that all
eigenvalues of the Ricci tensor with respect to the metric g are equal
to one another.

ric(X) :=

EXAMPLES:

(i) Formally, for n = 2 every metric is an Einstein metric, because
R = K - R;, from which it follows that

2
Ric(X,X) = K-> g(Ri(E;, X)X, E,) = K - g(X, X).
i=1

(ii) Spaces of constant curvature K are also Einstein spaces for the
same reason. According to 6.7 and 6.8 we have R = K - R; and
CiR= K- (n—1)g (note that S = n(n - 1)K).

(ii) The cartesian product of two two-dimensional manifolds with
constant and equal Gaussian curvature is a four-dimensional
Einstein space. In particular this holds for A = 5% x S2. The
reason for this is the block-matrix structure of the Ricci tensor.
For more details, see Chapter 8.

(iv) Any Riemannian manifold M is an Einstein space if the following
condition is satisfied: For any two points p, g there is an isometry
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of M into itself carrying p into ¢, and for any two unit tangent
vectors X, Y at p there is an isometry which fixes p and which
carries X into Y. Such spaces are also called isotropy-irreducible
homogeneous spaces, cf. Section 8C.

6.13. Theorem. Let (M, g) be a connected Einstein space of
dimension n > 3 with Ric = A-g. Then A is constant, and if n = 3,
then (M, g) is even a space of constant curvature.

This theorem is actually an amazing result. There is a certain analogy
with the results 3.14 and 3.47 for surfaces which consist solely of
umbilics. If all eigenvalues at every point coincide, then they are
actually constant on the entire manifold. However there are quite
different laws for the second fundamental form than there are for the
Ricci tensor. Still, a result like this is in a sense typical for differential
geometry. It is based on hidden dependencies between the quantities
considered which occur upon taking higher derivatives. This holds
also for the Schur theorem in 6.7. For the proof of 6.13 we require
first a few properties of the tensor VxR, which we formulate as a
lemma. In connection with this we will be led to the divergence-
freeness of the Einstein tensor.

6.14. Lemma. The algebraic symmetries 6.3 (1), (4) and (5) are
preserved upon taking the covariant derivatives of the curvature
tensor, i.e., the following equations hold:
(VxRNY, Z)V = —=(VxR)(Z,Y)V;
(VxR)(Y, Z)V,U) = —((VxR)(Y. Z)U, V);
(VxR)(Y,Z)V.U) = ((VxR)(V.U)Y,Z).
Moreover, for every X we have

Tr(V xRic) = 2 - div(Ric)(X).

PROOF: The algebraic symmetries follow immediately from the def-
inition of the operator Vx R. For the trace we calculate from the
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equation C1(VxR) = Vx(C1R), using the symmetries of the opera-
tors,
TrVxRic = Tr(Cy(VxR)) = Y _ ((VxR)(E:, E))E;, E;)

2,7

62 —Z( WE;, X)E;, E>+<(VEJR)(X,E1)EJ,E¢>)
—Z( (VR Ej,X>Eth>+<<vE1R><Ei.,X>EJ«Ez>)

_22 (Ve R)(E,. X)E; E;) =23 _ C1(Vg R)(X, E;)

’L 7
J =V, (C1R)

= 2. (VgRic)(X, E;) = 2- div(Ric)(X).

6.15. Definition and Theorem. (Einstein tensor)

The Einstein tensor G is defined as G = Ric — —g On an arbi-
trary Riemannian manifold, the divergence of the Einstein tensor
vanishes, i.e.,

S
div(Ric) = div(E g).
In Ricci notation this is indicated by the equation V'Gj;, =
Viijgki = 0 with ij = Rjk - —‘;’:gjk.

For space-times, the tensor G is also referred to as the Einstein gravi-
tation tensor, see for example [21], p. 336. The Einstein tensor should
not be confused with the traceless Ricci tensor Ric — % g. These two
coincide only in the case n = 2, in which case they both vanish iden-
tically. The divergence-freeness of G is trivial in case S is constant
and if the Ricci tensor is a constant multiple of the metric, since the
metric is divergence-free because g is parallel, that is, Vg = 0. The
Einstein tensor is important for the theory of gravitation, as it occurs
in the Einstein field equations, cf. section 8B. It arises as the gradi-
ent of the Hilbert-Einstein functional, see 8.2 and 8.6. A space with
vanishing Einstein tensor is called a special Finstein space. By taking
traces one gets in this case Ric = 0 (provided n > 3). This equation
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is satisfied for example by the Schwarzschild metric, cf. the exercises
at the end of Chapter 5. For more details on this see Chapter 13 in
[21].

PROOF OF 6.15: By Lemma 6.14 one has

(div(Ric))(X) = %TrVXRic Ll %(vx S) = %Z(in $)g(X, E;)

7

1 1,
= 3 2 ((Ve(S9(X, E) = S(Vr,0) (X, Er)) = Sdiv(Sg)(X).
' =0

U

PROOF OF 6.13: By 6.15 we have div(Ric) = div(%g). Inserting for

the Ricei tensor Ric = Ag and consequently S = nA, we get

. . [T n ..
div(rg)(X) = d1v<—2——g)(X) = Zdiv(Ag)(X).
Because Vg = 0, the left-hand side is equal to ) (E;(A))g(X, E;) =
X (X), so we get
X(N) = 3X()

for arbitrary X, which implies that either n = 2 or X(A) = 0 for all
X (provided n > 3). Thus, for n > 3 the function A is locally constant
and, since M is assumed to be connected, even globally constant. In
case n = 3, the Ricci tensor alone determines the sectional curvature.
This can be seen as follows: in an ON-basis Fy, E», F3 we have

Ric(Ey, E1) = K2+ Kis,
Ric(Ey, Ep) = Ko+ Koag,
Ric(E3, E3) = K3+ Kos.

If our Ricci tensor on the left-hand side is given, then these are three
equations for three indeterminants, namely for the sectional curva-
tures K;;,% < j. These equations have a unique solution since the
rank of the corresponding matrix is maximal. If the three left-hand
sides are each equal to A, we get K1, = K13 = K 3 = % Since this

holds in an arbitrary ON-basis, the sectional curvature is constant.
O
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6.16. Special case. (Einstein hypersurfaces)

Let M C IR™! be a connected hypersurface such that the first
fundamental form is an Einstein metric, and let n > 3. Then at
any point there are at most two distinct principal curvatures, and
at most one of them is not zero. In any case M is either a part of
a hypersphere S™ or it is isometrically developable into Euclidean
space IR™. In particular M has constant positive or vanishing

sectional curvature.

SKETCH OF PROOF: By Theorem 6.13 we have Ric = Ag with a con-
stant A. Now let E1, ..., E, be the principal curvature directions with
corresponding principal curvatures xi,...,&,. By 4.21 we calculate
the sectional curvature K;; in the (E;, E;)-plane as K;; = k;x;. From
this we obtain the Ricci tensor

Ric(E;, E;) = ki(k1 + -+ Kim1 + Kop1 + 0+ Bp) = A,
RIC(EZ,EJ) =0 fori 7& _]
For the mean curvature H, i.e. nH = ) . k,;, we conclude that the
equation
rinH — K2 = X
holds for any ;. Therefore any «; satisfies at any point of M the
quadratic equation
22 —nHz + )= 0,

which has at most two distinct solutions. If there is only one solution
in an open set then M is a part of a hyperplane or a hypersphere by
3.47. If we have two distinct principal curvatures «, < at a certain
point (and thus in a certain neighborhood), then we have constant

multiplicities p and q of k and & throughout that neighborhood, where
p+g=n. It follows that

k+RKR=nH, kKk=) pc+qgk=nH

and furthermore

(p— 1)k =—(g— 1.
In particular we have A < 0 in this case. If one of the principal
curvatures vanishes, say £ = 0, then we have p = 1 and ¢ = n — 1.
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consequently the principal curvatures are
K,0,...,0.

Extrinsically it is true that through each point of M there is an
(n — 1)-dimensional affine-linear subspace in M. In the case n = 2
this corresponds to the ruling of a ruled surface. Along these sub-
spaces the Gauss map is constant. By the same argument as in 3.24
it follows that M is isometrically developable into Euclidean n-space.
We omit the details here.

If x and & both are non-zero, then we get &/k = —(p — 1)/(g — 1).
Thus their quotient is constant. On the other hand, the product
KR = A is also constant, hence k and K are both constant, they have
different signs, and their multiplicities satisfy p,g > 2 because of
(p — 1)k = —(¢g — 1)R. As a matter of fact (not proved here) such a
hypersurface in JR"*! cannot exist, not even locally.

Exercises

1. Let &A'(M) denote the set of all differentiable vector fields on M.
Show that an R-multilinear map A of X(M) x --- x X(M) to
the set of all scalar functions on M is a (0, s)-tensor field if and
only if for an arbitrary scalar function fi,..., fs on M at each
point p the equation

A Xiv fo Xl = filp) - fulp) - AL X))
holds. Conversely, every (0, s)-tensor field can be obtained in
this manner.

2. Verify with the result from Exercise 1 that the curvature tensor
is actually a tensor field.

3. Derive the transformation rules for the Christoffel symbols un-
der a change of coordinates, and conclude from this that the
association X,Y + VxY is not a tensor.

4. Show that the difference of two connections V and V on a man-
ifold is a (1, 2)-tensor field.

5. Verify the symmetries of the curvature tensor R;;; listed in
Lemma 6.3 directly using Ricci notation.
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6.

10.

Check the equation in 6.15 using Riceci notation, i.e., show that
VZRJ‘Z‘ = %VZ(SQU)

. Derive an equation to obtain the Ricci tensor from the Einstein

tensor.

. Let ric(X) denote the Ricci curvature in the direction of a unit

vector X € S"~1 C T, M (cf. 6.12). We endow this unit sphere
with the usual (induced from Euclidean space) volume element
dV, so that [g,,dV = Vol(S"!). Let S denote the scalar
curvature. Show that the scalar curvature at a point p is the
averaged integral of all Ricci curvatures, and hence

SQﬂ~VbKS”‘U::j£nlrm(X)dV

Hint: Use an eigenbasis of the Ricci tensor.

Let f: (M", g) — (M"“,ﬁ) be an isometric immersion, i.e.,
G(DF(X),Df(Y)) = g(X,Y) for all tangent vectors X,Y to
M. Define a Gaussian normal map and a second fundamental
form II as a symmetric bilinear form on the tangent space of M,
and derive from this as in 4.18 a Gauss equation in the form

9(R(X,Y)Z,V) = g(R(X,Y)Z,V)
+ Y, Z) (X, V) - II(X,Z)[I(Y, V).
Which version of the Theorema Egregium follows from this for
surfaces M? in the standard three-sphere M = S37

Let a Riemannian manifold (M, *g) be given, as well as a dif-
ferentiable function f: IR — (0,00). We consider the warped
product IR X2 M with the metric
glt.wr,. .. mn) = dt? + f2(8) - "g(z1,. . 2n),

cf. Exercise 12 at the end of Chapter 5. Show the following:

a) V 2 —q.

— o _ [ 8

mv V%a—ﬂm-

©) Vo ai = o g+ 2 5%

)

le Yo

Here *V % is an abbreviated notation and denotes the ap-
J

plication of the Riemannian connection *V composed with the
natural projection of IR x M to M.
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6. The Curvature Tensor

11.

12.

13.

Let Ry denote the standard curvature tensor from Definition 6.4.
For the curvature tensor of a warped product (cf. Exercise 10),
one has:

a B\ D _ 8 8y\.d 2 8 8\.d
d) Rz 50:) 50 = "Rlogs ooy ) oo = e B 5) oo

Hint: Use the Gauss equation of Exercise 9.

For which functions f does the warped product of Exercises 10
and 11 lead to a space of constant curvature or an Einstein space,
respectively?

Prove that any principal curvature direction of a hypersurface
element in JR™*! is also an eigenvector of the Ricci tensor.



Chapter 7

Spaces of Constant
Curvature

For any given quantity derived from curvature, it is natural to in-
quire as to the meaning of this quantity reducing to a constant on
a manifold. Therefore, this chapter is concerned with Riemannian
manifolds whose sectional curvature K is constant, or, what amounts
to the same thing, for which the curvature tensor satisfies an equation
R = KRy, where R denotes the curvature of the unit sphere (cf. 6.8)
and K is a constant. One is also led to these spaces when one consid-
ers the problem of free motion of rigid bodies, cf. 7.6. Helmholtz had
postulated such a motion in the nineteenth century from a physical
argument. Of course Euclidean space and the sphere are both spaces
of this kind. There are in fact other examples (other than open sets
of the two mentioned spaces). Determining all of these spaces is
what is known as the space form problem. The problem of finding a
space with sectional curvature K = —1 (as the natural complement
to the case of the sphere) was unsolved for a long time; its solution is
given by hyperbolic space. We now investigate this case, and define
hyperbolic space as a hypersurface in a pseudo-Euclidean space. In
dimension two, we have already done this in Section 3E. So we are
now in the pleasant position of just having to extend the methods
developed there to the n-dimensional case, a process which is greatly
simplified by the Gauss equation and the theorems in Section 6B on
the curvature tensor. A fundamental result, presented in Section 7B,

269
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is the local isometry of two arbitrary metrics with the same constant
sectional curvature. In Sections 7C and 7D we take up the space form
problem, in particular in dimensions two and three.

7A Hyperbolic space

7.1. Pseudo-Euclidean space [R}.

The underlying manifold /R™ can be endowed with metrics completely
different from the Euclidean one. For example, we consider here the
so-called pseudo-Fuclidean metric (or pseudo-Euclidean inner prod-
uct)

9(X, X) = (X, X), Zm—}-Zm

i=k+1

for a vector X with components x,...,2,, where 0 < k < nisa
fixed number which is called the index or the signature of the inner
product. The pair (IR™, g) is then called a pseudo-Euclidean space
and is denoted by IR} or E}. In particular, E” = IR} is the usual
Euclidean space. The decisive difference from Euclidean space is the
fact that there are three different types of vectors, other than the
zero vector, depending on the value of the pseudo-FEuclidean inner
product:

X is called space-like, if g(X,X)>0,

X is called time-like, if g(X,X) <0,

X is called light-like or null, if ¢(X,X) =0, but X # 0.
In Cartesian coordinates one then has g;; = €;0;;, with ¢, = 1 for
i < k and ¢; = +1 for ¢ > k. Thus all Christoffel symbols vanish,

and consequently the curvature tensor R(X,Y)Z vanishes identically.
Metrics for which this holds are called flat.

7.2. The sphere S™.

The sphere with its spherical metric is most easily defined as a hy-
persurface in Euclidean space with the associated first fundamental
form, that is,

m={X e B[ (X,X) =Y a2 =1},

7
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Then S™ C IR™*! is a hypersurface with Weingarten mapping L =
+Id (cf. 3.10): for a local parametrization f(u) one has for the unit
normal v the relation v(u) = +f(u), hence Dv = £Df. The Gauss
equation 4.19 then implies the relation R(X,Y)Z = R1(X,Y)Z, and
the sectional curvature is consequently K, = +1 at every point p and
every plane o0 C T,,S™. For a sphere of radius r,

S™(r) = {X € R"HIme = 7"2},

one similarly has R = ;%Rl and K, = %2 for every plane o. This
spherical metric can also be given in local coordinates without any
use of an ambient space, cf. 7.7.

7.3. Hyperbolic space H".

There are several different possible ways of describing hyperbolic
space. In dimension two, the Poincaré upper half-plane {(z,y) | y >
0} with the metric gi; = y~24;; is an often used model, as is the
so-called disc model, cf. Figure 7.2 at the end of Section TA. Yet it
is more satisfying and simpler to define hyperbolic space as a hyper-
surface, as was already done in Section 3E; this cannot be done in
Euclidean space (for n > 3 not even locally, cf. Exercise 1), but it
can be done in a pseudo-Euclidean space. More precisely, consider a
“sphere with an imaginary radius”

n
{X € Ry — 23 +Zw12 = —1} .
i=1
Viewed with Euclidean eyes, this is nothing but a two-sheeted hy-
perboloid, cf. Figure 3.23. The analogy with the case of the sphere
considered in Section 7.2 becomes clearer if the above equation is
written

n+1
{X e RYT(X,X), = -1},
which can formally be interpreted as a sphere with the imaginary

radius 7 in R?H.

This is a regular hypersurface in IR7** by the implicit function the-
orem (which is independent of any metric involved). The position



272 7. Spaces of Constant Curvature

vector is always time-like and has a constant length. By taking
derivatives it follows that the tangent plane to this hypersurface is
on the one hand perpendicular to the position vector (just as in the
case of the Euclidean sphere) and on the other hand consists only of
space-like vectors. Consequently, the first fundamental form of this
hypersurface is positive definite everywhere. In addition we sec that
the “unit normal” v must coincide with the position vector, perhaps
only up to a sign. From this we can conclude, just as iu the case of
the Euclidean sphere, that the Weingarten mapping L is the identity,
up to a sign. Here, the Weingarten map is defined literally as in the
Euclidean case: L = —Dv-(Df)~!, if f denotes a parametrization of
the position vector.

For a hypersurface in IR?+! with unit normal v and for which (v, v) =
€ € {+1, -1} there is a covariant derivative defined (which is at the
same time the Riemannian connection of Section 5.16), just as in the
Euclidean case (4.3), which one gets upon decomposing the directional
derivatives into a tangent and a normal component

DyZ =VyZ+e- (LY, Z)v

for two tangent vectors Y. Z. The normal component here is the
vector-valued second fundamental form, cf. 3.41. Similarly, one may
view the scalar v-component

(Dy Z,v) = ~(Z.Dyv) = (Z,LY) = (LY, Z)

as the second fundamental form, independent of the sign €. On the
other hand, the Gauss equation

R(Y. Z)W = e((LZ., WYLY — (LY. W}LZ)

again contains this sign e. In this equation, Y, Z, W denote arbitrary
tangent vectors. This can be seen by making the same computation
as we carried out in Section 4.18, but including the sign e. For our
particular hypersurface,

{(X e RPP'(X.X), = -1},
we have L = xId, ¢ = —1, and consequently

R(X,Y)Z = —R\(X,Y)Z = A((Y, Z)X — (X, Z)y),
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from which it in particular follows that the sectional curvature is
constant, in fact K, = —1.

We define the n-dimensional hyperbolic space H™ as the compo-
nent of {X € R |(X.X); = —1} which contains the point
(+1,0,...,0), that is, the upper component of the two-sheeted hy-
perboloid. The sectional curvature of hyperbolic space as defined
in this manner is constant: K = —1.

Similarly, one has, for every r, the set of those X for which (X, X'); =
—r2. In this case the sectional curvature satisfies K = ~;1—2—, just as

in the case of the Euclidean sphere of radius 7.

7.4. Remark. (Pseudo-sphere, pseudo-hyperbolic space)

We can make the samc considerations for other “spheres™ {{z,z)
= =£1} in an arbitrary pseudo-Euclidean space ]RZ“. This also
leads to examples of hypersurfaces with constant sectional curvature.
However, the sectional curvature is only defined for so-called non-
degenerate planes, i.e., for those planes which satisfy (X, X)(Y.Y) —
(X,Y)2 # 0 for at least one basis X,Y of o, cf. 6.4. We get the
following hypersurfaces:

The pseudo-sphere S} = {x € IR} |{x, x), = 1} with scctional cur-
vature K = 1 (is should not be confused with the pseudo-sphere with
K = —11in 3.17),

The pseudo-hyperbolic space H]! = {x € RZIﬂ(m,@kH = —1} with
sectional curvature K = —1.

In particular we have the statement that S} is anti-isometric to H?
and IR} is anti-isometric to IR} _,, which simply means that the met-
ric of the one space is the samc as that of the other, multiplied by
—1.

For details. see [21], page 111.

7.5. Symmetries of the spaces E" S" H".

From the very construction of the threc standard spaces E™ S™,
H", it is quite obvious that the corresponding symmetry groups (that
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is, the group of diffeomorphisms which preserve the metric, cf. 5.11)

are the following:

(1)

(2)

(3)

The group E(n) of Euclidean motions (the so-called Fuclidean
group) acts on E™. This group contains in particular all transla-
tions (these form a subgroup which is isomorphic to IR", in fact
a normal subgroup of E(n)) as well as the rotation group O(n),
consisting of symmetries which leave a point invariant. In fact,
E(n) is a semi-direct product of these two subgroups.

The orthogonal group

. n+1 n+1

Om+1)= {4 =R |
A preserves the Euclidean inner product

acts on the sphere S™. Here, A denotes a linear map. As is
well-known, A € O(n + 1) holds if and only if AT = A7, As
a matter of fact, the orthogonal group acts on the entire space
IR+, but we can consider its action when restricted to the
sphere and denote the group in the same way.

The Lorentz group

. n+1 n+1
0(n,1):{A-JR1 — By | }

A preserves the pseudo-Euclidean inner product

acts on Lorentz space or on Minkowski space B?H and preserves
the set H = {X | (X, X)1 = —1}. The “positive” part of this
set,

O4(n,1) :={A € O(n,1) | A preserves H N {zo > 0}}

then acts on hyperbolic space H™ and preserves its metric.
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7.6. Theorem. (Free motions in E™, S™ H™)

The three groups E(n),O(n + 1) and O4+(n,1) act on the corre-
sponding space E™, S™ and H™, respectively, transitively on the
points of these sets and in addition on orthonormal n-frames of di-
rectional vectors. This means that one can map an arbitrary point
to any other point by means of an element of the group, and upon
fixing some point one can map an arbitrary n-frame to any other.
The geometric or intuitive meaning of this is that any object in one
of these three geometries can be freely moved to any other position
in the space, preserving the geometry.

Conversely, every Riemannian manifold for which this freedom of
motion exists and which admits the corresponding local isometries
is necessarily a space with constant sectional curvature.

ProOOF: The necessity of this condition is clear, since one can map an
arbitrary point into any other and every plane to any other by means
of a local isometry. It then follows that the sectional curvature is
constant, as it is preserved by isometries.

We now show the free motion of the three standard spaces. This is
obvious for Euclidean space: here any point p can be mapped to any
other ¢ simply by taking the translation by the vector ¢g—p. Moreover,
fixing a point, every unit tangent vector can be mapped to any other
by means of a rotation. Fixing this vector, the second vector in the
frame can be arbitrarily mapped, and so forth.

Similarly, for the sphere we can first use a rotation to map an arbitrary
point p to any other point ¢, and fixing a point, the argument with
the frame is identical to the Euclidean case.

In the case of hyperholic space we first note that by a rotation in
space (in the Euclidean sense) around the x¢-axis every orthonormal
n-frame at the point pg = (1,0,...,0) can be mapped to any other.
In the same way, every point p # po can be rotated in such a way that
it takes on the coordinates (zg, 1,0, ...,0) with zg > 0,22 = 1+ 22.
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By utilizing a Lorentz transformation of the form

coshy sinhe 0 ... 0
sinhyp coshy 0 ... O
0 0 1 0
0 0 0 ... 1

we can then easily map the point p to the point py and conversely.
For this we can choose coshy = xg and sinhy = —z;. Just as we
can relate two arbitrary vectors in the Euclidean plane of the same
length by a matrix of the type

cosy —sing

siny  cosy ’
we can do the same in the pseudo-Euclidean plane by means of a
matrix of the type

cosh¢ sinhyp
sinhg coshy /’

which maps two arbitrary vectors of the same non-vanishing length
into each other. d

The transformation in O(1, 1) determined by the last matrix is called
a boost with angle ¢ (cf. [21], p. 236).

I Dol Ao XY

\ \\ \\\ 7// / ; ; //,/ ‘i\ \\

\\ \\ - g // / ' 1/ g S \\‘ \\
hN - A > NN

Figure 7.1. Euclidean rotation and boost
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7.7. Other models for E™, 5" H™ in coordinates.

We begin by using the usual polar coordinates. In these coordinates,
the variable r denotes the distance of a point from the origin, and
there are n — 1 further coordinates which are orthogonal to this. This
leads to a metric tensor which can be schematically written as

1 0
(gij) - ( 0 r2g;<j ) '

This can be done for an arbitrary Riemannian metric by using so-
called geodesic coordinates, cf. 7.14 for this. In general the metric
g* will depend only on the n — 1 coordinates which are orthogonal
to the curves of constant r-value. In the case of metrics of constant
curvature, this is no longer true, due to the incrcased symmetry of
the situation. Indeed, in this case we can interpret the metric g* as
the metric g; of the unit sphere S"~1. We introduce the more precise
notation gi”'” for the metric of the (n — 1)-dimensional unit sphere.
This will be further discussed in Section 7B for arbitrary spaces of
constant curvature. By way of motivation we will do this here for the
three standard spaces, and refer to Section 7B for the general con-
struction. Here the calculations are easily carried out using Exercises
10-12 of Chapter 6. The individual cases now follow.

1. The Euclidean metric gy in polar coordinates:

5 = g,

Here the parameter r runs through the interval (0, 00), and the
r-curves are geodesics, parametrized by arc length. These co-
ordinates have an apparent singularity at v = 0, just as we are
familiar with from the polar coordinates in the plane.

2. The spherical metric g; in polar coordinates:
g™ = dr? 4 sin?r . g{" Y.
This means that the distance spheres (spheres at distance r from
the north pole) have a radius of sinr. The parameter » runs here
through the interval (0, 7), and again the r-curves are geodesics
which are parametrized by arc length. This is easiest to see
in the standard model of the sphere, in which the r-curves are
great circles through some fixed point (the north pole, say).
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Again these coordinates have an apparent singularity at r = 0
(at the north pole). In addition, we have the phenomenon that
at the south pole (r = 7) the coordinates again have an apparent
singularity.
The hyperbolic metric g_; in polar coordinates:
g(,nl) = dr? 4 sinh®r - g%nfl).
This time the variable r runs through the interval (0, 00), and
again the r-curves are geodesics parametrized by arc length. The
relation with the model described above in 7.3 is easiest to see if
we measure the geodesic distance r from the point (1,0,...,0) €
R™!'. The r-curve in the direction (0,1,0,...,0) is then the
geodesic
e(r) = (coshr sinhr,0,...,0),

where we use the fact that

{c(r),e(r)) = —1 and ¢é(r) = (sinhr, coshr,0,...0)

with (¢,¢) = +1. Because of the rotational symmetry with re-
spect to the point (1,0,...,0) (cf. 7.6), the same holds also for
every other direction. From 7.6 it follows in particular that ev-
ery timelike or spacelike geodesic through every point has an
infinite length, i.e., the arc length parameter is defined for arbi-
trarily large arguments. Null geodesics are defined for arbitrary
values of the affine parameter, cf. 2.19.

Independently of these models, one can look for coordinates in which
the metric becomes a scalar multiple of the Euclidean one and hence
the measurement of angles coincides with that of Euclidean space
(a so-called conformal model of the metric; compare this with the
isothermal parameters of Section 3D). In the cases at hand we have
the possibility of using the entire Euclidean space with its coordi-
nates and look for an appropriately defined conformal factor. In the
individual cases, we have the following metrics:

1.

The Fuclidean metric:

1, ifi=j
i =0ij = oY
Yis J {0, if i # j.
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2. The spherical metric:
_ 46,5
AT FIDE
for all x € IR™.
3. The hyperbolic metric:
_ 40y
T =
which is defined for all z € IR™ with |lz||? < 1. This is the so-

called conformal disc model of hyperbolic space, cf. Figure 7.2,
left.

Figure 7.2. Conformal and projective disc model of the hy-
perbolic plane H? with geodesics

We omit the actual calculations showing that in the last two cases
one does have sectional curvature equal to +1 and —1, respectively.
For this one can use Cartesian coordinates in /IR™ and the equations
from 8.27, which assume no further results from Chapter 8.

In the case of the sphere, the space IR™ with the above metric only
corresponds to a part of the sphere, since the former space is not com-
pact. On the other hand, the open unit ball D" := {x € R"|||z| < 1}
together with the given hyperbolic metric {this is the conformal disc
model)

_ 4go
)= A ey
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is globally isometric to hyperbolic space H", as defined in 7.3. This
can be seen as follows: define a differentiable map ® : D™ — H" by

®(z):=(A— 1,7 7)€ RM,

where A = 7=+ r=. An easy calculation (exercise) then shows that:

Ha

1. (<I>(J,), (r)) = —1, hence ®(x) € H" because A — 1 > 1;
2. @ is bijective and isometric.

For the spherical metric one gets a similar picture through stereo-
graphic projection, cf. Exercise 2.

The conformal disc model should not be confused with the projec-
tive disc model, see Figure 7.2, right. For obtaining the projective
disc model of hyperbolic space H™, one regards each point on the
hyperboloid in Minkowski (n + 1)-space (see Section 7.3) as a point
in projective n-space (ignoring the inner product here). Then the hy-
perbolic plane appears as an open disc, and all the geodesics appear
as straight line segments. However, the angles do not coincide with
the Euclidean angles, so this model is not conformal.

7B Geodesics and Jacobi fields

In this section we come back to the geodesics, now considered on
arbitrary Riemannian manifolds, and to start with we will make no
assumption on the curvature. One of the goals here is to establish
7.21, the local isometry of two arbitrary spaces of the same constant
sectional curvature. The tool used for this, the Jacobi fields, are quite
interesting in themselves. They describe in a sense how the distance
of neighboring geodesics changes along the path of a curve.

We let (M, g) be a Riemannian manifold, and ¢: [a,b] — M will
denote a differentiable curve from p = ¢(a) to ¢ = ¢(b). The length of
this curve is given by

b
Lic) = / V(e d)dt.

Thus one always has L(c) > 0 for p # q If g is indefinite, then we

have to define the length instead as L(c \/|g (¢, ¢)|dt, and then
one has L(c) > 0 for p # g, provided thdt c lb space-like or time-like.
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Problem: For which curves ¢ is the length L(¢) minimal? Which
curves between two given poiuts p and ¢ realize a minimal possible

| arc length?

We already know from Chapter 4 that for surfaces in space, such
minimal curves, if they exist at all, are necessarily geodesics. This
actually holds for an arbitrary Riemannian manifold. In fact, the
proof we have given in Chapter 4 can be literally adapted to the case
at hand.

For this, consider again a one-parameter family of curves as a differ-
entiable map

C: la.b] x (—e,&) — M,

and view ¢4(t) := C(t,s) as a curve, depending on the additional
parameter s.

7.8. Theorem. (First and second variation of arc length)

Let C': [a,b] x (—e,€) — M be a one-parameter family of curves.
We may assume that c(t) = C(t,0) is parametrized by arc length.
Let T'(t, s) and X(t, $) be the vector fields T = %%, X = %—g. Then
one has

dL (b,0)

b
o | - / (X, VrT)dt.
If, in addition, VrT}.0y = 0, hence if ¢, is a geodesic, then one
also has the relation
d*L
ds?

s=0

0 = <VXX’T>

b .
+/ (<VTX3VTX> — <R(T,X)X7T>)‘( 0)dt3
a t
where X = X — (X, T)T is the component of X which is perpen-
dicular to cq.
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REMARK: For every geodesic ¢ with tangent T' one can consider the
following quadratic form:

Ind(X, X) := /b (<VTX,VTX> —(R(X, T)T,X))dt,

where X denotes a vector field which is perpendicular to the geodesic.
Because of the symmetries of the curvature tensor we get from this
the following symmetric bilinear form:

b
Ind(X,Y) := / ((VTX, YY) - (R(X,T)T, Y>) at,

which is called the index form of ¢. This form indicates how the
lengths of neighboring geodesics behave. This can sensibly be viewed
as a kind of analog of the Hessian of a function, which also indicates in
which directions the function decreases and in which ones it increases,
cf. 3.13.

PRrROOF: The calculation of d% f: (T, T)2dt has already been done in
Section 4.13. There we saw that the following equivalence holds:

dL
& e VTT| -0
ds (t,0)

This means that the first variation of the arc length vanishes precisely
for geodesics, which proves the first statement.

As to the second statement, we make a computation, using the rela-
tion (7, T)l(t o = 1as well as the symmetry Vx7T = VrX:

d2 b N d b N
757 oo / (T.T)2dt = | / X \(t,m(“”?)dt
d

b b
(VxT,T) ) / (VxT,T)
-2 AWVXL T g = X’ ) dt
ds ls=o / (T, T)17% |(z,5) . <t,o>(<T,T>1/2)

— /b _1 [(T, T)'/2 ((VXVTX, T)+(VrX, VxT>)

(T, T)
(VxT, T>]

.|, "

(t,0)

(Ve X,T).

= Kb [— (R(T, X)X, T) + (VrVx X, T)
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dt

+(VrX,VrX) ~ (VrX, T)Q}
(£,0)

(6,0)
=(VxX,T)

+ / ’ [ = (R(T, X)X, T) + (V1 X, vrX)|dt

(a,0)
The last equation in this chain of equalities follows, using the fact that
X=X- (X, T)T, from the following auxiliary calculation: Vr7 =0
for s = 0 implies Vp(X,T) = (V7 X,T), hence Vo X = VrX —
(VrX,T)T and

(VrX,VrX) = (Vo X,VrX) — 2V X, (Vo X, T)T)
+(VrX, )T, T)
= (VrX,VrX)— (Vo X, T2

Note that in the integrand the sectional curvature of M in the X 7T-
plane occurs, up to a normalization of the vectors X and T. This is
the basis for many considerations on the influence of the curvature
on the behavior of geodesics. O

7.9. Corollary.

(i) Every differentiable shortest curve joining p and ¢ is a geo-
desic.

(i) Let ¢ be a geodesic from p to g, and assume that the sectional
curvature of M is strictly negative in all planes which contain
¢. Then c is strictly shorter than any other sufficiently close
curve joining p and q.

Proor: We consider a (fixed but arbitrary) one-parameter family
of curves as above, but with fixed endpoints p, g, so that X|(b,0) =
X|(a,0) = 0. Moreover we may assume that (X,T") = 0.

For part (i) we have the simple fact that % = 0 holds for all such
one-parameter families if and only if VT = 0, that is, if the curve
¢o is a geodesic. This is the same conclusion as in the proof of 4.13.

For part (ii) we first consider the equation

VxX|@o) = Vx Xl =0,
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which holds since the endpoints are taken to be fixed. Then we have
d’L
ds?

b
:/ ((VrX.VeX) — (R, X)X.T) )t

>0 <0

5=0

The integrand is thus strictly positive, and it follows that the integral
is as well. Note that

o RTX)X,T)
DT XX)
is exactly the sectional curvature in the X, 7T-plane, which is by as-
2
sumption strictly negative. Therefore we have ‘;SQ s—o > 0 and
dL

G5 lsg = 0 for all such X, hence for every onc-parameter family
in any direction. Consequently, the function has a strict local min-
imum at ¢. This implies that the neighboring curves (in this sense)
are strictly longer than c. In the special case of hyperbolic space H",
in fact every geodesic from p to ¢ is strictly shorter than any other
curve joining the two points. U

REMARK: For a curve c: [a.b] — M the quantity

E(c) = /b<T, T)dt

is called the energy functional of c. Under the same assumptions as in

7.8, one has KZ—E ! —=24L1 50 that the critical curves with respect
’ s ls=0 ds ls=0>

to L coincide with those with respect to E (up to the parametriza-

tion).

In local coordinates we have the equation for a geodesic
Vit =0 eeMZeic'Jrffj =0 fork=1,...,n.
i

The local existence of geodesics follows from this (cf. 4.12 and 5.18):

Theorem. (Existence of geodesics)

At a given point p € M and for a given vector V- e T,M (V. V) =1,
there exists locally a unique geodesic cﬁf) with cgf)(O) = p and
P =v
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If one considers the set of all geodesics in all directions passing through
some fixed point, one is lead to the exponential mapping. Recall the
definition of this from 5.19.

7.10. Definition. (Exponential mapping)

For a fixed point p € M let cg) denote the uniquely determined
geodesic parametrized by arc length through p in the direction of
the unit vector V. In a certain neighborhood U of 0 € T, M, the
following map is well defined:

T,M2U > (p,tV) — cgﬁ')(t).
Here we have chosen the parameter in such a way that (p,0) + p.
This mapping is called the exponential mapping at the point p,
and it is denoted by exp,,: U — M. For variable points p one can
similarly define exp: U — M by setting exp(p,tV) = exp,(tV) =
cif)(t), where U is an open set in the tangent bundle T M, for

example U = {(p, X) | ||X|| < €} for an appropriately chosen
€ >0, if M is compact and g is positive definite.

REMARK: exp, maps the lines through the origin of the tangent
space to geodesics, and this is done in an isometric manner. In all
directions perpendicular to the geodesics through p the map exp,, is in
general not isometric. In what follows it will be important to precisely
describe how far this is from being isometric, in particular in the case
of constant sectional curvature. We now verify that the exponential
mapping can be used as a local parametrization in the first place.

7.11. Lemma. The exponential mapping exp,, restricted to a
certain neighborhood U of the origin in T, M, is a diffeomorphism
exp,: U — exp,(U).

The inverse mapping exp, ! thus defines a chart at p. The corre-
sponding coordinates are called normal coordinates or Riemannian
normal coordinates.
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PROOF: First we note that exp,, is differentiable by well-known results
on the differentiable dependence of solutions of ordinary differential
equations on the initial conditions, see for example [27], VI, §4.

We now show that D(expp)| o To(TpyM) — TpM is a linear isomor-
phism. The statement of the theorem then follows from the theo-
rem on inverse functions (cf. 1.4), which by using some local charts
holds on a differentiable manifold just as it does in IR™. Because
dimTo(Tp,M) = n = dimT, M, it suffices to show that the linear map
D(expp)l0 is surjective. Thus, let ¥ € T, M be an arbitrary vector
with ||Y|| = 1. We consider the line

)=t Y
in TpM, where for sufficiently small ¢ the expression exp,((t)) is
defined. Set c(t) := exp,(¥(t)) = exp,(tY) = cgf)) (t). Then we have
¢(0) = égf)(O) =Y, while at the same time

) )

Y =¢(0) = D(expp)|0< e

Thus, D(expp)l0 is a linear isomorphism, and the statement follows.
O

7.12. Lemma. (Normal coordinates)
Let X1,..., X, be an ON-basis in T, M, and let

exp,: U — exp,(U)

be the diffeomorphism of 7.11, defined on an open neighborhood
of the origin U C T, M. The associated coordinates are the normal
coordinates, and we denote by 0; the elements of a basis of these
coordinates on M, so that in particular 8;|, = (D expp)|0(Xi).
Then all Christoffel symbols vanish for these coordinates at the
point p. :

PROOF: Since the lines spanned by the X; map to geodesics under
exp,, the vector field 9; is tangent to a geodesic which leaves p radially,
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hence vaiai|p = (0. A similar statement holds for the line in the
direction X; + X;. Moreover,

Dexp,(X; + X]-)I0 = Dexpp(X¢)|0 + Dexpp(Xj)l0 = Bilp + 5j|p,

hence
0=Vs,+5,(0; + 5j)'p = Vaiaﬂp + Vajailp

=2V5,0;], =2 T5(p)3k] -
k

Note that V,0; = Vg,0; because these are coordinates; hence [J;, 9;]
= 0. It follows that at the point p, all Ffj must vanish. O

The normal coordinates are thus optimally fitted to the Euclidean
structure of the tangent space T, M. In particular, the covariant de-
rivative at the point p has vanishing Christoffel symbols, just as in the
Euclidean case. This aspect is even more emphasized by introducing
polar coordinates centered at p. This is brought out by the follow-
ing lemma. It states that Euclidean polar coordinates in the tangent
space are partially preserved under the exponential mapping exp, in
the sense that geodesic rays from the point p are perpendicular to the
images of the distance spheres. The distortion of the metric is thus
restricted to the direction perpendicular to the radial geodesics.

7.13. Lemma. (Gauss lemma)

Let exp,: U — exp,(U) be a diffeomorphism. Let W be a vector
which is perpendicular to the line ¢t —— ¢ - V in some fixed direc-
tion V, ||V|| = 1. The base point of W is arbitrary here. Then

D exp, (W) is perpendicular to the geodesic c@.

PROOF: Let ¢(s) be a differentiable curve in T, M, so that on the one
hand ¢(0) is the base point of W and ¢(0) = W, and on the other
every point ¢(s) has the same distance from the origin in T, M. We
denote by ps(t) the line from 0 to ¢(s), parametrized by arc length
t € [0,to], and define c(t, s) := exp,(ps(t)). By construction of exp,
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the lengths of the curves ¢ — ¢(t, s) for every s are equal to the
lengths of p,, hence equal to tg. It now follows that

d
75 Llexpy (ps)) = 0;

consequently, by 7.8 with s = 0 and T'(¢9,0) = c&f), the equation
Xl(to,o) = Dexp, (W), initial value: X| 00 =0

holds. Hence

dr (to 0)
0 ds ls=0 (x.T (0 0) / (X, VrT)
_ _ Fie)]
=T = (D, (W), a&}

O

7.14. Corollary. If one introduces polar coordinates in T, M, then,
under the exponential mapping exp,, these yield coordinates on M
around p (so-called geodesic polar coordinates), which we denote by

Ty@1,--.,9n_1. In these coordinates, we have <a%’aﬁ> = 1 and
<§, %) = 0, hence

1 0 0

0 = *

0 = ... .0 %

where the submatrix indicated by the *’s is of order r? for r — 0.

For n = 2 one has in particular

10
o) = (5 gy )
for a bounded function G, so that the geodesic polar coordinates are

(at least for r # 0) a special case of the geodesic parallel coordinates
which were introduced in 4.27.
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7.15. Lemma and Definition. (Jacobi fields)

Let V,W & T, M be fixed vectors with ||V|| = |[|W|| = 1, which are
moreover perpendicular to each other. Then ¢ —— t -V describes
a line in T, M, and W is perpendicular to this line. In addition,
the map defined by t — X(t) =t - W € Ty (1T, M) is a (linear)
vector field along this line. Now set

Y () i= (Dexp,), (X(1)):

Then Y (¢) is a vector field along ({f), which is perpendicular to

cg) by 7.13, and Y satisfies the so-called Jacobi equation
VrVrY + R(Y,T)T =0,

where T denotes the tangent to 087). A vector field Y which satisfies
this equation is referred to as a Jacobt field.

One can write the Jacobi equation in the abbreviated form Y =
—R(Y,T)T, just like an ordinary differential equation of second or-
der. In a nutshell, the Jacobi fields are the images of linear vector
fields under the exponential mapping. They describe the mapping of
two radial lines through the origin in the tangent space 7, M to the
corresponding geodesics in M through p.

ProOOF: Working directly in the tangent space, we can identify the
tangent space Ty (T, M) with T, M by a canonical isomorphism, just
like JR™. We now set

Xs(t):tv+t8WéTngTtv(Tp]\/f)

and
c(t, s) := exp,(X,(1)).

Since s and t can then be viewed as local coordinates, the vectors

Y .= % and T := g_c commute, so that
s t

VY =VyT.



290 7. Spaces of Constant Curvature

In addition, V77" = 0 always holds, since for fixed s the t-curves are
geodesics (the parameter here is not arc length but a parameter which
still is proportional to arc length). Thus, a direct calculation yields

R(Y,T)T = Vy V5T ~V7 Yy T =V} T = ~V1VzY.
N—— —— ’
=0 “Vry T 0

7.16. Theorem. (Length distortion of the exponential map)
Let X,Y be as chosen as in 7.15. Then clearly || X (¢)||? = 2, since
X is a linear vector field in the tangent space. Moreover,

WP =2 - SKE* +oft?),

where K is the sectional curvature in the (T, W)-plane, that is, the
plane which contains the tangent to the curve and the vector W
(which in turn determines Y).

PrROOF: We calculate the Taylor expansion of the function ¢ —
(Y(£),Y(t)) at the point t = 0: first we have Y(0) = 0. As notation
in this proof, we use Y’ := V7Y, in particular Y = —R(Y, 1T,
so that Y”(0) = 0. One then has Y'(0) = W, since the covariant
derivative coincides with the usual partial derivative as here Ffj = 0
(cf. Lemma 7.12). We then calculate the following expressions at the
point ¢t = 0:
(YY) =2(YY') =0
(YY) =2V V) =2Y")Y) + (YY) = 2(W, W) = 2;
<Y7 Y>/// — 2<Y”, Y>/ + 2<}//7 Y/>l — 2<y///’ Y> + 6<Y”, Y/) — O7

<}/, Y>//// :2<Y”/, Y>/+6<YH7 Y/>/ — 2<y////7 Y> +8<Y”/, Y/>+6<YH, Y//>

= =8((R(,D)T) | _, W)

= —8<(VTR)(Y, YT+ R(V7Y, T)T+R(Y, Vo T)T+R(Y, TV 7T, W>

= -8(R(Y'T)T,W) = —8(R(W,T)T, W) = —8K w.1).
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The geometric interpretation of the formula in 7.16 is that the sec-
tional curvature is in a sense the first non-trivial derivative of the
metric tensor itself, provided one is working in geodesic polar coordi-
nates.! Even more, Theorem 7.16 leads to a geometric interpretation
of the Ricci curvature, just by taking the average over all planes con-
taining the tangent 7" of the geodesics. In this way it follows that the
Ricci curvature in direction 7" is the first non-trivial derivative of the
volume in that direction.

7.17. Lemma. Let J. be the set of all Jacobi fields along a geodesic
c: [a,b] = M with ¢ =T and || T ||= 1. Then the following assertions
are true:

(i) J. is a real vector space.

(i) T € Joyt - T € J, and every X € J. has a unique orthogonal
decomposition X = X + k- T + A-t- T with (X T) = 0 and
with constants x, A. In other words: linear combinations of T
and t-T are the only Jacobi fields along ¢ which are tangent to
¢. The vector field ¢ - 1" is more precisely described as the map
t—t-T(t).

(ili) For X,Y € J., the expression (V7 X,Y) — (VrY, X) is constant
along c; in particular, this holds for the expression (V7 X,T)
along c.

(iv) If to a given X € J. there are two different parameters a, 3 €
[a, b] such that either X, and Xz are orthogonal to ¢ or X, and
(VrX)g are orthogonal to ¢, then X is orthogonal to ¢ every-
where.

Proor: X = —R(X,T)T is a linear differential equation, hence the
space of solutions is a vector space, verifying (i).

(il) can be seen as follows:
Iy ’ /
(X, 7' ={X'"\TV =(X",T) = -(R(X,T)T,T) = 0,
'This fact was already used by B. Riemann to determine the so-called “curvature

measure” (that is, the sectional curvature K); for more on the history of this see [53]
and [7], Vol. II, Chapter 4.
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hence t — (X (t),7'(t)) is a linear function. Thus the space of Jacobi
fields which are tangent to ¢ is at most two-dimensional. But we
already know two linearly independent elements, namely T and ¢- T,
where t is the arc length on ¢. In more detail,

T =VpVrT = 0= —R(T,T)T,

t-T) =T +T)Y =tT" + 27" = 0= —R(T,T)(tT).
T and tT" are linearly independent as elements of J., although point-
wise these two vectors point in the same direction.

For (iii) we calculate the derivative

(XYY = (Y, X)) = (X" V) + (X", Y) = (Y, X') = (V", X)

= —(R(X,T)T,Y) + (R(Y,T)T, X) = 0,

where the last equality holds by the symmetries of the tensor R.
(iv) In the first case we assume that X, lc, Xglc and decompose
X =X+ kT4 X-tT, from which it immediately follows that
k=A=0.

In the second case, XoLlc and Xjlc, we observe that (X', T) =
(X,T)" is constant according to (iii). This constant must vanish,
however, since this holds for the parameter 3. g

7.18. Lemma. Given a point p on a geodesic ¢ and given two
vectors Yy, Z, € 1M, there is a uniquely determined Jacobi field
Y along ¢ with

Y(p)=Y, and Y'(p)= VTYlp = Z,.

ProOOF: We view Y, Z, as the initial conditions for the differential
equation Y = —R(Y,T)T. Let X1,..., X, be an ON-basis of 7,M.
This basis can be uniquely extended to orthonormal vector fields
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X1,...,X, along ¢ which are parallel along ¢, ie., X! = VX, =
0,4 = 1,...,n. For a vector field Y (¢t} = >, n*(t)X,(t), the Jacobi
equation Y = —R(Y,T)T then takes the form

R, T)T =Y" = VpVpY = VTVT(ZniXZ)
= VT(Zni VrX; +Z77iXi) = Z %(ﬁi)Xi = Zﬁin:,
1 -0 i i i

which in coordinates is

i = —(R(Y,T)T, X;) = = > 0/ (R(X;, T)T, X;), i=1,....n.
- ———————

J indepndent of !

This is a system of ordinary differential equations in an open set of IR™

with initial conditions at p for n* and #*, 4 = 1,...,n. According to

well-known results on the solutions of such systems there is a unique

solution 7*(t) along the entire curve c, a fact which we have already

used in Section 4.10, compare [27], Chapter XIX. O
K<0
1
K=0
K>0
0o 1

Figure 7.3. Length of Jacobi fields in spaces of constant sec-
tional curvature K.

7.19. Corollary. The dimension of .J. on an n-dimensional manifold
is 2n. The map Y > (Y, VrY|,) € (1,M)? is a linear isomorphism
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in this case. The dimension of J: = {Y € J. | {Y,é) = 0} is then
2(n — 1) according to 7.17.

7.20. Corollary. (Jacobi fields on spaces of constant curvature)
If M is a space of constant sectional curvature K, then

R(Y,T)T = K - Ri(Y,T)T = K({I,T) Y — (Y, T)T)

=1

0 Y =k -T+ A (t-T) with constants x, \.
For parallel orthonormal vector fields 7', Y7,...,Y,_1, the Jacobi
equation transforms into the system

Zn R(Y;, T)T,Y;)
\_‘F__/
=K&,;

ﬂ{ KY, if(Y,T)=0,

— ij'=-K-ng'fori=1,...,n— 1.

Given initial conditions 1*(0) = 0, one gets the solution
asin(VKt), if K >0,
n'(t) = ot, if K =0,
asinh(v—-Kt), if K <0,

in each case with arbitrary constants o € IR. Thus, one gets all
Jacobi fields with Y (0) = 0 as a linear combination of

t'Tvn'Yla"'aTl'Yn—-la
where 7 is a solution of 77 + Kn = 0 with n(0) = 0.

REMARK: If the sectional curvature is not constant, but is bound-
ed by two bounds, then one can apply comparison theorems for the
solutions of differential equations. For results of this type as well as
other comparison theorems, see [13] or [18].
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7.21. Corollary. (Local isometry of spaces of constant curvature)
In geodesic polar coordinates around an arbitrary (but fixed) point,
the line element of the metric of a space of constant curvature K
has the following form:

dr? + + sin®(VKr)ds?, if K >0,
ds® = dr? + r2ds?, if K =0,
dr? + - sinh®(V=Kr)ds?, if K <0.
Here, ds? denotes the line element on the standard sphere of radius

1 and r denotes the geodesic distance from a fixed point.

In particular, two Riemannian manifolds of the same constant cur-
vature K (and the same dimension) are locally isometric to one
another.

PrROOF: We first fix a point p on a Riemannian manifold of constant
curvature K. In the direction which is tangential to the radial ge-
odesic, the exponential mapping has no distortion of length, as we
already noted in Definition 7.10. The Gauss Lemma 7.13 guarantees
that the exponential mapping preserves the orthogonality of a vector
to a radial geodesic. Hence we only need to calculate the length dis-
tortion of the exponential mapping exp,, in the orthogonal direction.
According to 7.15, the orthogonal Jacobi fields occur via transport of
linear fields in the tangent space T,M by means of the exponential
mapping exp,. If r denotes the arc length parameter on a radial geo-
desic (with r > 0), then the length of a linear vector field r — rX in
the tangent space is given by 7||X||. By 7.20 the length of the corre-
sponding Jacobi field Y (r) = Dexp, |rv (rX) is equal to a constant
a times

sin(vEr)||X||, if K >0,
|| X, if K =0,

sinh(v—Kr)||X||, if K <0,
where « is independent of X. In fact, a is determined by comparison
of the Taylor expansion of ||Y|| in 7.16 with the Taylor expansion of
the functions sin(v/Kr) and sinh(/|K|r). It follows that a = 1 for
K =0and a=1/\/K] for K # 0.
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If we do this for every unit vector X € T, M which is perpendicular
to the considered geodesic, then we get the length distortion of the
exponential mapping in all directions perpendicular to the geodesics.
This distortion is now clearly independent of the direction X and of
the considered geodesic, since it only depends on the geodesic distance
r and the curvature K. Thercfore the Euclidean metric in polar
coordinates in 7, M, which we denote by

dr® + r?ds?,
is mapped under the exponential mapping to
dr?+ & sin®(VKr)ds? or dr’+r2ds? or dr?+-L sinh®(v=Kr)ds?,
depending on the sign of K. a

7C The space form problem

Locally, there is by 7.21 only one metric of a given constant curva-
ture, but this tells us nothing about the possibilities for manifolds
of constant curvature in the large (global manifolds). The Clifford-
Klein space problem? or space form problem is the question as to the
global structure of Riemannian manifolds which have constant sec-
tional curvature and are complete in an appropriate sense. Without
this assumption on completeness, every open set of Euclidean space,
for example, is a space of constant curvature, and the possible topo-
logical types of such spaces are just too vast for consideration.

7.22. Definition. (Completeness)

A Riemannian manifold (M, g) is called (geodesically) complete, if
every geodesic which is parametrized by arc length is defined on all
of IR as amap v: IR — M. A space form is a complete Riemannian
manifold with constant sectional curvature.

We remind the reader that the existence of a geodesic through a
given point in a given direction is only guaranteed for a small, not
prescribable, interval, cf. 4.12 and 5.18. On M = IR? \ {(0,0)} with
the Euclidean metric, for example, the geodesic through the point

2H. Hopf, Zum Clifford-Kleinschen Raumproblem, Math. Annalen 95, 313-339 (1926).
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p=(—1,0) in the direction of the vector V = (1,0) ceases to exist, as
it would necessarily run through the origin. The maximal interval of
definition for the arc length in this case would be the interval [0,1).
To say a manifold is complete is thus roughly speaking to say that
the manifold cannot be part of another, which would result through
the addition of missing points. A compact Riemannian manifold is
always complete, since every accumulation point on a geodesic again
belongs to the manifold and one can therefore extend the geodesic
around this point. Thus, a geodesic cannot cease to exist after the
arc length runs through a finite interval.

7.23. Theorem.

(i) E™, 8™ H™ are all geodesically complete.

(ii) Every n-dimensional Riemannian manifold of constant curva-
ture K = 0,41, —1 is locally isometric to an open set of one
of E™, S™ H™.

(iii) Every complete Riemannian manifold (M,g) with constant
curvature 0, 41, —1 is isometric to a quotient of E™, S™ H™
by a discrete and fixed-point free subgroup of one of E(n),
O(n+1),0,4(n,1). This holds in particular for every compact
Riemannian manifold of constant curvature.

For the proof of (i) it is sufficient by Theorem 7.6 to consider a geo-
desic through a fixed point, since all other points are equivalent under
the respective symmetry group. It is clear that all lines in E™ are ar-
bitrarily long in both directions and thus have arc length defined in
all of RR.

It is just as clear that all great circles on the sphere S™ have the same
property. For hyperbolic space we consider the geodesic ~ through the
point pg = (1,0,...,0) in the direction (0, 1,0, ...,0). If this geodesic
is parametrized by v(s) = (coshs,sinhs,0,...,0), then %% is a unit
vector and v is defined in all of IR.

The proof of (ii) has already been carried out in 7.21 using geodesic
polar coordinates and Jacobi fields. A different proof can be found in
3.
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The proof of (iii) uses several notions of topology and the theory of
group operations and coverings. We can therefore only sketch it here.
A subgroup G of E(n) or O(n + 1) or O4(n,1) is called discrete, if
for every point z the orbit Gz = {y | y = g(z) forag € G} of z is
always a discrete set, that is, has no accumulation point. G is said
to be fized-point-free, or to operate freely, if there is no element of G
other than the identity which fixes some point of the space.

The quotient space of E™, S™, H™ by such a discrete and fixed-point-
free group can be formed as the space of cosets and endowed with a
Riemannian metric in such a way that the projection onto the quotient
is locally an isometry. In order to construct charts on this quotient,
one only needs to verify that the projection is injective on the interior
of these charts. This is done in principle just as in the case of the flat
torus IR? /72, cf. Example 3 in 5.1.

Conversely, one can construct for a given (M, g) the so-called univer-
sal covering and show that this space is again complete and, more-
over, (globally) isometric to one of the spaces E™ S™, H™. For this
one applies 7.21 again. Then M is the quotient of E™ S™, or H™ by
the group of covering transformations, and this group acts freely and
fixed-point free. Details on coverings can be found in [37], §10.4.

Theorem 7.23 essentially reduces the classification of all space forms to
the problem of determining all discrete and fixed-point-free subgroups
of the symmetry groups E(n), O(n + 1) and O4(n,1). Instead of
attempting to go into details on this algebraic problem (cf. [26]), we
just present some examples here in dimensions two and three. The
space forms are also given a quite readable presentation in [49], p.
254 ff.

7.24. Examples. (Two-dimensional space forms)

(i) The only complete two-manifolds with K = 0 are the following:
the plane E?, the cylinder, the Mdébius strip, the torus and the Klein
bottle. These occur by 7.23 as the quotients IR2/T of IR? by the
following five subgroups I'g,I'1,T'5,I'3, "4 of the Euclidean symmetry
group:
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1. Ty is the trivial group {consisting only of an identity element).

Figure 7.4. A flat torus, square and hexagonal

2. T'; is generated by the pure translations ¢ by a fixed vector X,
for example t(x,y) = (x + 1,y). The quotient £?/T'; is then an
(abstract) cylinder.

3. I'; is generated by I'; and a translational reflection ¢, where
a? = t. In the special case above, we have a(z,y) = (z + %, —y).
The quotient E? /T’y is an abstract Mdbius strip, which can also
be viewed as the quotient of the cylinder E?/T'; by a. The
projection from the cylinder to the Mobius strip is then a double
covering (i.e., a covering with two sheets).

4. T's is generated by two pure translations ¢1,¢2 by two linearly
independent vectors X3, Xo, for example ti(x,y) = (z + 1,y),
tolz,y) = (z + a,y + b) with b # 0. The quotient is then a
so-called flat torus. The standard situation is when (a,b) =
(0,1) (the square torus); a different special case is when (a, b) =
(1, 1V3), the hezagonal torus, see Figure 7.4. One must identify

pairs of points on opposite sides of the hexagon.

5. T'y is generated by t1,t, @ with the same properties as above,
i.e., a® = t;, for example

ti(z,y) = (¢ + L,y),

. 1
tg(l', y) = ('Tvy + ]')7 a(ar,y) = ('T + -2"7 _y)
The quotient E2/T; is called a flat Klein bottle. Again, this may
also be viewed as the quotient of a flat torus with e = 0,0 =1

by a. The projection is then a double cover. Alternatively, the
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Figure 7.5. The flat Klein bottle

Klein bottle can be viewed as a quotient of the Mdbius strip.
This becomes clearer when one considers the inclusions I'y C
I, C F4, Ty cIs Ty

(ii) The only complete two-manifolds with K = 1 are the sphere
S? itself and JRP?, which is the quotient of S% by a group with
two elements which is generated by the antipodal map o(z,y,2) =
(—x, —y, —2). We get a model of IRP? if we take a copy of the closed
upper hemisphere and imagine the identification of pairs of antipodal
points along the equator.

There are infinitely many compact surfaces with K = —1. Orientable
examples are obtained from a regular 4g-gon in H?, which is chosen
in such a way that the edges are all segments of geodesics of equal
length and such that all inner angles are exactly 27 /4g, see Figure
7.6 for the case g = 2. Looking at the identifications on the boundary
in Figure 7.6, we see that the surface consists of two tori with a hole
which are glued together.

This is made possible by choosing an appropriate size of the 4g-gon,
cf. the Gauss-Bonnet formulas in 4.39 and 4.40. For very small reg-
ular polygons the angles approximately coincide with the angles of
Euclidean regular polygons, while as they grow in size, the angles be-
come smaller and smaller. The genus g occuring here is an arbitrary
number g > 2. By appropriate identifications on the sides one gets a
closed surface of genus g (cf. [38, Ch. 1] or [45]), which locally still
has the hyperbolic metric, even along the loci of where identifications
take place. These identifications have to be made in such a way that
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/—"

—

Figure 7.6. A geodesic octagon in the conformal disc model
of H? with the necessary identifications

the result is a union of g tori, glued together after cutting. To get
non-oriented surfaces of genus g one can proceed similarly, starting
with a 2g-gon and identifying pairs of consecutive sides in the same
direction. The result is a union of g copies of the projective plane,
glued after cutting. For more details, see [46], Sections B.1, B.2,
B.3. There one can also find more details on the geometry of the
hyperbolic plane.

Together with the classification theorem for surfaces at the end of
Section 4F, this yields a proof of the following theorem.

7.25. Theorem. There exists on an arbitrary two-dimensional
compact manifold M a Riemannian metric with constant curvature
K. Thesign of K is by the Gauss-Bonnet theorem necessarily equal
to the sign of the Euler characteristic of M, x{(M).

Compare Remark 2 after 4.47.
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Figure 7.7. The groups I'y and I';

7D Three-dimensional Euclidean and spherical
space forms

A three-dimensional analog of Theorem 7.25 is not possible, since
there are three-dimensional manifolds which admit no metric with
constant sectional curvature, for example S! x §2 (see Section 8.1 for
this). In addition, in this dimension there are many more examples of
topologically different manifolds which have constant sectional curva-
ture. This is already quite interesting in the cases K =0 and K = 1.
In what follows, we present a few examples.

7.26.  Examples. (compact three-dimensional Euclidean space
forms):

There are ten compact quotients E3/T" of E3, of which six are ori-
entable while four are non-orientable. The orientable ones are the
following, described by means of the respective groups I'y,...,T's as
in Figure 7.7.

1. Ty is generated by three translations tq,t2,t3 in the directions
of three linearly independent vectors Xi, X2, X3. The quotient
E3 /T, is called a three-dimensional torus. The most important
special case is the situation where the X; are the elements of
the standard basis of IR®. In this case, I'; is just the translation

3W. Hantzsche & H. Wendt, Dreidimensionale euklidische Raumformen, Math. An-
nalen 110, 593-611 (1935).
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group of the integer lattice consisting of all points in Z3:

ti(z,y,2) = (z+1,y,2),
tg(l',y,Z) = ('T7y+ 17Z)7
t3(m,y,z) = (l‘,y,2+ 1)

2. T'5 is generated by I'; and a screw-motion o with a® = t3. Here
we must make the assumption that the plane spanned by X;
and X, is perpendicular to X3. In the simplest case we thus

have
ti(z,y,2) = (#+1,9,2),
t2(,y,2) = (z,y+1,2),
t3(3:,y,z) = (il? y72+1)
a(x,y,z) = ( -y, z+ 2)‘

T

L

Figure 7.8. The group I's

3. I'z is generated by I'; and a screw-motion o with a3 = t3. Here
we must assume that the (X, X2)-plane is perpendicular to X3
and, in addition, that ¢; and £, are compatible with a rotation
of 2m/3, for example

tl(x,y,z) = (m“'l Y,z )

to(z,y,2) = (a:——,y+1 3,2),

ts(z,y,2) = (z,y,2+1),

alz,y,z) = ~—x——\/_y, \/gx—%y,z+%).
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4. Ty is generated by ti1(z,y,2) = (x + 1,y,2), t2(z,9,2) =
(z,y +1,2), tz(z,y,2) = (x,y,2 + 1) together with the screw-
motion a with a* = t3, hence a(z,y,2) = (y, —,z + 3).

l _____________ O
A T3

1 IS

¢
4
’ ="
A
7 PR
’ PR

Figure 7.10. The group I's

5. T's is defined like I'3, with the difference that here one has af =
t3, so that the screw-motion contains a rotation of 7/3 instead
of 2m/3:

C!(.’L',y,Z) = (233——\/_3/, \/§$+%y,z+é)
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Figure 7.11. The screw-motion « in I'3 and I's

6. I's results from I'; by adding two further screw-motions with
an angle of m, so that here, there are screw-motions around the
(z,0,0)-axis, the (0,y, })-axis as well as the (3, §, 2)-axis:

ti(z,y,2) = (z+1,9,2),
tg(x,y,z) = (x,y+ 1,z),
t3(m,y,z) = (x,y,z+ 1),
a(z,y, z) = (z+ %a —y, —2),

ﬂ(x,y,% +Z) (—‘T>y+ %,%‘Z),
'y(%ﬁ—m,%-i—y,z) = (%—x»}}'—y,z"‘%)'

For the construction of spherical space forms, i.e., quotients of S? by
finite groups, we can use the fact that S3 is itself a group in a natural
way. To explain this, recall that the quaternion algebra is defined on
R? as follows:

H:={a+bi+cj+dk|a,bcde R},

where the symbols i, §, k are so-called “imaginary units” for which
the relations 2 = j2 = k? = —1,ij = k = —ji, 5k =i = —kj, ki =
j = —ik hold. This defines a (non-commutative, but associative)
multiplication on JH which admits a well-defined division by every
non-zero element. Such a structure is also called a skew-field. Con-
jugation is defined — similarly as with the complex numbers — by
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Z=a—bi—cj—dk for z = a + bi + cj+ dk. The quantity zZ is then
purely real, and in fact, calculates to 2z = a? + b? 4 ¢ + d2.

To describe the three-dimensional spaces of constant positive cur-
vature, it is convenient to view the unit sphere as a subset of the
quaternions, since in this way the underlying space gets a multiplica-
tion, i.e., a group structure:

S3={zcH|zz=1}

The finite subgroups of this group are easily classified. There is also
an interesting relation to the three-dimensional rotation group, which
is described in the following lemma.

7.27. Lemma. There is a group homomorphism $% — SO(3)
which identifies antipodal points on the sphere. In particular, the
rotation group SO(3) is diffeomorphic to the projective space IRP3,
which implies in particular that as topological spaces they are iden-
tical.

PROOF: Let a unit quaternion g € S® be given (i.e., a quaternion
of length 1); then conjugation in the group by ¢ defines a mapping

IH — H by

x+—~»q-x-q“1.

We will denote this mapping by ¢; hence g(z) = grq~!. This conjuga-
tion obviously fixes the real axis, so that ¢ can be viewed as a linear
map of the three-dimensional imaginary part E* (put IH = R® E3).
Since this map clearly preserves the norm, we have

{grqg ", qyq™") = {z,y)

for all z,y. It follows that ¢ : E> — E® is an orthogonal map, i.e.,
the association g — g can be viewed as a map

7 8% - 80(3), n(q) =q.
The equation

Q192 =q1- @2
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shows that 7 is a group homomorphism. It is clear that 7(q) = m(—g),
and in fact
m(q1) = 7(g2) == @1 = £qo.

This can be seen as follows. Assume that gy, g2 are given and have the
property that qla:ql_1 = gozq; ! for all z. Then one also has xqflqg =
q Lgo for all z, so that g1 42 commutes with arbitrary quaternions.
Thus g; 142 is necessarily real, and because of the absolute value,
q 'go = +1. From this it follows that the map 7 identifies exactly
pairs of antipodal points. In topological language, 7 : S — SO(3) is
a double covering, cf. [37]. In particular, the two manifolds SO(3) =
IRP? are diffeomorphic. O

~

We can now determine the finite subgroups H of S and the corre-
sponding quotients S3/H. In view of the double covering
m: 8% — 80(3)

above, we set G := n~1(G) for a finite subgroup G C SO(3). The
latter groups are classified by the following theorem. For a proof, see
[52], §62.

7.28. Theorem. The finite subgroups of SO(3) are the following
the cyclic group Cy or order k;
the dihedral group Dy of order 2k;
the tetrahedral group T of order 12;
the octahedral group O of order 24;

the icosahedral group I of order 60.

These groups are defined as follows:

— CY% is the rotation group of a regular k-gon in IR?;

— Dy, is the rotation group of a regular k-gon in IR>
(including a rotation in space);

— T is the rotation group of a regular tetrahedron;

— O is the rotation group of a regular octahedron (or cube);
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— I is the rotation group of a regular icosahedron
(or dodecahedron).

The tetrahedron is defined as the convex hull of the four points
(17 07 07 0)’ (07 17 07 0)7 (07 07 1? 0)’ (07 0’ 07 1)

in the three-dimensional hyperplane z; + 23 + 3+ 24 = 1 of IR*, the
octahedron is defined as the convex hull of the six points

(£1,0,0),(0,+1,0), (0,0, £1)

in IR3, and the icosahedron is defined as the convex hull of the 12
points

(0, +7, 1), (£1,0, £7), (£7,£1,0),

where the number 7 = (1 + v/5) = 2cos Z ~ 1.618 is also known as
the golden ratio and satisfies the equation 72 —7—1 = 0. The number
7 plays an important role in the esthetics of art and architecture
regarding the optimal ratio between height and width.

The notation used to describe the last three groups mentioned is
according to Coxeter the following:

T (2,3,3]4 = (A,B|A*=B*=(AB)?=1);
O = 2,34, = (A B|A*=B'=(AB)?=1);
I = [2,3,5]4 = (A,B|A3=B°=(AB)?=1).

The right-hand sides of the equations contain two generating elements
A, B and certain relations between them which determine the corre-
sponding group completely, something called a presentation of the
group by generators and relations, see [34].
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7.29. Theorem. The finite subgroups of S* are the following:

1. The cyclic group Cy of odd order k;

2. The cyclic group Cor = Cr = 77 HCy);

3. The dicyclic group (binary dihedral group) Dy = 7Y (Dg)
of order 4k;

4. The binary tetrahedral group T = 7~ 1(T) of order 24;

5. The binary octahedral group O = 7~ 1(0) of order 48;

6. The binary icosahedral group I = n~'(I) of order 120.

This follows from 7.28 and 7.27, see [50], 3.8. The name binary group
comes of course from the double cover . Through 7, every group
element is doubled so to speak in a (+)-version and a (—)-version. In
fact for all the groups in question we have G = G/{£1}. Again we
have a presentation with two generators and relations, as follows:

T = (2,3,3) = (A B|A%=B3=(AB)2);
O = (2,3,4) = (A,B|A3=DB*=(AB)?);
T = (2,35) = (A B|A%=DB°=(AB)?).

The difference in the presentations above is that one no longer requires
the equality with unity. In fact, these elements are then equal to —1
(which is however not a part of the relation).

REMARK: I may also be viewed as a set of points in $3 ¢ IR*. These
120 points form the set of vertices of the so-called 600-cell {3,3,5},
see [48]. This is a regular solid in 4-space whose boundary consists
of 600 regular tetrahedra.

Similarly, T is the set of vertices of the 24-cell {3,4,3} and O is the
set of vertices of the 24-cell plus the set of dual points (where duality
here means vertices viewed as faces and faces viewed as vertices).
The 24-cell is a regular solic in 4-space whose boundary consists of
24 ordinary ctahedra.
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7.30. Theorem. (Three-dimensional spherical space forms)

The quotient S3/ G of the 3-sphere by any of the subgroups G in
7 29 is a three-dimensional spherical space form since in any case
G operated on S3 without fixed points. These spaces S3/G are
traditionally referred to in the following way*, compare [50, 3.8]:

S3/C. lens space (in the particular case when k = 2:
projective space);

s3 /1~);C prism space (for k = 2 also: gquaternion space);

S3)T  octahedral space;

S3/0  truncated cube space;

S3/T  (spherical) dodecahedral space.

Figure 7.12. Quaternionic space and octahedral space

To get the spherical dodecahedral space one divides the sphere S3 into
120 pieces (given by the 120-cell) and identifies sides in an appropriate
manner. Every piece is a three-dimensional (solid) dodecahedron.
This can be visualized by starting with one (solid) dodecahedron and
gluing the appropriate faces of the boundary, see Figure 7.13 (see
also [41], p. 216). The pictures of the spherical space forms should
actually be viewed as being contained in the three-sphere, that is, as

“We follow W. Threlfall & H. Seifert, Topologische Untersuchung der Diskon-
tinuititsbereiche endlicher Bewegungsgruppen des dreidimensionalen sphéirischen
Raumes, Math. Annalen 104, 1-70 (1931). The complete classification is contained in
part II of the paper ibid. 107, 543-586 (1932). Here certain extensions of these groups
as subgroups of SO(4) come in.
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Figure 7.13. Spherical dodecahedral space

spherical polyhedra with identifications along the boundaries. The
angles between the edges are then much larger that they seem, and
it is only because of insufficient technology that the pictures let them
appear to look like Euclidean polyhedra. The difference is like that
between a spherical triangle and a Euclidean triangle, cf. Figure 4.4.
A special case is given by the quaternionic space, which is the prism
space in the case of k = 2, which in turn is also referred to as the cube
space. The corresponding group Dy is best described as the subset of
the quaternions Dy = {£1,+£4, 15, £k} C H, the so-called quaternion
group of order 8. The cube space results from a spherical three-
dimensional cube by identifications along its boundary, and similarly
for the octahedral space, see Figure 7.12.

Exercises

1. Show that for n > 3, a metric with constant negative curvature
on an n-manifold cannot be realized even locally as a hypersur-
face in Euclidean JR"*!. Hint: Use the Gauss equation 4.21.
There is consequently no higher-dimensional analog of the two-
dimensional pseudo-sphere of 3.17.

2. Calculate the metric on JR™ which arises from the standard met-
ric on the sphere via the stereographic projection. In other
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words, calculate the metric on IR™ with respect to which the
stereographic projection becomes an isometry, see 7.7.

Show that the map ® defined at the end of 7.7 between the
two models of hyperbolic space is actually a globally defined
isometry.

Show that the complex mapping
1—2
1+2

flz) =i

is a bijection between the open unit disc and the upper half-
plane, and that moreover it is an isometry between the disc
model of hyperbolic space (see 7.7) and the Poincaré upper half-
plane (cf. the exercises at the end of Chapter 4).

Let ds? denote an (n — 1)-dimensional metric of constant cur-
vature k. Decide which sectional curvatures the following n-
dimensional metrics have:

dt? + cos®(t)ds?, dt? + e*dsk, dt? + cosh®(t)ds®

Hint: Exercises 10-12 at the end of Chapter 6.

Define geodesic polar coordinates for the standard metric of real
projective space, which arises as the (locally isometric) quotient
of the standard metric on the sphere.

Two points p,q on a geodesic ¢ are said to be conjugate along
¢, if there is a Jacobi field along ¢ which vanishes at p and g,
but does not vanish identically. The dimension of the space of
all such Jacobi fields is called the multiplicity of g with respect
to p. Show that the multiplicity can have at most the value of
n — 1 if n is the dimension of the manifold.

Show that p and ¢ are conjugate along some geodesic ¢, if there
isa V € T,M such that Dexp, |v: Tv(Tp,M) — TyM does
not have maximal rank. The multiplicity is just the defect of
Dexp,,. Hint: Dexp, transforms linear fields into Jacobi fields
and conversely, according to 7.15.

Let c: [a,b] — M be a geodesic, and let p = c(a) and g = ¢(b)
be non-conjugate along c¢. Show that a Jacobi field Y along ¢
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10.

11.

12.

13.

14.

15.

is uniquely determined by Y (a) and Y (b). Hint: Consider the
difference of two Jacobi fields with the same “initial values”.

Show that each of the compact Euclidean space forms in 7.26 is
a quotient of a three-dimensional torus in such a way, that the
fundamental group of the three-torus is a normal subgroup of
the fundamental group of the space form. For the notion of the
fundamental group compare [37, Ch.5].

Show that the holonomy group of a two- or three-dimensional
Euclidean space form E?/U or E3/U is isomorphic to the quo-
tient by I of the largest purely translation-subgroup of I' (a nor-
mal subgroup). The order of the holonomy group is 1,1,2,1,2

for the five examples in 7.24 and 1,2,3,4, 6,4 for the six exam-
ples in 7.26.

Show that the tangent bundle of the three-sphere is globally dif-
feomorphic to the product manifold S x IR?. Hint: Use the
group structure on S of 7.23 to obtain everywhere linearly in-
dependent vector fields. Is the same true of the rotation group

SO(3)?

Let M be a differentiable manifold and ¢: M — M a differ-
entiable involution without fixed points, i.e., assume o(c(z))
=z and o(z) # x for all z € M. Prove that we get a new differ-
entiable manifold M, by identification of all pairs {z,o(z)}. If
g is a Riemannian metric on M ist and if o is an isometry then
M, carries an induced Riemannian metric in such a way, that
the quotient map from M onto M, (which is a 2-fold covering
map) becomes a local isometry. In particular, if M is a space
form then so is M,.

Show that the compact manifolds S* x RP? and S* x Fj carry
no metric of constant curvature. Here F, denotes the orientable
surface of genus g > 2. Hint: 7.23 (iii).

For this exercise, view the three-sphere S3 as the subset of C2
given by

§% = {(zw) € C* | |2 = Jw| = 1.
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Define a group operation for relatively prime natural numbers p
and g by the formula

(k, (z,w)) == (27F/ Pz, e2mH0R Py)

with & =0,1,..., p—1. Determine the group, and show that this
group operation is discrete and fixed-point-free and contained in
the orthogonal group SO(4). What is the orbit of a fixed point?
The quotient by this operation is called the lens space L(p,q).
This space is important in topology, see {41], §60.



Chapter 8

Einstein Spaces

The following question arises naturally for a given differentiable man-
ifold M (initially considered without a Riemannian metric):

Is there a “best” metric whose curvature has the property of being
most evenly distributed about the manifold?

For comparison, look at the surfaces of constant Gaussian curvature
in 7.25 as well as at the minimal surfaces in Section 3D, for which
the curvature is distributed in such a way that the mean curvature
is everywhere vanishing. The mean curvature there was given as the
gradient of a surface integral, see 3.28. This “variational principle” is
a quite natural one and is often applied in the natural sciences. Sim-
ilarly, there are physical reasons for considering a four-dimensional
space-time with special curvature properties, in particular looking for
a metric with optimal distribution of the curvature, where the distri-
bution of mass and the resulting gravitational force are the motivating
factors. In this way one is led to the Einstein field equations, in which
the Einstein tensor occurs as the gradient of some functional. At any
rate one is led to consider the so-called Einstein metrics, which rep-
resent an important and interesting chapter of Riemannian geometry.
According to 6.13, Einstein metrics are those for which the Ricci cur-
vature is constant. As a continuation of the end of Chapter 6, this
Chapter 8 will give a brief introduction to some phenomena in the

315
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context of Einstein metrics. An in-depth source on the topic of Ein-
stein manifolds is the book [23].

8.1. Remark. (Special metrics in dimensions 2, 3,4)

The following result, Theorem 7.25, summarizes the situation in di-
mension two:

On an arbitrary two-dimensional compact manifold there exists a Rie-
mannian metric with constant curvature K.

The construction of this metric follows the line of thought of 7.24.
One looks for
E? ifK=0,
quotients of S2, fK=1,
H? ifK=-1,

and attempts to represent every possible topological type of a compact
two-dimensional manifold as one of these quotients. The answer to
the question initially posed is thus a clear “yes” in dimension n = 2.

Already in the case of n = 3, and all the more so in higher dimensions,
the situation is fundamentally different. For the particular case of
dimension n = 3 one has the following situation, which we quote
without proof and which will not be used in the remainder of the
chapter. It is just a good illustration of the phenomena which occur.

(1) Not every compact manifold of dimension three admits a Rie-
mannian metric of constant curvature For example, there is no
such metric on the product manifold S* x §2. 8! x §2 do es
not admit such a metric since no covering of the space is E3,.93,
or H? (there is no quotient map from one of these to S' x §2).
The universal covering of St x §? is IR x S? with the covering
projection (¢, z) — (e, z).

(2) According to W. Thurston!, every three-manifold has a canonical
decomposition into pieces, where each of the pieces carries one
of eight standard metrics. Among these are E3, S% H3 IR x
82, R x H? and the so-called Heisenberg group.

! Three-dimensional manifolds, Kleinian groups and hyperbolic geometry, Bulletin of
the American Math. Society 6, 357-381 (1982).
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(3) The more special class of all three-manifolds with a metric of
constant negative curvature is already extremely rich.

In dimension n = 4 there is a similar state of affairs, insofar as S x .53
and S% x §? admit no metric of constant curvature, for the same
reason as for S' x S? above: the universal covering of S! x §2 is
R x §3 — S' x 82, while the product §? x §? is already simply
connected, i.e., is its own universal cover.

If S? denotes the unit sphere, then the product metric on S? x 52 does
not have constant curvature, but it is at least an Einstein metric. This
can be seen as follows. Let E,, Ey, E3, E4 denote an ON-basis, where
E1, Ey are tangent to the first factor and Fj, 4 are tangent to the
second factor. Now calculate the corresponding sectional curvatures
as K1 = K34 = 1 (curvature of $?) and K13 = K14 = Koz = Koy =0
(curvature of IR?). It follows from this that

RiC(El, El) = Klg -+ K13 + K4 = 1,
RiC(Eg,Eg) = K21 +K23+K24 = 1,
Ric(E3, E3) = Kz + K+ Kz = 1,
Ric(Ey, E4) = K+ HKp+Kg = 1,

and Ric(E;, E;) = 0 for ¢ 3 j. One gets Ric = ¢, from which it follows
that ¢ is an Einstein metric.

Thus, by 6.13, dimension four is the smallest dimension for which non-
trivial Einstein metrics can occur, i.e., Einstein metrics which are not
already metrics of constant curvature. There is no local classification
of Einstein metrics, but there is a classification in dimension four of
those Einstein spaces which are homogeneous.? At the same time,
precisely this dimension is interesting, as it is on the one hand the
dimension corresponding to two complex dimensions, while on the
other hand it admits a duality (cf. Section 8E), and finally, it is
the dimension in which the classical space-time of the general theory
of relativity occurs. We will spend some time discussing this last
aspect by consideriné the so-called Einstein field equations, which
are motivated mathematically as well as physically.

2G. R. Jensen, Homogeneous Einstein spaces of dimension four, Journal of Differen-
tial Geometry 3, 309-349 (1969).
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8 A The variation of the Hilbert-Einstein
functional

From a mathematical point of view one can motivate the importance
of Einstein metrics as those for which the distribution of the scalar
curvature is optimal, meaning it is minimized in a certain sense. What
we precisely mean by this is described in what follows by means of a
variation of certain curvature functionals in the space of all Riemann-
ian metrics. For this we will keep the underlying manifold M fixed
for the following considerations.

8.2. Definition. Let (M, g) be a compact Riemannian (or pseudo-
Riemannian) manifold which we assume is oriented. Let dV be the
volume element (in coordinates dV; = |/Detg;;dxi A -+ A dzy, or
dVy = \/|Detgijldzi A -+ - A dz, in the pseudo-Riemannian case).
The following functionals are defined for fixed M and varying met-
ric g
Vol (9) = [,,dV,  (volume of g);
S(g) = [ 54dVy (total scalar curvature of g).

The functional S is also referred to as the Hilbert-Einstein func-
tional after A. Einstein and D. Hilbert, cf. 8.6.

In the particular case of dimension n = 2 one has according to the
Gauss-Bonnet theorem 4.43

S(g) = 2 /M KdV = dmy(M),

which means the functional S(g) is constant if the manifold M is
fixed.

Our goal in what follows is to calculate the “derivative” of S through
consideration of the variational problem S = 0. Those metrics g for
which S = 0 then naturally have a privileged geometric property.
The method used here is quite similar to the variation of the length
of curves used in 4.13 as well as the variation used in the study of
minimal surfaces in Section 3D.
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8.3. Definition. (Variation of the metric)

Recall the procedure from Section 3D used in the study of surfaces
for which the surface arca is minimal. There we started with a given
surface element f(u!,u?) as well as an arbitrary but fixed function
©(ul,u?). The variation of the surface arca was described by

folut,u?) = flub,u?) 4+ e p(u’,u?) - v(ut, u?).
There we found, for the first fundamental form I, = g,
ge=g—2e- - I+(..),

where II is the second fundamental form of f. The area functional A
was calculated to be

Ag.) = /\/Dctgedul A du? =/dV‘.

Its “derivative in the direction ” was found to be

oy == forpav = (-2me),

where we view < , >g as an inner product on the space of scalar
functions . The quantity —2H = —Tr, /I may then be viewed as the
“gradient” of the functional A. f is a minimal surface if and only if
A is stationary (that is, if JA = 0), which in turn means that H = 0.

We proceed similarly for the functional S(g):

Let a manifold M with metric g be given. The wariation of the
metric in the direction h with the real parameter ¢ is defined by

gt :g+tha

where h is an arbitrary, but fixed, symmetric (0,2)-tensor field.

Since g is certainly non-degencrate, g, is also non-degenerate for suffi-
ciently small t € (—¢, £). This follows for example from the continuity
of the determinant of ¢; in local coordinates, as long as either M is
compact or h = 0 outside of a compact set.
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The derivative of the real-valued function ¢ — S(g¢) at the point
t = 0 can be viewed as a directional derivative of S in the direction
h at the point g, and we can study the variational problem §S(g) =
0, i.e., the condition

d
= — = 11 h.
IS(g) =0 <= dts(gt) o 0 for all h

One can also say that S is stationary for such a metric g. Assuming
this is the case, we can try to define the “gradient” of S with respect
to an appropriately defined inner product on the space of symmetric
(0,2)-tensors.

But in order to evaluate this derivative of S in the direction h, we
first have to calculate the individual parts occuring in 8.4 and 8.5,
which are
— the derivative of Sg = Tr(Ric,) with respect to t,
the derivative of the curvature tensor with respect to ,

— the derivative of the volume element with respect to t.

8.4. Lemma. (Variation of the volume form) Let dV; be the vol-
ume element of g, = g 4+t - h with dVjy = dV;. Then

/ 1
&L:O(dvt) = 3 Trgh- dv,

ProOOF: In local coordinates we calculate:

dVy = Det(gg’)) dz' Ao Ada™,

. 1 . 1 (f) n
}gr(l);(dV,,—dVg) :tlgréz< Det(g;;") — 1/Det(gi; ) dr

1 (t) ) 1
= lim — | Det Det : dr- AN ANdx"
t—0 2 ( (QU ) . (gz]) Det(gij)
— = Jk N drl A n
%1_1}(1) 5 (Det ( E g g ) > Det(g;;) dr” A--- Adz
W—’ dv,

5f+t Z]‘ hiygt®
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1 2 7 _1
= lim = (1+fTrgh+t( Vgt t (~--)—1)dVg—§Trgh~dVg.

A similar fact holds in the case of an indefinite matrix, if one replaces

/Det(gi;) by /|Det(g;;)! throughout. O

In particular, dV is stationary if and only if Tryh = 0, a relation
familar to us already from our work with minimal surfaces. In fact,
the proof of 3.28 is in a sense already contained in the proof of 8.4 as
a special case. There we have i = —2II, and the surface area is to
be viewed as a two-dimensional volume. Summarizing this, we could
say: “the derivative of the volume is the trace.”

8.5. Lemma. (Variation of the curvature tensor)
Let g; = g + ¢ - h be a variation of the metric ¢, and let V¥ be the
Riemannian connection of g;, R the curvature tensor of g; with
the natural notations V? = V and R = R. Then we have:
4 viv.z)
( g ( dt ‘t:O X+

= 3 (VY. 2) + (Vyh)(Z, X) — (V2R)(X,Y))
(ii) The map P
X? Y ‘ X, Y = -—— t Y
= Vil ) dt t.:on
is a (1, 2)-tensor field. It is symmetric in X and Y.

(i) 5] (RUX,Y)Z) = (VxVi)(Y.2) = (Ty Vi)(X, 2).

ProOF: We apply the formula from 4.15 for the Riemannian connec-
tion V*:

6:(V5Y,2) = }(X(9(Y. 2)) + Y (@(Z, X)) = Z(gu( X, Y)

~9(X,[V.Z]) - (Y. [X, 2)) - gu(Z,[Y, X)) .
With g, — g = th we get
G (V4Y, Z)—g(VxY, Z) = %t(X(h(Y, ZN+Y (h(Z, X)) = Z(h(X,Y))
~h(X,VyZ —V3Y)~hY,VxZ VX)) - h(Z,VyX — VXY))

= th(VxY, Z) + gt(X(h(Y, 7)) — h(Y,VxZ) — h(Z,VxY)
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+Y(h(Z, X)) = h(Z,VyX)— h(X,VyZ)
—Z(A(X,Y)) + h(X,VZY) + h(Y, VZX)).
Using the defiuition of VA from 6.2, we get the simple expression

g(V&Y = VXY, Z) + th(V% Y, Z)

1
= th(Z,VxY) + 5t(vxh(y, Z) + Vyh(X, Z) — Vzh(X, Y))),

and consequently in the limit as # — 0

lim %g(VtXY —VyY, Z)

1
= 5 [(Vx)(¥.2) + (Fyh)(X. 2) = (V2R)(X,Y)),
from which the statement in (i) follows.
(ii) follows simply from the fact that the right-hand side of (i) is
clearly tensorial in X,Y and Z (in the sense of 6.1). Hence we can
introduce V}, as a tensor, which will simplify the notation in what
follows. The symmetry of V} is obvious.
For the proof of (iii) we calculate:
RYX,Y)Z — R(X,Y)Z

= V&VYZ -V V&Z = Vig ) Z —VxVyZ +VyVxZ + Vixy|Z

=Vi(VYyZ - VyZ) - Vi (VXZ - VxZ)

+HV = Vx)(VyZ) = (Vi = Vv )(Vx Z)

In the limit as t — 0 we get from this

: 1 t s 7
E%E(R (X.Y)Z R(X,Y)z)

= Vx(V,(Y,2)) = Vy(Vi(X.2)) + V,(X,Vy Z)
VLY, VxZ) — V4 (X, Y], 2)
= (Vx Vi)Y, Z) — (Vy V)X, 2).
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8.6. Theorem. (Variation of the total scalar curvature®)

Let M be a compact, orientable manifold, and let g; = g +1¢- h be
the variation of the metric g. Let S; denote the scalar curvature
of g;. Then

d S .
- tZOS(Qt) = E!t:o o SidVy = <'2—9 - Rleh>g-

Here we have set, for two symmetric (0, 2)-tensors A, B,
- / " A(E:, E;)B(E;, E)dV,
M5

with an ON-basis E1,..., E,. At every point this expression is just
the trace of the matrix A - B, expressed in this basis.

ProoF: To express the scalar curvature S; as a trace, we must choose
an orthonormal basis E, ..., E! with respect to the metric g;. Then

S =Y Ric"(E}, Ef) =Y gi(R'(EL E!ES ED).
. —

We want to differentiate this with respect to t. To do this, we begin
with two considerations.

1. gt(Ef,Et-) = ¢;; implies

G () o () v ) =0

:h

thus, after summing over ¢ and A at the point ¢t = 0,
dE}
Z}L(Eiij) :—22 ( ])
¥

2. With VxE; =3, w;-(X) ) (cf. the connection form in 4.33) it
follows that for every symmetric tensor A

N AVXE; E) =Y wiX)A(E;, E;) =0,
j ]

3D. Hilbert, Die Grundlagen der Physik, Nachrichten der Gesellschaft der Wis-
senschaften Gottingen, Math.-Phys. Klasse, (1915) 395-407. This paper appeared
almost simultaneously with the fundamental work of A. Einstein “Zur allgemeinen
Relativitdtstheorie” in the Proceedings of the Prussian Academy of Sciences.
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as A(E;, E;) is symmetric in ¢ and j and w; is skew-symmetric
in ¢ and j.

With this, we now calculate

dSy d et gt
— =-— E Ric*(Ej, E5)
@ |y dtlimy & ie’(

= dt E Qt(Rt(EztE;)E;’Ezt)

t=0 i,9
dR? dE]t»
= ; !:Zg(—dt— ((EZ,EJ)E ) E) + 2. RIC( dt t——U’Ej)]

t=0

) + h(R(Ei,Ej)Ej’Ei)}

t=0

=0 by consideration 1

84 [g((inv;l)(Ej,Ej),Ei)—g(<vEJvz><Ei,Ej>,Ei)]
%,
dE?®
+2;R1C(Ek,EJ) 9( o ‘t:o’ k)

Consid- 1 5~ [g (vExva(Ej,Ej)),Ei) - 29(( WE'EJ»EJ'))*EL')

4,7

—9((VE,V’h)(Ez,E >J ZRlcEk, -h(E,, Ey)

Consid. 2 ZdiV(V,h(Ej»Ej)) — Zg((VEjV%)(Eq‘.,Ej%Ei)
j I

=Y Ric(Ex, E;) - h(E,, Ey).
ik

We casily recognize the first of the three terms as the divergence of
the vector field V), (E;, E;), summed over j. The second term is also a
divergence, in fact that of the vector ficld (C'V})# which is associated
to the (0, 1)-tensor C'V}, by means of the relation

g((CV)#, X) = (CV,)(X)
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for all tangent vectors X. Here (CV))(X) = >, g(V}(E;. X), E;)
is the contraction of V} (because of bymmetry there is but a single
contraction). This can be seen as follows:

Zg((vgjv;)(Ei,Ej),EQ
%]

I > (Vh(E:, Ey). B - S (VA(E:, Vi, ), i) |

7 [

~

~CV(E,) =CV},(VE, E))
= V(B E), Vi, By = (Vi(VE, B, Ey), Ey)
g %J
= div(CV})# =D [(Vh(E:, By), wh(By) BO+(Vi(wi(Ey) Ex, Ey), E3)
2,7,k
= div(CV})#

becausc wi + wF = 0 (just exchange i and k in the last summand).

By the Gauss-Stokes theorem (see 8.7), the integral over the first two
summands thus vanishes, and we get

dSt / )
p7 Ric(Ej, Ex)h(E}, Ex),
/M dt L:o szk (E; JA(E;, Ex)

and, applying 8.4, this results in

%‘t:o MStht:/ (SE.EL o(dvt) ddit dV)

1 , s .
- /M (S- 5 Trgh—;mc(Ej, Ek)h(Ej,Ek))dV - <§g—Rlc,h> .

g

The same statement is obtained if M is compact with boundary, pro-
vided that h vanishes in a neighborhood of the boundary. O

For a proof of 8.6 using Ricci calculus, see either the original paper
by Hilbert (loc. cit.) or [24], p. 192. Yet another proof is contained
in [23], Proposition 4.7 in connection with Theorem 1.174.

The Gauss-Stokes theorem is cssential for the proof of 8.6, so we
present a version of this theorem here. This version is more or less
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the classical one, holding for the integral of a divergence of a vector
field.

8.7. Gauss—Stokes Theorem. Let M be a compact oriented
manifold with or without boundary, and let v denote the unit nor-
mal vector field along the boundary OAf (if this is not empty), en-
dowed with the orientation induced by that of the boundary 9M.
This means that v is perpendicular to dM, while being tangent
to M. Let X be an arbitrary vector field on M with divergence
div(X). Then

/ diV(X)dV]\J:/ <X,V>dVa]u.
M oM

In particular, the left-hand side vanishes if either M = 0 or if X
vanishes on M.

For the classical situation of compact sets in IR", one can find this
theorem in [28]; for a formulation for compact manifolds see [29].
In the notation of differential forms, this theorem is just the famous
formula [,, dw = [,,,w, cf. 4.36.

8B The Einstein field equations

One of the consequences of Theorem 8.6 is a global version of the
Gauss-Bonnet theorem, with a proof which is independent of that
given in Section 4F (except for the use of Stokes’ theorem).

8.8. Corollary. (Theorem of Gauss-Bonnet)

For n = 2 one always has the relation %g — Ric = 0, so that the
functional S(g) is locally constant. Fixing the manifold M and
varying the metric ¢, requiring only that it be positive definite,
S(g) is even globally constant, as any two Riemannian metrics can
be smoothly perturbed into one another: Ag; + (1 — A)go is positive
definite for 0 < A < 1, provided both g; and g4 are.

The actual value of the constant S(g) is obtained most easily in
examples, for example using convex surfaces with glued-on handles
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of strictly non-positive curvature, cf. the tight surfaces in Section
4G. For an orientable surface of genus gy one gets the value S(g) =
2(2 —2gg) -2 = 4wx(M) (Euler-Poincaré characteristic of M), which
means, taking S = 2K into account, twice the total curvature occur-

ring in the Gauss-Bonnet formula 4.43.

REMARK: The Gauss-Bonnet formula also holds in the case of indef-
inite metrics on two-manifolds?. In fact, the argument of 8.8 shows
that the functional S(g) is locally constant. But this does not yet al-
low a conclusion on the global value, as Ag1 + (1 —\)g2 can degenerate
when g1 and ¢, are indefinite.

The situation on n-dimensional manifolds with n > 3 is quite differ-
ent, as the functional S in this case is almost never constant. Instead,
if it is stationary one gets non-trivial Euler-Lagrange equations.

8.9. Corollary. (Euler-Lagrange equations for the functional S)

Let M be a compact manifold of dimension n > 3, and let g be a fixed
metric on M with a variation g; = g + th, in which the symmetric
(0,2)-tensor h is arbitrary. Then we have:

d
i) —| S(g:) =0 for all A if and only if Ric, = 0.
dtlt=o0 g

d
(ii) g’ S(g¢) = 0 for all h with the constraint Vol(M) = [,, dV; =
ltlt=0
constant holds if and only if (M, g) is an Einstein space, that is,
. Sy
when Ricg — ~2g = 0.
o d S(gt)
(iii) —‘ —
dt lt=0 (Vol(gt))( 2/

Einstein space.

= 0 for all A if and only if (M, g) is an

PrOOF: Ad (i): Here, according to 8.6, we must investigate the con-
dition

<§g — Ric,h>g = 0 for all A.

4G.S.Birman & K.Nomizu, The Gauss-Bonnet theorem for two-dimensional space-
times., Michigan Math. J. 31, 77-81 (1984)
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Because of the non-degeneracy of the inner product ( , ), this is
equivalent to the vanishing of the Einstein tensor (cf. 6.15)

S
G = Ric — —g.
e — 259
From the vanishing of this quantity, one gets, upon taking traces,
s-Zs=o,
2
and from this § = 0 because n > 3. As a consequence,
0 = G = Ric.
Conversely, the relation Ric = 0 naturally implies § =0 and G = 0.

Ad (ii): Using the rule of Lagrange multipliers, we have to investigate
the linear dependency of the two gradients S and Vol. Clearly

841

=0V01(gf) = 9 <ga h’>g7

dt

t

so we get <Ric — %g, h> = 0 for all h with <g7 h>g — () holds if and

g
only if Ric — % g and g are linearly dependent as tensor fields. This is

the case precisely when Ric = A - g for some function A, hence if and
only if g is an Einstein metric.

Ad (iii): This follows from the quotient rule for the variation

( S ) _ Vol 2/74(8) — 2-285(Vol) Vol /"

Vol(n—?)/n VolQ(n—2)/n

If the numerator vanishes, then, because §S = <%g — Ric, h>g and
dVol = %<g, h>g, the Ricci tensor is a scalar multiple of g. Conversely,
if g is an Einstein metric with n > 3, we can multiply g by a scalar
o such that the volume of ag equals unity. Since S,y = a2,
and dV,, = a"dV,, the functional S /Vol™2/™ ig invariant under
scalings of this type. Hence, by (ii) every Einstein metric leads to a
vanishing variation. g
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8.10. Remark. (The case of an indefinite metric g)

All considerations of Section 8A as well as 8.9 remain valid also in
the more general case of an indefinite metric g. Using Ricci calculus,
nothing at all is changed, since one has Try4 = Al = A;;¢%%, of. 6.9.
Using an ON-basis F1, ..., E,,, one only has to take into account that
the components of a vector X are given by the equations

X =Y (X, E)E;,

where g(E;, E;) = 6;5-¢; with a sign ¢; € {+1, —1}. This implies that
the trace of a (0, 2)-tensor has to be replaced by the expression

TrgA =Y eig(AE;, E).

In particular one then has Trgg =), € g(E;, E;) = n.
N —t

=€

One also must take appropriate changes in the trace of the matrix
A - B introduced in 8.6 into account. Here we must introduce a sign
€15 = €651

Z FijA(Ei, E])B(EJ, Ez)

2%}

Moreover, one must note that the volume element is given in local

coordinates by
dV =4/ IDet(gij)‘dl’l A Adxy,

cf. [21], p. 195.

The functional 8 can also be considered for non-compact manifolds
M, which is of importance in the general theory of relativity. In this
case one must make. the assumption that S(g) exists as an improper
integral. For the variational problem in 8.6 it is convenient to also
assume that h = 0 and hence g; = g outside some compact set. Then
the boundary terms vanish in the application of Stokes theorem just
as in the compact case.
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8.11. Einstein field equations. From the considerations in Sec-
tions 8.6 and 8.9 we have a profound mathematical reason for consid-
ering the tensor

o

Ric — —
ic— 59

as the “gradient” of the functional S. Beyond that, this tensor plays
an important role in the general theory of relativity. There, this ten-
sor is referred to as the FKinstein gravitational tensor. We already
showed in 6.15 that this tensor is divergence-free. Its physical impor-
tance comes from the Einstein field equations for four-dimensional
space-times, i.e., four-dimensional Lorentz manifolds with a metric of
type (— + ++). How this comes about is best left to the originator
of the idea, A. Einstein, as he described it in a lecture at Princeton
in 1921:

If there is an analog of the Poisson equation in general relativity, then this
must be a tensor equation for the gravitational potential tensor gu,, on
whose right-hand side we have the energy tensor of matter. On the left-
hand side of the equation we need a differential tensor derived from gp..
The goal is to determine this tensor precisely. It is completely determined
by the following three conditions:

1. The tensor in question should contain no higher than second deriva-
tives of guu .
2. The tensor should depend linearly on the second derivatives.

3. The divergence of the tensor should vanish identically.

(Translated from: A. Einstein, Grundziige der Relativitdtstheorie, Vieweg,
6. Aufl. 1990, p. 83)

The Einstein tensor satisfies all three conditions and is in a sense
uniquely determined by this property. The Einstein field equations
arc then the following:

S
Ric— —g=1T
ic .29 ,

or, written using Ricci calculus, Gy; := Ri; — :g—gij = T3, where the
right-hand side is the stress-energy tensor, which must have vanishing
divergence for physical reasons. Often the equation is written with
an additional physical constant in front of T, whose size is not of
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interest to us here. The tensor g;; is the gravitational potential of
matter. In particular, one way of reading these equations is to view
g:; as a variable (not given), but with 7}; as given. In a vacuum there
is no mattcr, meaning T = 0 and hence

S
Ric— —¢g=0.
ic 2g

Spaces of this kind are also referred to as special Einstein spaces.
According to 8.9 they are necessarily Ricci flat: Ric = 0.

But Einstein himself® as well as other also considered a variant of
this field equation, by introducing a so-called cosmological term Ag;;
with a so-called cosmological constant A:

oy

S
Ry — 59+ Agi; =Ti;.

A consequence of this is that the equation for the vacuum is satisfied
if the metric g is an Einstein metric. This is again seen by taking
the trace of of the left-hand side. This equation clearly implies the
relation R;; = (% — A)g;;. On the other hand, the trace of the left-
hand side is S — 25 + 4A. If we have R;; = Ag;; with some function
A and T = 0, then it follows that A = % = A. The cosmological
constant is thercfore coupled to the value of S.

8C Homogeneous Einstein spaces

Besides the spaces of constant turvature, homogeneous spaces are a
very important class of spaces. These spaces are characterized by the
property that a neighborhood of every point looks the same, i.e., is
isometric to any other. The term homogeneous is thus keyed to the
fact that with respect to intrinsically defined geometric quantities
therc is but a single type of point. For this reason, it is sufficient to
consider a single point, which leads to exceptionally clear statements
and results. In particular, one can relatively easily give a sufficient
criterion for such a space to be Einstein. This criterion will be in-
troduced in this section. It expresses, in addition to the homogeneity
on points, a homogeneity of unit tangent vectors (cf. also 7.6). This

SA. Einstein, Uber die formale Beziehung des Riemannschen Krimmungstensors zu
den Feldgleichungen der Gravitation, Math. Annalen 97, 99-103 (1927).
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leads to many interesting examples in a relatively clear and simple
manuer, see 8.16. The most elegant formulation uses isometry groups
and subgroups of these. One requires only the additional fact that the
group of all isometrics on a Riemannian manifold is also a manifold.

8.12. Theorem. (Isometry group)

For an arbitrary Riemannian manifold (M, g), the set of all isometries
fi M — M is again a differentiable manifold (a Lic group), whose
dimension is at most (";‘1 ), where n denotes the dimension of M. If

M is compact, then so too is the isometry group.

For a proof see [44], Chapter 1, Theorem 1.2. For basic results on
Lie groups in general sce [7], Vol. I, Chapter 10, or [43], Chapter 1.

8.13. Definition and Lemma. {Homogeneous manifolds)

(M, g) is called homogeneous, if for any two points z,y € M there
is an isometry f: M — M with f(z) = y. (M,g) is called G-
homogeneous if, in addition, f can always be taken as f € G,
where G is a closed subgroup of the isometry group. If M is G-
homogeneous, then for x € M the subgroup K, := {f € G| f(z) =
x} is called the isotropy group of the point . One has K, ~ K,
for z,y € M, and M is diffeomorphic to the space of cosets G/ K.

The bijection between M and G/K, is simply given as follows: every
point y € M is identified with the K -cosct of an isometry in G which
maps = to y. Thanks to the homogencity, the differentiability of this
only has to be checked at a single point. But the differentiability at
x is not difficult to check.

Standard examples are of course the spaces E™, S™, H" of constant
curvature with their isometry groups E(n), O(n+1), 04 (n,1). These
arc also essentially all of those where the upper bound ("‘QH) for the
dimension is actually attained. The isometry group of the flat square
torus (cf. 7.24) is only 2-dimensional: it is generated by all transla-
tions (modulo integers) as well as a rotation by 7/2 and a reflection

(2,9) = (—z,y).



8C Homogeneous Einstein spaces 333

Both 8.12 and 8.13 are not really necessary for the proof of Theorem
8.15 below, at least as long as one views a homogeneous space as a
quotient G /K with a given group G which is not just a group, but
a differentiable manifold (a Lie group). This is why we only sketch
8.12 and &.13 above.

ExaMPLE: The standard sphere S™ is G-homogeneous, if we choose
G as the special orthogonal group SO(n+1). In this case the isotropy
group of a point is isomorphic to the standard subgroup SO(n}, which
consists of those rotations which fix a line (namely the line joining
x with the origin). Then S™ is diffeomorphic to the quotient space
SO(n + 1)/SO(n). However, nothing prevents our passing to a sub-
group of SO(n + 1), in which case of course also the isotropy group
will be correspondingly smaller.

8.14. Definition. (Isotropy irreducible)
A representation of a group G in a vector space V is an injective
group homomorphism

G - Aut(V),

where Aut(V) denotes the group of linear automorphisms of V. A
representation is said to be irreducible, if any invariant subspace
U C V (this means that for all f € G, the set is mapped under
f into itself, i.e., f € G,u € U = f(u) € U) is either the trivial
subspace U = {0} or the entire space U = V. A homogeneous man-
ifold M = G/K is called isotropy irreducible, if the corresponding
isotropy representation y: K — GL(n, R) of K, given by

K=K;2 fw Dfly: T,M — T, M,

is irreducible for one (and hence for every) xr € M.

In the case of the square flat torus (cf. 7.24), the isotropy group is a
finite group of order 8, which is nothing but the dihedral group D,
which maps the square into itself. The Hat standard torus S* x S* =
IR%/72 is of course also G-homogeneous if one takes G to be the group
of pure translations modulo Z?2, but it is not irreducible. Clearly the
translations are isometric mappings of the torus to itself. Then the
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isotropy group is trivial, and consequently the z-axis as well as the
y-axis are invariant subspaces of the tangent plane.

8.15. Theorem. (J. Wolf 19689)

Let M = G/K be a G-homogeneous Riemannian manifold, and let
us suppose that it is isotropy irreducible. Then M is an Einstein
space.

PROOF: We use the isotropy representation described above, x: K —
GL(n, R), which is irreducible by assumption. Moreover, the metric
g is invariant under G, and hence we have, at every point * € M,

95z (Df(X), Df(Y)) = go(X,Y)
for every f € G and every X,Y € T, M. If the metric is preserved,
then so is the Ricci tensor; hence

for évery f and every X,Y. Thus Ric, is a K -invariant symmetric
bilinear form on T, M, so the eigenspaces of Ric, with respect to g,
are invariant subspaces. Because of the assumption of irreducibility,
this can only hold if each eigenspace coincides with the entire space,
which means that at every point x the equation Ric, = A(z)- g, holds
for some number A(x). But this is just the condition on the metric g
for it to be Einstein. Of course A(z) must be constant in x because
of the homogeneity. Note that for n > 3 this follows independently
from 6.13. O

8.16. Example. (Projective spaces)

For many standard spaces it is in fact easy to see that the assumptions
of 8.14 are satisfied. For example, this is the case for real, complex,
and quaternionic projective spaces. To see this, it is sufficient to check
that the isometry group maps any point to any other, and in addition,
any direction in the tangent space to any other, i.e., an arbitrary unit
tangent vector can be mapped to any other such vector, cf. also 7.6.
This is for example an obvious state of affairs for the orthogonal

8 The geometry and structure of wsotropy irreducible homogeneous spaces, Acta Math.
120, 59-148 (1968).
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group O(n), provided it acts in the standard fashion on IR™. Besides
this, one needs to note that on any Lie group G therc exists a G-
invariant metric, which can be constructed by starting with a fixed
but arbitrary inner product on the tangent space at one point and
transporting this inner product to any other tangent space by means
of the left translation x — ¢ - x, where g runs through the entire
group G. On a compact Lie group there is also a bi-invariant metric
for which left translations and right translations are isometries. For
the classical groups given in terms of matrices, one can alternatively
take the first fundamental form given by the standard embedding in
Euclidean space, identifying for example SO(3) as a subspace of IR°.

1. The sphere
5" =80(n+1)/S0(n)
is such an example, as SO(n) acts irreducibly in all directions.
Hyperbolic space, too, belongs to this series of spaces, viewing
it as the quotient H™ = O, (n,1)/0(n), cf. 7.6.

2. The real projective space
RP" = O(TL + 1)/0(71) X 0(1) = S”/j:’

which can also be viewed as the set of all lines in IJR"*! passing
through the origin, is another such example.

3. The complex projective space
CP"=Un+ 1)/U(n) x U(1),

which can again be viewed as the set of lines, this time complex
lines in C™*!, through the origin, is again an example. Here,
the unitary group is defined as

Un):={A:C" >C" | A- A =E}.

Again, the action of the isotropy group U{n) is transitive on
the (real) directional vectors, since it is transitive on the com-
plex unit vectors and since every real unit vector is contained
in a complex line. From this it follows that the Ricci curva-
ture must be the same in every direction, cf. 8.14. Note that
the manifold CP" cannot possibly carry a metric of constant
curvature, since it is compact and simply connected, see 7.23.
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In fact, the isotropy group is not transitive on the sct of two-
dimensional planes (on which the sectional curvature depends),
since a two-dimensional real plane, which corresponds to a com-
plex line (meaning it is invariant under multiplication by ¢), can
never be rotated by a complex matrix to a two-dimensional real
plane which doesn’t correspond to a complex line. The sectional
curvature of the standard metric CP™ varies from 1 to 4, assum-
ing it is normed appropriately.

A further example is given by gquaternionic projective space
HP" = Sp(n +1)/Sp(n) x Sp(1).

which can be viewed as the set of quaternionic lines in JH"*!
through the origin. Here we use the notation

Sp(n) ::{ ( g ‘ZE > eU(2n)}

for the group of quaternionic matrices. This uses the fact that
a quaternion can also be viewed as a complex number over the
complex numbers: a + b + je + dk = (a + ib) + j{c — id).

. Other examples are the higher Grassmann manifolds (or Grass-

mannians) of k-planes through the origin in R", C" and H",
respectively, as well as the Cayley plane, which is a homogeneous
space given as the quotient of two exceptional groups.

There is also a classification of all compact and simply connected
homogeneous Einstein spaces’, but this is quite a bit more com-
plicated. Here exceptional groups occur as well as exceptional
cases, for example an Einstein metric on the 15-sphere which is
not isometric to the standard metric.

8D The decomposition of the curvature tensor

In this section we discuss a different motivation for considering Ein-
stein metrics, by considering the set of all possible curvature tensors.
This latter space is a complicated vector space, and one can attempt
to decompose it into simpler parts. One of these parts will be the

M. Wang & W. Ziller, On normal homogeneous Einstein manifolds, Annales Scien-
tifiques de ’Ecole Normale Supérieure 18, 563-633 (1985).
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traccless part of the Ricci tensor, given by Ric — %g, which vanishes
precisely for Einstein metrics. A part of a different component of the
curvature is formed by the trace of the Ricei tensor. A decomposition
of a vector space is given by a direct sum decomposition into sub-
spaces, which is preferably orthogonal with respect to an appropriate
inner product. Our first purpose will be to define this.

To give the reader a feeling for the principle to be used, we first
consider the “trivial” case of symmetric (2 x 2)-matrices. These can
be decomposed into their traceless parts and the part having a trace
as follows:

(5 2= 4o ) (0" 4ea)

This decomposition is orthogonal with respect to the “inner product”
{A, B) :=Tr(A- B), which is defined on the space of all square matri-
ces. If A is a scalar multiple of the unit matrix, then (4, B) = 0 for
every matrix B with Tr(B) = 0. This can be done in the same way
for (0, 2)-tensors on manifolds, for example

Ric = —S—g + (Ric - —S—g) .
n n
Tr=0

If one were to consider only {0, 2)-tensors, there would be no problem.
But the curvature tensor is of type (0, 4), which can also be described
as a (1, 3)-tensor or possibly also as a (2, 2)-tensor, as is appropriate
in the context at hand. In this case the linear algebra is more compli-
cated, as we already saw in the investigation of the biquadratic form
in Section 6.5. Thus, we require an algebraic tool known as bivectors.

8.17. Definition. (Bivectors)

Suppose we are given a real vector space V with a basis by,...,b,.
The wvectors of this space can be expressed as linear combinations

X = Zaibi, a; € IR.
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Similarly, the bivectors can be expressed (formally) as linear combi-
nations
Zaijbi A bj, Q5 € R,
1<J
in which we take the point of view that the elements
b1 Aby, by Aba, ..., by Aby, ba Abs, bo Aby, ..., by1 Aby,

form a basis. This is entirely similar to the tensor product V ® V,
whose basis is
bi®bj, i,j=1,...,n.

For bivectors we agree that the relation b; Ab; = —b; A b; should hold
identically, just as it does for alternating two-forms as in Section 4F.
Think of a bivector b; A b; as a surface (area) element in the plane
spanned by b;,b;. Formally, however, a bivector is dual to such an
element. We then define /\2 V as the space of all bivectors over V,
whose dimension is

dim(A2V) = (Z) = ﬂ”Q;l)

For two vectors X,Y € V we can then define an exterior product
XAY € A°V by

XAY = <;aibi) A (Zﬁjbj> = Cai (bt

= > (B — a;B:)bi A b.
1<
This is formally quite similar to the vector product in R3. Two
vectors X, Y are linearly independent if and only if X AY = 0. The
algebraic properties of the space of bivectors are quite similar to those
of the space of all alternating two-forms, cf. Section 4F. The following
duality holds:

(AN°(V)* ={w:A(V) = R | w is linear}
={w:V®V — R | wis linear and skew-symmetric}
={w:V xV — R | wis bilinear and skew-symmetric}.

For more details, see [33], in particular Chapter 5. The reason we
have made this diversion at this point in the presentation is that the
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curvature tensor (R(X,Y)V, Z) is skew-symmetric in both X, Y and
Z,V. For this reason, one can view the curvature operator R(X,Y)
with fixed vectors X and Y as a linear mapping

R(X.,Y): N(T,M) — R.

The other two arguments X, Y can also be viewed as a bivector. The
goal of these considerations is to think of R as a symmetric (i.e.,
self-adjoint) endomorphism of A*(T,M) = A\?

P

8.18. Lemma. Let /\127 denote the space of all bivectors over T, M,
and let {, ) denote a Riemannian metric (which can also be indef-
inite).
1. Then an inner product on /\12) is defined by
2. An ON-basis Ey,...,E, in T,M induces an ON-basis E; A
Eji<j,in AL
3. On the space of all symmetric (self-adjoint) endomorphisms
with respect to /\127 there is an inner product defined by

(A, BY) :=Tr(Ao B).

PRroOF: 1. The bilinearity and the symmetry of { , }) are trivially
satisfied. The non-degeneracy follows from the non-degeneracy of
the biquadratic form k1(X,Y) = (R1(X, Y)Y, X) = (X, X){Y,Y) —
(Y, X){(X,Y). For a given X s 0, the null space, consisting of all
Y such that k1(X,Y) = 0, is trivial. This also holds if X is a null
vector (isotropic vector), since in that case there is at least one Y with
{X,Y) = 1. In the case of a positive definite metric ( , ), {, )) is also
positive definite because of the relation k1 (X,Y) > 0, which holds for
any two linearly independent X,Y, and hence for every X AY # 0.

2. This follows directly from 1, because (R1(E;, E;)E;, E;) = 1 for
i < j and (Ry(E;, Ej)Ex, Ei) = 0 if there are 3 or 4 distinct indices
among 4,7, k, l.
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3. The trace of an endomorphism A with respect to an ON-basis
E; N Ej,i < j, is, according to 6.9,

TrA:= > (A(E: A Ej),E; A Ej).

7,<]

It follows from this that {{ , ))) is bilinear. The symmetry property
Tr(A o B) = Tr(B o A) holds quite generally for endomorphisms and
matrices. The same is true of the non-degeneracy. The positive def-
initeness of the metric { , ) implies that of ({ , )}) because of the
relation

(A, A)) = Tr(4%) = > (A(E; A Ej), A(E; A Ey))) > 0.

.J

8.19. Definition. The Riemannian curvature tensor
R(X,Y,2,V):=(R(X,Y)V,Z)
can be interpreted at every point p as a symmetric endomorphism
5.A2 2
RN, — N,
by virtue of the equation

(R(XAY),ZAV) :=R(X,Y,Z,V).

Note that the skew-symmetries of the curvature tensor in 6.3 are
already part of the definition of Rin /\127 The symmetry in 6.3.5 is
nothing but the self-adjoint property of R. For a variable point p we
omit the subscript and write simply A”.

The (purely algebraic) first Bianchi identity 6.3.2 must be required in
addition to the above, if one wants to determine the space of all pos-
sible candidates for curvature tensors. This motivates the following
definition.
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Let R (resp. R) be the set of all (0,4)-tensors (resp. endomor-
phisms of /\2) which satisfy all algebraic symmetries of the curva-
ture tensor, including the first Bianchi identity. Then we have the
following correspondences:

R ,

) &y

R ,
R — }/{\1 =1Id.
On the left-hand side of these relations, we have the Riemannian
curvature tensor in the sense of Definition 8.19, with the ordering
of the arguments as described there. This explains the equation
R;=1d

8.20. Definition and Lemma. (Products of (0, 2) tensors)
Let A, B be symmetric (0,2) tensors. We define a product A e B
by
(AeB)(X,Y,Z,T) = A(X,Z)B(Y,T)+ A(Y,T)B(X, 2)
—AX, TYB(Y,Z) - A(Y, Z)B(X,T).

For this product we have the following properties: A e B € R, the
symmetry A e B = B e A holds, and we have the product rule
Vx(AeB)=(VxA)eB + Ae(VxB).

Proor: The symmetry of A e B is clear by definition. The prod-
uct rule is easy to verify, simply by writing down the derivatives of
all terms. The first Bianchi identity can be directly verified by the
following calculation:

AeB(X,Y,Z,T)+ Ae B(Y,Z,X,T) + Ae B(Z, X,Y,T)
= A(X,Z)B(Y,T)+ A(Y,T)B(X, Z) — A(X,T)B(Y, Z)

A(Y Z)B(X,T)+ A(Y,X)B(Z,T) + A(Z,T)B(Y, X)
—A(Y,T)B(Z,X) - A(Z, X)B(Y,T) + A(Z,Y)B(X,T)
+A(X,T)B(Z,Y) - A(Z,T)B(X,Y) - A(X,Y)B(Z,T)
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In particular we have
geg(X,Y,Z,T)=2(X, Z)(Y,T) - 2(X,T)(Y, Z)
=2(R(X,Y)T,Z) =2R(X.Y, Z,T),
from which it follows that g g = 2R, = 2-Id. The equation Vyx R; =

0, which we met in Section 6B, follows here from the product rule, if
we take the relation Vxg = 0 into account. a

In more recent literature, this product is sometimes referred to as the
Kulkarni-Nomizu product, for example in [23], Definition 1.110. In
Ricci calculus this product was traditionally referred to as the “double
transvection”, and written as follows:

(A @ B)irji = 4A;; By = Ay By + AuBij — AuBjr — Aj By,

cf. [15], Kapitel I, §8 (unfortunately this is not contained in the Eng-
lish version [16]).

8.21. Theorem. In R there is a decomposition into three sub-
spaces R = /& Z ®W, which is orthogonal with respect to «, m,
in Wthh U is generated by the identity and Zis generated by all
Aeyg g with symmetric A, TrgA = 0.

Alternatively, there is a decomposition R = U & Z & W, where U is
generated by Ry (or g @ g} and Z is generated by all A e g, where
A is symmetric and TryA = 0. In particular, (M,g) has constant
curvature if and only if the Z-part and the W-part both vanish.

PrOOF: It is only necessary to show that U is orthogonal to Z , since
we can then define W as the orthogonal complement. Let Ey,..., E,
be an ON-basis in T, M; then E; A Ej,4 < j, is an ON-basis in A®.
Then we have
{(1d, A e g)j) = Tr(Aeg)
=>( (A eg(E; AE;), B AE;) =Y Aey(E;, E; E;, E))
i<j 1<J
= Z [ El,E 1+A(EJ,EJ) -1 —A(Ei,Ej)(Sij —A(E],El)éw]

i< q
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=(n—1)Tr4 = 0.

Hence i and Z are orthogonal to one another. 0

Our next goal is to calculate the parts of R = U + Z + W or R =
U+ Z+W in the orthogonal decomposition U & Z & W. This is
essentially now just a problem of choosing a correct normalization, as
the identity Id is not a unit vector in R. Since ( ) is the dimension
of A%, we have

n
2

(1d, Td)) = Tr(1d) = (g)

Moreover,
((R.14) = TxR = 3 (R(E: A E)), Bi A Ey)
— g: (R(E;, E;)E; E;) = %5.
Hence
(R, 1aY) S

U= C1d.

o i

8.22. Lemma. The maps
Al Aeg(eU®Z) and R+ CricR (= Ric)
are (formally) adjoint to one another, i.e., we have
(VA R) = (A, 7" R).

Here, Cg;. denotes the Ricci contraction which forms the Ricci tensor
from the curvature tensor, hence Cg;R(X,Y) := Y, R(E;, X, E;,Y),
and the inner product between two symmetric (0,2) tensors 4, B is
defined by (cf. 8.6)

(4, B) = > A(E, E;)B(E;, E;).

i,

¥

An, then, as is easily checked, E; A Ej,4 < j, is an ON-basis of Ae g

ProoOF: If Ey,...,E, is an ON-basis of A with eigenvalues Aq,...
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with eigenvalues A; + A;. It follows that
(Aeg,R) =Tr(RoAeg) = (R(Aeg(E: A E))),Ei A Ey))

1<j
=Y (N + M(R(E;, Ej)E;, Ei) = > \Ric(E;, E;)
i<g 7
= Z A(E;, Ej) Ric(E;, Ej) = (A, Ric).
‘,—’
Aibej 0

8.23. Corollary.
1. W is the kernel of the mapping ¥*. Hence the W-part of R

satisfies the equation Cg;.W = 0.
2. The U & Z-part of R is equal to C e g with
1 S
C=—(Ric— —>— )
n—2( 1 2(n—1)g

This tensor is referred to as the Schouten tensor.

PrOOF: The first part follows directly from the adjointness relation
in 8.22, since the image of ¥ always lies in U & Z. For the second
part, note that every element of U & Z can be written in the form
A e g with some symmetric tensor A. Thus we are led to the Ansatz

=A w
R og+ W,
eupz €W
with A still to be determined. By forming traces, we get

Ric = CRicR = CRic(A L 9) + CRicW = CRic(A L4 9)1
=0

and consequently
Ric(X,Y) =Y Aeg(E, X, E;Y)

—Z[ (Ei, E)(X,Y) + A(X,Y) 1

—A(E, Y)X, B — A(X, E)(E;, y>}
= (TrA) - (X,Y) + A(X,Y) -n— 2A(X,Y).
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From this it follows that
Ric=(TrA) - g+ (n—2) - A,

or, equivalently,

A= ——(Ric—TrA-g).
n—2
In order to determine A completely, we must calculate the trace of A:
1 S
TrA=——(9-TrA- h TrA= —"o.
n—2( n), hence =T
This verifies the equation A = C. a

8.24. Theorem. The components of R in the decomposition R =
U+ Z+ W are given as follows:

S
:—R'
nn—1) "
1 /.. 8

7= Ly So)es

1 . S

In Ricci calculus, the decomposition Rgpeq = Ugbed + Zaved + Wabed
corresponds to the following components:

U 5 )
abed n(n — 1) GacTbd JadJbe |5
Zabcd n_9 (Racgbd + Rbdgac - Radgbc - Rbcgad)
25 ( )
Tl(n _ 2) gacgbd gadgbc )
1
Wabcd = Rabcd - m (Racgbd + Rbdgac - Radgbc - Rbcgad)
Ty (e~ g0a0c)
(n _ 1)(n _ 2) gacgbd gadgbc .

Note that the coefficient ﬁ in the first term is nothing but the

normalized scalar curvature, which is unity for the unit sphere. The
term Ric — %g which occurs in Z is the traceless part of the Ricci
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tensor. Thus we are witness to the occurrence of a double trace (the
scalar curvature) in the component U and a single trace (the Ricci
contraction) in the component Z. The remaining component W is
traceless. The decomposition of R in the three subspaces U, Z, W is
in addition rreducible with respect to the (simultaneous) action of
the orthogonal group O(n) on the four arguments of the tensor.

PROOF: Above we have already seen that

S S

=—" R and U=—"—1d
v nfn—1)"" and U n(n—l)d
According to 8.23 we have
1 S 1
Z = -U= Ric - - "
Ceg n—2( ' 2(n—1)g).g n(n—1) 299

“n i 2 (Ric_ [Qn(in— " Qi((7;1121))}g) o= (Ric" %9) 9

as well as

W=R-Coeg.

8E The Weyl tensor

The component W of the curvature tensor R is according to 8.24 just
the difference of R and the components U and Z. Looked at this
way, it does not appear to have any particular geometric significance.
However, of all components of the curvature, W, which is also known
as the Weyl tensor, is the most important. It is what is referred to as
the conformal curvature, that is, it is the component of the curvature
which depends only on the conformal structure defined by g. First
we deduce the following simple consequence of 8.24:
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8.25. Corollary. For every n-dimensional Riemannian manifold
(M, g) with n > 3 we have:
(i) g has constant curvature <= Z =W =0,
(ii) ¢ is an Einstein metric < Z =0;
(iii) ¢ has vanishing scalar curvature <= U = 0;
(iv) Ricy =0 &= U=2=0;
V) n=3 = W=0.

Furthermore, as we shall see below, one has
(vi) g is locally conformally flat — W =0;

for n > 4 also the converse of this statement is true (Theorem of
Schouten, 8.31). In particular, in this case, if g is locally a conformally
flat Einstein metric then g has constant curvature.®

Proor: Parts (i) to (iv) follow immediately from 8.24. The case
of dimension two was already shown in 6.6: the curvature tensor is
always a multiple of the standard curvature tensor Ry, so R = U. For
the proof of (v), recall that in dimension three the curvature tensor
is already determined by the Ricci tensor. In an ON-basis E1, Eq, E3
we have

Ric(E1, Ey) = Ko+ Kis,
Ric(Ey, E2) = Ko + Kaa,
Ric(Es, E3) = Kz + Kao.

If the Ricci tensor is given, the left-hand side yields three equations
for three indeterminants, namely for Ko, K13, K23. This system of
equations can be uniquely solved, as the rank of the relevant matrix
is maximal. Thus the Ricci tensor uniquely determines the sectional
curvatures, which according to 6.5 uniquely determine the curvature
tensor. Thus, the Ricci tensor uniquely determines the curvature
tensor. In 6.13 we saw similarly that a three-dimensional Einstein
space must have constant curvature. On the other hand, the Ricci
tensor is completely determined by U and Z. It follows that in this

8This goes back to J. A. Schouten & D. Struik, On some properties of general man-
ifolds relating to Einstein’s theory of gravitation, American Journal of Math. 43,
213-216 (1921).
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case W must vanish, as otherwise there would be some tensor which
is not algebraically determined by U and Z. d

Note that in dimension four the same argument leads to four equa-
tions in six indeterminants K;;, % < 7, so that in this dimension there
are two degrees of freedom, and so there are non-trivial solutions. If
we consider the decomposition of the curvature tensor R=U+Z4+W
and the corresponding spaces

R=UDZDW,

the dimensions of the subspaces U, Z, W are of course of interest.
They are as follows:

dim R U Z w
1 0 0
6 1 5
20 1 9 10
n || 5n®(n?—1) | 1| in(n +1) — 1| (difference)

8.26. Definition. The W-component W of the curvature tensor
is called the Weyl tensor, or sometimes also the conformal curva-
ture tensor. The latter terminology comes from the fact that W is
conformally invariant, see Lemma 8.30 below.

Two metrics g, g on one and the same manifold (cf. 3.29 and 5.11) are
said to be conformally equivalent, if the measurement of angles is the
same in both metrics, i.e., if § = e72%g holds for some scalar function
. For these two metrics, let

V,V,R,R,S, 3, Ric,Ric,U,U, W, W, Z, Z, etc.

denote the corresponding curvature quantities.
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8.27. Lemma. For § = e 2?4 one has the following equations
between tlle corresponding quantities for the two metrics:
() VY =9V — (X@)Y — (Y@) X + (X, )grady;
(i) R(X.Y)Z = R(X,Y)Z — (Vxgrady, Z)Y

+{(Vygradp, Z) X — (X, Z)Vygradey

Y, Z)Vxgrade + (Y@)(Z) X — (Xp)(Zp)Y

—(grade, grady) - Ri(X,Y)Z
+< XY, Z) - (Yo)(X, Z}) - grady;

(ii}) Ric = Ric + (Ap — (n — 2)llgradgl[2)g + (n — 2)e=*V2(e¥),

Proor: Part (i) follows simply by applying the Koszul formula of
5.16 to both metrics. For g we have

_<K [Xa Z]) - <X7 [Ya Z]) - <Z> {YvXD
and for g
26720 (Vx Y, Z) = X(e729(Y, Z)) + Y (e7%(X, Z)) — Z(e” (X, Y))
_6M2w<Ya [Xv Z]> - 6»2(‘0<X, [Yva Z]> - €-2¢<Z’ [Y7 X]>
The difference of the two left-hand sides (after dividing by e~2¢) is
X(e2)Y, Z) + Y(e )X, Z) — Z(e ) (X,Y)
— 22 ( Xo(Y, Z) + Yo(X, Z) — (Z,gradp)(X, Y)).

Part (ii) follows from (i) by applylng these formulas twice to the
terms of the form VxVyZ and VXVyZ In addition to the first

derivatives of ¢, second derivatives of the form of the Hesse tensor
Vxgrady appear, cf. 6.2. Part (iii) follows upon taking traces. a

The somewhat complicated formula in part (ii) can be written more
succinctly for the corresponding (0,4)-tensors as

(R(X,Y)Z,T) = (R(X,Y)Z,T)~ %(gradcp, grade)(geg)(X,Y, T, Z)

+H(V2o e ) (X, Y, T, Z)+ (Vy - V) e g(X,Y, T, Z),

and consequently
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- 1
¢*’R = R — 5 (grady, gradg)g e g + (V@) e g + (Vip)* e g.

Here V2p = V(V¢) denotes the Hessian of ¢ as a (0,2)-tensor, while
R denotes the Riemannian curvature tensor as a (0,4)-tensor (Defini-
tion 8.19).

8.28. Corollary. In every dimension n > 3 one has:

1. A metric g is conformally equivalent to an Einstein metric if

and only if
e¥Ric + (n — 2)VZ(e¥)

is a scalar multiple of g for an appropriately chosen function
®.

2. If g is an Einstein metric, then § = e~ 2%g is an Einstein
metric if and only if V2(e¥) = Ag for some scalar function A.

The proof is easy, using equation (iil) in 8.27. Note the factor (n — 2)
in front of VZ2(e¥), which of course implies that 8.28 is no longer
true in dimension n = 2. The differential equation in part (2) of
8.28 can be explicitly solved by reducing it to an ordinary differential
equation 3" +cy = 0, where ¢ is a constant which only depends on the
scalar curvature and the dimension. This same is true of conformal
transformations between metrics of constant sectional curvature.

8.29. Corollary. For two-dimensional Riemannian metrics g,g =
e 2%y one has:
(), R=K-Ri=1Kgeg, R=3;Kjej=1ec"Kgey;
(ii) ¢ is conformally equivalent to a (flat) Euclidean metric if and
only if there is a function ¢ with Ajp = —K. Here A, de-

notes the Laplace-Beltrami operator with respect to g, see the
examples in 6.9.

Proor: (i) follows immediately from the fact we already know that
R and R are both scalar multiples of the standard curvature tensor.
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For (ii) we use 8.27:
e "2¥Kgeg=Kgeg+ (2V2p + 2(Ve)? — (gradp, gradp)g) e g,

so that the Gaussian curvatures K, K are calculated in an ON-basis
as K = (R(X,Y)Y, X), K =e*(R(X,Y)Y, X),

e 2K = K+ TiV2p+(X9)? +(Y9)* - (X9)? = (Y)? = K + Agp.

The equation K =0 is thus equivalent to K + Agzp = 0. O

Consequence. Every two-dimensional Riemannian metric is lo-
cally conformally Euclidean (or locally conformally flat). Thus,

isothermal parameters always exist, cf. 3.29.

This follows when we solve (locally) the partial differential equation
(known as the potential equation)

Agp=—-K

for a given function K as the Gaussian curvature of g. In the case of
the Euclidean metric, this is also known as the Poisson equation. In
the more general situation, the equation is given in local coordinates
in the form Agp = V9" = —~K or 22 (;¢%%) + Tp;¢”' = =K. Lo-
cally a solution always exists by general results on elliptic differential
operators, see [30]. Then K = 0 and hence also R = 0, so that e=2¢.g
is flat (Euclidean). The expression “conformally flat” is used in the
literature mostly to mean “locally conformally flat”. This raises the
interesting question

Problem: Which Riemannian metrics are locally conformally flat
forn>37
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8.30. Lemma. (H. Weyl®)

The W-component of the curvature tensor is conformally invariant,
i.e., for a conformally equivalent metric § = e g one has W =
W for the corresponding (1,3)-tensors and W = e~2¢W for the
corresponding (0, 4)-tensors. In particular, W = 0 whenever g is
locally conformally flat.

PRrRoOOF: For this one just has to insert the equation of 8.27 into the
expression for W following 8.24 and evaluate the terms (exercise). O

Question: Is the necessary condition W = 0 also sufficient for the
conformal flatness of a metric? The answer is: “no” for n = 3 and
“ves” for n > 4.

8.31. Theorem. (J. A. Schouten'?)

For n > 4 the metric g is conformally flat if and only if W = 0.

For n = 3 the metric g is conformally flat if and only if the relation
(VxO)Y, 2) = (VyO)(X, Z)

holds for all X,Y,Z. Here C and W denote the Schouten tensor
and the Weyl tensor with R=C eg + W.

Proor: All calculations which follow are local. First of all, g is
conformally flat if and only if R = 0 holds for an appropriately chosen

®Reine Infinitesimalgeometrie, Math. Zeitschrift 2, 384-411 (1918).

10 ber die konforme Abbildung n-dimensionaler Mannigfaltigkeiten mit quadra-
tischer Mafbestimmung auf eine Mannigfaltigkeit mit euklidischer Mafibestimmung,
Math. Zeitschrift 11, 58-88 (1921), cf. also [16], Chapter VI, §5.
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function ¢, i.e., if and only if

(gradp, gradip)g + V2 + (V)?) @ g = 0

s

for an appropriately chosen function ¢. Because of the orthogonal
decomposition R = C e g + W, this is equivalent to the relation

1
C - §<grad<p, gradp)g + Vo + (Vo) =0

for some , and in addition W = 0. This in turn holds if and only if
C-3llal?*g+Va+a-a=0foraoneform a =dpand W = 0.

The integrability condition for the last equation o = dyp is
da = 0 <= Va is symmetric <= C' is symmetric.

This symmetry is by definition of C always satisfied, see 8.23. Thus,
we only have to show the integrability condition for the equation

C—illal? g+ Va +a-a =0 plus the condition W = 0.

Note that the integrability conditions amount to symmetries of the
next-higher derivatives. This can be expressed with the help of the
“exterior derivative”

dVA(X,Y,Z) = (VxA)Y,Z) — (Vy A)(X, Z)
for an arbitrary symmetric (0, 2)-tensor. We have

&YV2(X,Y,Z) = (R(X,Y)grady, 2)
d¥ (Ve Ve)(X,Y, 2) (Yo)V2(X, Z)—(Xp)V3e(Y, Z)
0% (Llgradyl*- 9)(X,Y,Z) = Vo(X,grade)(V,2)
—V2p(Y, gradp)(X, Z)

Il

and, similarly,

d"Va(X,Y,Z) = —a(R(X,Y)Z)
dV(a-a)(X,Y,Z) = da(X,Y)a(Z)
+a(Y)Va(X, Z) - a(X)ValY, Z)
<VXC¥, a)(Y, Z) - <Vy0¢, a) (X, Z>

d¥ (5llal? - 9)(X,Y, Z)
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We now evaluate dV for the left hand side of the equation above as
follows:

4 (C + V2 + (Vo)® — 3llgradyl|®g) (X, Y, Z)
— dC(X, Y, Z) + R(X,Y, Z,grady) + (Y)V2p(X, Z)
—(X)V2p(Y, Z) = V2p(X, gradp)(Y, Z) + V(Y gradp)(X, Z)
=dVC(X,Y,Z) + C e g(X,Y, Z, grady)
1Y [Llgradyl 2(X, Z) — (Vo)*(X, Z) - C(X, 2)]
—Xo[Hlgradg|P (Y, Z) - (Vo)X(Y, Z) - C(Y, Z)]
—(Y, Z)[5llgradel||*(X, grade) — (Ve)*(X, gradp) — C(X, grady)]
+(X, Z) [5]lgradel|[*(Y, grade) — (V) (Y, gradp) — C(Y, grady)]
= de(Xv Y, Z) = (VXC)(Ya Z) - (VyC)(X, Z),

similarly for o instead of V. Therefore d¥C = 0 is the integrability
condition for the equation above. Thus, R = 0 if and only if

d¥C =0 and W =0.

For n = 3 this verifies the statement of the theorem, as in this case
W = 0 always holds according to 8.25. For n > 4 it can be shown
that the equation W = 0 implies the remaining equation d¥C = 0,
as follows. From W = 0 we get the equality R = C e g, which means,
taking the product rule 8.20 into account, that VxR = Vx(C e
g) = (VxC) e g. We now insert this relation into the second Bianchi
identity

(VXR(Y,Z)T, V) + (VyR(Z, X)T,V) + (VzR(X,Y)T,V) = 0

and form the trace over Y and V, i.e., weset Y = V = E; for an
ON-basis E; and form the sum:
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0 = >, VxC(E;,E)g(Z,T)+ 3, VxC(Z,T)g(E;, E;)
=2 VxC(E, T)g(Z, Ei) = 3., VxC(Z, E)g(E;, T)
+3., Ve C(Z, E)g(X,T)+ >, Ve, C(X,T)9(Z, E;)
-2, VEC(Z,T)g(X, E) — 3, VE,C(X, Ei)g(Z,T)
+22, VzO(X, Eg(E;, T) + 32, VzC(E;, T)g(X, E;)
~ X, V20X, T)g(E:, Ei) — ¥, VzO(E;, E)g(X,T)

= (n-3)(VxC(Z,T) - VzC(X,T))
+ (divC(Z2) - TtV zC)g(X,T) — (divC(X) — TtV xC)g(Z,T)
= (n-3)dvC(X,2Z,T).
Thus for n > 4 it follows that d¥C = 0. The expressions
divC(Z) - TtV;C and divC(X) — TrVxC
X(S)

vanish because div(Ric)(X) = =5, and consequently

divC(X) — TtV xC

_ 1 (X(S) X(S) v Ric+

1
2 2(n—1) ﬂT—T)TrvX(SgD =0

d

For further aspects of conformal geometry in connection with Rie-
mannian geometry, have a look at the volume “Conformal Geometry”,
editors R. S. Kulkarni and U. Pinkall, Vieweg, 1988.

T n-2

8F Duality for four-manifolds and Petrov types

There are many reasons why dimension four is very special. One is
that it is the smallest dimension in which non-trivial Einstein metrics
can occur. Another is that it is the dimension of classical space-time
(as the physicists say, it is (3 + 1)-dimensional). Finally, there is a
duality in this dimension (and only in this dimension) between two-
dimensional subspaces, which always occur in orthogonal pairs. Thus
one has a duality operator for two-dimensional subspaces (or, fixing
the orientation, for bivectors), which associates to each such subspace
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its orthogonal complement. This leads to the following additional
structure, the so-called Hodge duality.

8.32. Definition. (Duality in dimension four)

Suppose we are given an oriented four-dimensional vector space V
with inner product, and we denote by /\2 = A%(V) the space of
bivectors over V. In a fixed ON-basis E;, Es, F3, E4, we define the
Hodge operator
* /\2 — /\2

by *(E; A E;) = Ey A Ey, where E;, E;, Eg, E} is positively oriented
in the sense that E; A E; A Ex A Eyp = Ey A E9 A E3 A E4. Then the
square *2 = % o * is the identity. More precisely, we have

*(El A EQ) Es AN Ey,
*(El /\Eg) = E4ANE,,
*(El /\E4) = FEsAFEs,
*(EQ/\E?,) = FE| ANEy,
*(Eg A E4) = FE3ANE;,
*(Eg A E4) E1 A EQ.

Because
{(x(Ei A Ej), Ex N Ep) = (Ei A Ej, x(Ex A EY)),

the Hodge operator x* is self-adjoint, and thus the only eigenvalues of
*, taking the relation *? = Id into consideration, are +1 and —1. We
define the corresponding eigenspaces as follows:

A2 = (Ve Nlxv =V}

A2 = (Ve |*Vv=-V}
These form an orthogonal decomposition
2 2 2
N =N oA
with dim /\i = dim A®> = 3. In case we are on an oriented four-

manifold, it now gets quite interesting to compare the self-adjoint
endomorphism x with the endomorphism

R: NA(T,M) — N (T, M),

which is itself self-adjoint.
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8.33. Theorem. (A. Einstein, 1927!!, rediscovered by 1. M.
Singer and J. Thorpe in 1969'?)

For an oriented Riemannian four-manifold (M, g), the following
conditions are equivalent:
1. (M,g) is an Einstein space.
2. xo R=Rox
3. The sectional curvature in any two planes which are orthog-
onal to one another coincides, i.e., K, = K, 1.

ProoOF: First we show the equivalence of points 1 and 3. In an
ON-basis Ei,..., £, with associated sectional curvatures K;; in the
E;, E;-planes, we have

Ric(Ey, E1) = Ko+ K13+ Ky,
Ric(Ez, Ep) = Koi + Koz + Koa,
Ric(Es, E3) = Ka1 + Kz + Kag,
Ric(Ey, Ey) = Ka + Ky + K3,

For an Einstein metric the left-hand sides all coincide, thus so must
also the right-hand sides. Thus, from the first two equations, it follows
that K13+ K14 = Ka3+ Koy, and from the last two it similarly follows
that K13 + K3 = K14 + Ky4. This implies

K14—K23 - K24—'K13)
Kis — K3 = Ki3— Ko,

thus both sides necessarily vanish. This holds in an arbitrary ON-
basis, thus for every pair of planes which are orthogonal to one an-
other.

Conversely, from Ky = Kay, K13 = Ko4, K14 = Kbs, the Einstein
condition

RiC(El, El) = RiC(E2, Eg) = RiC(Eg, E3) = RiC(E4, E4)

1 Jber die formale Beziehung des Riemannschen Kriimmungstensors zu den Feld-
gleichungen der Gravitation, Math. Annalen 97, 99-103 (1927).

12 The curvature of 4-dimensional Einstein spaces, “Global Analysis”, Papers in honor
of K. Kodaira, 355-365, Princeton Univ. Press, 1969.
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follows, as well as the equation Ric(E;, E;) = 0 for i # j, the latter
using polarization and the equation

RIC(E1 + Ej,Ei + EJ) = RIC(EZ — Ej, E;, — EJ)

For the equivalence of these to condition 2, we represent the curvature
endomorphism R and * in a convenient basis, using Fq1 A Es, E3 A
E,, E\AE3, E4ANEs, E1ANEy, EoAFE3, in that order. The corresponding
matrices of R will be momentarily denoted A,p,1 < a,b < 6. From
the self-adjoint property we have A,, = Ap,. The matrix of the
duality operator x is clearly

01 0 0 0 O
1 0 00 0 O
0 001 00O
B=10o 01000
0 0 00 01
0 0 00 1 O
By calculating the products AB and BA we see that AB = BA if

and only if

A1 = Agg, Azz = Ayg, Ass = Ass,
Az = Agy, Az = A4, A1s= Agg, Aos= Ay, Azs= Ase, Aas= Ase.
Comparing this with the sectional curvatures K;;, we have

A1 = Ko, A = K3y, Azz = Kia,

Aga = Koy, Ass = K14, Age = Kaa.
Moreover,

Ric(E1, Ey) = Roi42 + Raaz = —A1g + Ags,

and so forth. The equations above are thus equivalent to the Einstein
condition. Thus 1 and 2 are equivalent. Note that we are using the
first Bianchi identity, which appears here in the form Ao+ A3y +Asg =
0. The scalar curvature S is of course just the trace )", A;; of the
matrix A. . O

In considering the dimensions of the individual subspaces in the de-
composition R = U & Z & W, note that the nine equations above
define the space U & W, where U corresponds to the unit matrix.
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Altogether there are 21 degrees of freedom for the matrix A, which
are reduced to 20 by the first Bianchi identity. These 20 dimensions
are split as 1 + 9 + 10, cf. 8.25. The space W = W, & W_ splits in
this respect into two five-dimensional spaces.

In what follows we consider the modifications which are necessary
upon passage from a four-dimensional Riemannian manifold to a
space-time, i.e., a four-dimensional Lorentz manifold (M, g), where
g is pseudo-Riemannian of signature (— + ++).

8.34. Definition. (Duality on a four-dimensional space-time)

As usual we let FEy, F,, F3 E; denote an ON-basis and g; =
(E;, E;) with e1 = —1 and €9 = €3 = g4 = +1. Correspondingly, we
have a 6-dimensional subspace /\2 with an inner product of signature
(= 4+ — 4+ —+). More precisely, for i # j we have:

<<E1 /\Ej,Ei /\E]» =&t €5 =1 &4y

The Hodge operator x: /\2 — /\2 should again be self-adjoint with
respect to {{ , )). Because of possible signs, we have to be careful
about this. Let %(E; A E}) = £FEy A Ej, where (ijkl) denotes an even
permutation. Then the required self-adjointness implies

Ekl = <<*(Ez A Ej), >|<(E‘z A E])» = <<El A Ej, *Q(Ei A EJ)» = :teij-
N e

+ELAE +ELAE, +E,AE,
But taking the relation ¢; - €; - €5 - €, = —1 into account, this equation
can only be satisfied if *Q(Ei A E;) = —E; A E;. Thus in this case,
the self-adjointness of * implies *? = —Id.

The Hodge operator x: /\Q(TPM) — /\Q(TPM) of a space-time is
therefore defined by

*(El /\EQ) = E3 /\E4, *(Eg /\E4) = "El /\EQ,
*(E1 /\E’;) = Ey N Es, *(E4 /\EQ) = —FE; AFs,
*(E1 A E4) = FEy A Ejs, *(E2 A Eg) = -—F| NE4

In these relations, we view the curvature tensor R as an endomor-
phism R of the space A\*(7,M) of bivectors. In order to formulate
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Theorem 8.33 for space-times, we must take account of the fact that
the sectional curvature

(R(X,Y)Y, X)

K, = (R (X, Y)Y, X)

is not well-defined for all types of planes, but rather only for non-
degenerate planes, i.e., planes for which (R;(X,Y)Y, X) # 0 holds for
at least one basis X,Y € o.

8.35. Theorem. (Variant of Theorem 8.33 for space-times)
For an oriented four-manifold (M, ¢) with the signature (— 4+ ++4),
the following conditions are equivalent:
1. (M, g) is an Einstein space.
2. xoR=Rox.
3. The sectional curvatures in two non-degenerate planes which
are orthogonal to one another are equal, i.e., K, = K, ..
4. R can be viewed as a C-linear endomorphism of the complex-
ification /\é(TpM ) in which the representing matrix (induced
by an ON-basis in /\2(TPM)) is symmetric.

Proor: To see the equivalence of 2 and 4, note that in the basis
E1 A EQ, E3 A E4, E1 A E3, E4 A EQ, El A E4, E2 A E3 (1n this order),
the duality operator x is represented by the matrix

0 -1 0 0 0 O
1 0 0 0 0 O
0 o 0 -1 0 O
B= 0 0o 1 0 0 O
0 06 0 0 0 -1
0 0- 0 O 1 O

We again represent the endomorphism R by a matrix A;;. By calcu-
lating the products AB and BA we see that AB = BA if and only
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A A Az A Ais A

A A A Az —As As

Az Ann Aszz Azqg Azs Az

—Ayy Az —Azy Az —Asg Ass |

Ais Ag  Aszs Az Ass Ass

—Aig A1z —Asze Aszs —Ase Ass

that is, if the matrix A can be written with symmetric 2 x 2 blocks

of the form
a b
-b a /)’

each of which represents a complex number C;; = a — . Thus
AB = BA is equivalent to A being given as a complex 3 x 3 matrix:

A:

Ciy Ci2 Cis
C=| Cia Cyp Cou |,
Ciz Cy (33

where
Ci1 = A — 149, Crog = Az — Ay, Ci3 = A5 — 1416,
Cag = A3z — 1434, Caz = Ass — 1Az, Cs3 = Ass ~ 1456,

We now show the equivalence of 1 and 2. If (M,g) is an Einstein
space, then from Ric= \g in our ON-basis we get Ric(E;, E;) = 0 for
i # 7. In addition,

—RiC(El, El) = RiC(EQ, EQ) = RiC(Eg, Eg) = R,iC(E4, E4)

Note here that, when doing calculations with the ON-basis, the raising
and lowering of indices (i.e, passing from vectors to covectors) changes
the sign if the index is the time-like index 1, while there is no such
sign factor for the three space-like indices 2,3,4.

Calculating the diagenal elements of the Ricci tensor, we get, for
example,

Ric(Ey, Fp) = Zfz (Ei, Er)EL, Ey)
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= Ra191 + R3131 + Ra141 = — A1 — Azz — Ass,

and similarly for the remaining diagonal elements:

Ric(Eq, Ey) = A + Aug + Asgs,
Ric(Es, E3) = Ag+ Azz + Ass,
Ric(Ey, Ey) = Az + A+ Ase.

Thus we have A11 = AQQ, A33 = A44 and A55 = A66~ Relations
among the entries above and below the diagonal are calculated as in
the following case:

0 = Ric(Es, Ey) = Zsz (E;, E3)Ey, E;)

= —Ry314 + Rozaq = —Ry314 — Roggo = Azs — Asy,

resulting in the following conditions on the matrix A:

Az = Aoy,  Ag = Ags,
As1 = Ag2, Agr = Agps,
Asz = Ags, Agz = Ays.

Together with the self-adjointness (or the symmetry) of R, we find
that A must have the form as given in the lemma above; thus «R =
Rx. The implication 2 = 1 is obtained by following the above calcu-
lations backward.

The implication 1 = 3 follows just as in 8.33: The Einstein condition
yields K19 = K34, K13 = Koa4, K14 = Ko3. For the converse impli-
cation 3 = 1, we first calculate the diagonal elements of the Ricci
tensor. Of course

Ric(E;, E;) = Z e {R(Ej, E;)E;, Ej)

= &; Zsi5j<R(Ej,Ei)Ei7 E]> =£; Z KU
J

i
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Thus one gets

—Ric(E1, E1) = Kip+ K13+ Kia,
Ric(Ey, Ez) = Ko+ Koz + Ko,
Ric(E3, E3) = Kiz+ Koz + Kaa,

RiC(E4,E4) = K14+K24+K34.

The right-hand sides of the four equations are by assumption all equal
to one another; thus Ric(E;, E;) = Ae;. By taking traces we get
A= % For the elements above and below the diagonal we use an
argument with polarizations. For 4, 7 £ 1 we can polarize in the usual
way, as in these cases E; + E; is space-like. But for the quantities
Fy + E; we must proceed differently, as Fy + E; is light-like, which
means that it cannot be obtained as an element of an orthogonal ba-
sis. We consider F + tE;, which is space-like for every ¢ > 1. Then,
with Ric(E;, E;) = &;5, we have

;(-—1 + t2) = RIC(E1 +tE;, E1 + tEi)

- g(_l +12) + 2tRic(Ey, Ey).

But this equation can only be satisfied for ¢ > 1 if Ric(E;, E;) = 0
holds. O

If, instead of taking the complete curvature tensor R, we take only
the Weyl component W, then we certainly have Wi = *W as W has
no Z-component, which, according to Corollary 8.25 (ii), corresponds
precisely to the Einstein condition. In this way we can associate to
every curvature tensor a unique complex (3 X 3)-matrix coming from
W. By the above argument the trace of this matrix vanishes, as in the
decomposition of the curvature tensor R = U + Z + W the component
U carries the entire scalar curvature. This means that the sum of the
eigenvalues of C' must vanish.
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8.36. Corollary. (Petrov types (following [22])) For every space-
time (M, g) we use Theorem 8.35 to associate to the Weyl tensor a
complex matrix with Tr(C') = 0. The Jordan normal form of this
matrix is then one of the following six possibilities, in which A # 0
and p #£ A denote complex numbers:
A0 0 A0 0
I: 0 p 0 , D: 0 A 0 ,
0 0 =A—upu 0 0 -2x
0 00
O 00 0],
0 00
Al 0 0 1 0
Ir : 0 A 0 , N: 00 0],
0 0 —2A 0 00
01
I . 0 1
0 0
The type I, I, III, D, O or N which occurs is called the Petrov type
of the metric g.

The notation is meant to emphasize that the main types which occur
are I, Il and III. For the type I, C is diagonalizable, i.e., the sum
of the dimensions of the eigenspaces is three (which is precisely the
sum of the geometric multiplicities). For type IT the corresponding
sum is two, while in the case of type IIl it is just one. The types
D and O are “subtypes” of type I, for which not all eigenvalues are
distinct. Similarly, type IV is a “subtype” of type II for which two
of the eigenvalues coincide. There can be no such “subtypes” of type
II], as is easy to see. The Petrov types are important in the literature
on the general theory of relativity.

Exercises

1. Show that the product metric of the two standard metrics of
curvatures 1 and —1, respectively, on §% x H?, is a metric whose
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© ® N o

10.

11.

12.

scalar curvature vanishes. Can an Einstein metric be obtained
from this?

Calculate the Weyl tensor for the product metric on §2 x §2,
the product of two unit spheres.

Let (9% ds?) denote the standard metric on the three-sphere
of unit radius. Show that the product manifold S! x $3 with
the Riemannian metric ds? = dt? + (2 + sint)ds? has constant
scalar curvature and admits a one-parameter group of (globally
defined) conformal diffeomorphisms onto itself. Hint: The con-
formal diffeomorphisms preserve the three-spheres {t} x S% and
“push” them in the ¢-direction, with varying radii of the indi-
vidual spheres.

Verify the formulas in Ricci calculus for the three components
of the curvature tensors as in 8.24.

Prove that the Gauss equation for a hypersurface in 4.15 und
4.18 can be written as R = 1(II e II) Compare the equation
R, = %(g e g) in 8.20 and Exercise 23 at the end of Chapter 4.

Find a basis for the subspaces /\i and A” in 8.32.

. Verify the details of (ii) and (iii) in 8.27.
. Verify Lemma 8.30 by applying the formulas in 8.27 and 8.24.

Since the three-sphere admits three linearly independent vector
fields at every point (see the exercises at the end of Chapter
7), it also admits a Lorentz metric g. Applying stereographic
projection, one gets from this a Lorentz metric § on R3. Is §
conformally equivalent to Minkowski space IR}?

Show that in a space-time (a four-dimensional Lorentz manifold)
a plane o is non-degenerate if and only if there is a plane ot
which is perpendicular to it and also non-degenerate.

Determine the Petrov types for the standard curvature tensor Ry
as well as for the product metric of constant curvature, where
one metric is Riemannian and the other is Lorentzian.

Show that the Schwarzschild metric from Chapter 5, Exercise
22 is Ricci-flat, i.e., that Ric = 0. What is the Petrov type?
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13. A so-called pp-wave is defined as a four-dimensional manifold
with a metric of the form ds? = H (u,y, z)du?+2dudv+dy?+dz22.
Show that the Petrov type of a pp-wave is N or O.
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List of notation

Z,IR integers, real numbers

IR™ real vector space, also Euclidean space with fixed origin
E™  Euclidean space without fixed origin

S™  p-dimensional unit sphere in R"T!

R? Minkowski space or Lorentzian space

H™ hyperbolic space

C,HH complex numbers, quaternions

(, ) Euclidean scalar product, in Chapters 5 to 8 also a Riemannian
metric

(, )1 Lorentzian metric in Minkowski space IR}
I,II Il first, second and third fundamental forms

Gij, hij,ei; first, second and third fundamental forms in local coor-
dinates

g"  inverse matrix to g;;

RE=3%" j hijg? ¥ Weingarten mapping in local coordinates

E,F,G Gaussian symbols for the first fundamental form E = g11, F'
= g12, G = g22

¢ Riemannian metric

% curvature of a plane or space curve
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372 List of notation

T torsion of a space curve

€i,.--,e, Frenet n-frame of a Frenet curve
Ki1,-..,Kkn-1 Frenet curvatures of a Frenet curve in R™ (in Ch. 2)
¢ = % tangent vectors to a curve with parameter ¢

¢ = g2 tangent vectors to a curve with arc length parameter s
U. index of a closed plane curve ¢

sy normal curvature of a curve on a surface

kg geodesic curvature of a curve on a surface

v Gaussian normal mapping, Gauss map

L Weingarten mapping

K1, k2 principal curvatures of a surface element in IR3

K1,...,Kn Pprincipal curvatures of a hypersurface in R"*! (in Ch.
3)

A parameter of distribution of a ruled surface

dA area element of a two-dimensional surface element

dV  volume element in higher dimensions

H mean curvature

K Gaussian curvature

K, ith mean curvature (on hypersurface elements)
D directional derivative in IR™

V  covariant derivative or Riemannian connection
[X,Y] Lie bracket of two vector fields X, Y

Fi-“j, i5,m Christoffel symbols

R(X,Y)Z curvature tensor

Rfj x> Fijrr  curvature tensor in local coordinates
Ric(X,Y) Ricci tensor

ric(X) Ricci curvature in the direction X

R;; Ricci tensor in local coordinates



List of notation 373

S scalar curvature
W,C Weyl and Schouten tensors

exp, exponential mapping at a point p






Index

acceleration vector, 141
angle, 2

angle preserving, 101, 128
apex, 12

arc element, 60

arc length, 9
Archimedean spiral, 51
asymptotic curve, 84, 128
atlas, 204

Banchoff, T., 187

Beltrami, E., 85, 95

Bertrand curve, 53

Bianchi identity, 249, 341
binary dihedral group, 309
binary icosahedral group, 309
binary octahedral group, 309
binary tetrahedral group, 309
binormal, 17

biquadratic form, 252
bivector, 337

Bonnet, O., 154

boost, 276

canal surface, 78
Cardan angles, 206
Cartan, E., 166
Catalan, E. C,, 113, 129
catenary, 11, 112, 195
catenoid, 112, 157, 196

Cauchy-Riemann equations, 103

Cayley map, 205

Cayley plane, 336

chain rule, 214

chart, 5, 202, 203

Christoffel symbols, 139, 160, 168,
228

circle, 9

Clifford torus, 32

Codazzi-Mainardi equation, 147,
154, 170, 198, 248

Cohn-Vossen, S., 190

complex manifold, 207

complex projective space, 335

complex structure, 209

cone, 90, 91, 93

conformal, 101, 105, 107, 128, 221,
278

conformal curvature, 346

conformally flat, 126, 351, 353

conic type, 82

conjugate point, 312

conjugate surface, 112

connection, 226

connection form, 168

constant curvature, 25, 36, 81, 191,
193, 255, 273, 294, 316

constant Gaussian curvature, 162

contact of kth order, 12

contraction, 257
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Index

contravariant tensor, 242

convergence, 208

convex, 42, 183

convex hull, 45, 183

coordinate transformation, 204

Cornu spiral, 16

cosmological constant, 331

countability axiom, 222

covariant derivative, 136, 138, 168,
226, 245, 272

covariant tensor, 242

covector field, 243

covering, 298, 307, 316

Coxeter, H.S.M., 308

CR equations, 103

cubical parabola, 20

curvature, 14, 17, 20, 36, 71

curvature tensor, 150, 171, 249
253, 321

curve, 7, 8

curve, closed, 37

curve, length of, 8

curve, simply closed, 37, 45

cyclic group, 307, 309

cycloid, 50

cylinder, 90, 91

)

Darboux equations, 26, 52
Darboux vector, 26, 52
derivative, 3, 6, 214
developable surface, 89, 121
dicyclic group, 309
diffeomorphic, 208
differentiable, 3
differentiable manifold, 203
differentiable structure, 204
differential, 6, 214, 246
differential form, 167
dihedral group, 307
Dini, U., 95
directional derivative, 100, 135,
210, 211, 226
directional vector, 63
directrix, 85
distance, 2
divergence, 257, 258
double point, 48
double tangent, 48

dual basis, 217
duality, 356
Dupin indicatrix, 76

eigenvalue, 72

eigenvector, 72

Einstein field equations, 330

Einstein space, 261, 334, 357

Einstein tensor, 263, 330

Einstein, A., 318, 323, 357

ellipse, 76

ellipsoid, 131

elliptic point, 73, 196

elongated sphere, 82

energy functional, 284

Enneper, A., 85, 113

equations of Gauss and
Weingarten, 140, 146

Euler angles, 206

Euler characteristic, 179-181, 190,
222

evolute, 15

exponential mapping, 231, 285

exterior derivative, 168

Fabricius-Bjerre, Fr., 48
Fenchel, W., 46

Fermi coordinates, 161
first fundamental form, 59
flow, 235

focal curve, 15

four vertex theorem, 45
free motion, 275

Frenet curvature, 27
Frenet curve, 13

Frenet equations, 14, 17, 36
Frenet matrix, 26, 27
Frenet n-frame, 13
Frobenius, G., 155

Gauss equation, 147, 150, 154, 170,
198, 267, 272, 365

Gauss formula, 140

Gauss lemma, 287

Gauss map, 64, 67

Gauss, C. F., 148, 326

Gauss-Bonnet formula, 173, 326

Gauss-Kronecker curvature, 125



Index

377

Gaussian curvature, 73, 119, 148,
195, 248

geodesic, 72, 123, 141, 220, 229,
230, 285, 312

geodesic coordinates, 277

geodesic curvature, 23, 72, 127, 172

geodesic parallel coordinates, 160

geodesic polar coordinates, 288, 295

geodesic torsion, 127

geodesic triangle, 177

geometric linearization, 8, 55

golden ratio, 308

gradient, 246, 319

Gram determinant, 183

Gram-Schmidt orthogonalization,
13

graph, 58, 74

groups of motion, 274

harmonic function, 102

Hausdorff separation axiom, 208

helicoid, 87, 112, 157

helicoidal ruled surface, 87, 95

helix, 9, 20

Henneberg, L., 113

Hesse tensor, 246

Hessian, 74, 246, 350

Hessian matrix, 74

hexagonal torus, 299

Hilbert, D., 192, 318, 323

Hilbert-Einstein functional, 318

Hodge operator, 356, 359

holomorphic, 103, 107

holonomy group, 232

homogeneous space, 332

Hopf, H., 41, 181

hyperbola, 35, 76

hyperbolic plane, 121, 122, 198

hyperbolic point, 73

hyperbolic space, 271, 273, 297

hyperboloid, 74, 84, 86, 115, 129
271

hyperboloid type, 82

hyperplane, 126

hypersphere, 126

hypersurface element, 124

icosahedral group, 307

icosahedron, 308
immersion, 3, 5, 8, 55
implicit function, 3
index, 126
index form, 282
inflection point, 14, 48
inner product, 2, 218
instantaneous speed, 8
integrability conditions, 146, 147,
150, 155, 170, 353
inverse mapping, 4
irreducible, 333
isometric, 162
isometry, 221, 295
isometry group, 332
isothermal, 101
isotropic, 34, 116, 132
isotropy group, 332

Jacobi determinant, 65
Jacobi equation, 289
Jacobi field, 289, 291, 312
Jacobi identity, 224, 249
Jacobian, 3

Klein bottle, 205, 222
Koszul formula, 349
Kuiper, N. H., 187

Lagrange multiplier, 72

Laplace-Beltrami operator, 258

Laplacian, 258

length preserving, 162

lens space, 310, 314

level point, 73, 106, 107

Levi-Civita connection, 226

Lie algebra, 232

Lie bracket, 138, 223, 236

Lie derivative, 224

Lie group, 232

Lie, S., 223

Liebmann, H., 46, 191, 193

light-cone, 34, 115

light-like, 34

light-like line, 35

line, 9, 85, 123

line of curvature, 77

lines of curvature parameters, 77,
105
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Index

locally compact, 208

locally isometric, 256
logarithmic spiral, 51
Lorentz group, 274

Lorentz rotation, 119
Lorentz space, 34, 274
Lorentz transformation, 276
Lorentzian metric, 219, 222

manifold, 203

Maurer-Cartan equations, 170
mean curvature, 73, 99, 125, 130
mean curvature vector, 102
measure tensor, 240

Mercator projection, 128
meridian curve, 78
meromorphic, 107, 209

metric tensor, 240

Meusnier, M., 72

minimal surface, 99, 132
Minkowski space, 33, 114, 219, 274
Mébius strip, 65

Mobbius, A., 66

Monge coordinates, 74

Monge surface, 132

Monge, G., 132

monkey saddle, 74

multilinear, 242

multiplicity, 312

Neil parabola, 20
non-Euclidean geometry, 122
norm, 2

normal coordinates, 285
normal curvature, 72, 172
normal plane, 20

normal section, 72
normal space, 6, 56
normal variation, 98
normal vector, 14, 57
null vector, 34, 270
null-cone, 115

oblate sphere, 82
octahedral group, 307
octahedral space, 310
octahedron, 308
orientability, 64
orthogonal group, 205, 274

osculating plane, 20, 72
osculating sphere, 21
ovaloid, 184

parabola, 20

parabola of contact, 49
parabolic point, 73
paraboloid, 74, 129

parallel, 141, 229, 230

parallel displacement, 142, 230
parallel surface, 130
parameter, 56

parameter of distribution, 87
parameter transformation, 65
parametrization, 5, 56, 202
parametrized curve, 8
partition of unity, 221

Petrov type, 364

Pfaffian form, 167

Poincaré upper half-plane, 312
Poincaré upper half-plane, 196, 220
polar angle, 42

polar angle function, 38

polar coordinates, 37, 277

polarization, 252

position vector, 63

potential eqﬁation, 351

primitive, 105

principal curvature, 72, 125, 259,
265

principal normal, 17, 195

prism space, 310

product rule, 245

profile curve, 78

projective plane, 205, 220

pseudo-Euclidean, 270

pseudo-hyperbolic space, 273

pseudo-Riemannian metric, 218

pseudo-sphere, 83, 273

quadratic integral, 60

quaternion algebra, 305
quaternion group, 311

quaternion space, 310, 311
quaternionic projective space, 336
quaternions, 305

rank, 3
rank theorem, 4
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rectifying plane, 20
relativity theory, 219
relativity, special, 33

Ricci calculus, 212

Ricci curvature, 261, 267, 291
Ricci tensor, 259, 337

Ricci, G, 212, 248

Riemann sphere, 209
Riemann, B., 201
Riemannian connection, 225
Riemannian manifold, 218
Riemannian metric, 218
Rodrigues, O., 73

rotation group, 306

rotation index, 39

rotation matrix, 206
rotational torus, 130

ruled surface, 78, 85, 93, 121
ruling, 85

saddle point, 76

scalar curvature, 152, 196, 259,
267, 323, 337

scalar product, 100

scaling, 255

Scherk, H. F., 113

Schmidt orthogonalization, 13

Schouten tensor, 352

Schouten, J. A., 352

Schur, F., 254

Schwarz, H. A., 114

Schwarzschild metric, 236, 365

screw-motion, 10, 88

scroll, 78

second fundamental form, 69, 118,
243, 267

sectional curvature, 152, 248,
251-253, 290, 357

self-adjoint, 68, 339

semi-Riemannian metric, 218

shape operator, 68

shortest path, 144, 283

singularity, 56, 81, 83, 91, 97, 104

slope line, 24, 52

space curve, 16

space form, 296

space-like, 34, 116, 270

space-time, 316, 317, 330, 359

sphere, 57, 66, 74, 76, 81, 82, 97,
124, 128, 129, 197, 270

spherical coordinates, 61, 124

spherical curve, 21

spherical dodecahedral space, 310

spiral, 51

square torus, 299

standard parameters, 86

Stiefel manifold, 14

Stokes, G., 172, 326

striction line, 86, 87

structural equations, 170

structure, 207

submanifold, 5, 57

submersion, 3, 5

surface, 55

surface area, 62, 99

surface classification, 180

surface element, 56

surface integral, 62

surface of revolution, 78

surface of rotation, 78, 119

symmetries, 274

tangent, 8

tangent bundle, 5, 234, 313

tangent developable, 90

tangent hyperplane, 124

tangent plane, 56

tangent space, 5, 6, 57, 209

tangent surface, 92

tangent vector, 8, 17, 57, 210

Taylor expansion, 12, 19

Tchebychev grid, 128, 195

tensor, 241, 242

tensor field, 241

tensor product, 242

tetrahedral group, 307

tetrahedron, 308

theorem on turning tangents, 41,
174

Theorema Egregium, 148, 151, 158,
239

Theorema Elegantissimum, 177

theory of relativity, 323

third fundamental form, 69

tightness, 186, 187, 189

time-like, 34, 116, 270
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Index

topological manifold, 207

topology, 2, 207

torse, 90

torsion, 17, 20, 27, 36

torsion tensor, 226

torus, 205, 220, 222

torus knot, 32

torus of revolution, 59

total absolute curvature, 42, 44, 46,
184

total curvature, 37, 39, 186, 327

total mean curvature, 130

trace, 257

tractrix, 11, 83

transition function, 204

truncated cube space, 310

umbilic, 73

variation, 100

variation of a metric, 319
variation of arc length, 281
vector field, 63, 216, 243
vector space, 2

vertex, 45

warped product, 197, 235, 267

wedge product, 168

‘Weierstrass representation, 108

‘Weingarten equation, 140

Weingarten map, 68, 118, 124, 243,
248, 272

Weingarten surface, 95, 131

Wente-Torus, 194

Weyl tensor, 346, 348, 352

Weyl, H., 352

Willmore, T., 130

winding number, 38

Wolf, J., 334



