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Preface

Should authors feel compelled to justify the writing of yet another lecture notes on
Quantum Field Theory? In an overpopulated world, should parents feel compelled
to justify bringing forth yet another child? Perhaps not! But an act of creation is also
an act of love, and a love story can always be happily shared. These notes originated
from a series of lectures on Quantum Filed Theory delivered at the Faculty of Nuclear
Science and Physical Engineering, Czech Technical University in Prague, over the
period from 2019 to 2020. During the writing, I have attempted to maintain a cohesive
self-contained content. The material is discussed in sufficient detail to enable the
students to follow every step, but some crucial theoretical aspects are not covered
such as the non-perturbative aspects of Yang—-Mills gauge theories or quantum field
theory of gravity. Still it is hoped that these notes will serve as a useful introduction to
Quantum Field Theory.

A working knowledge of basic quantum mechanics and related mathematical for-
malisms, e.g., Hilbert spaces and operators, is required to understand the contents
of these lecture notes. Nevertheless, | have attempted to recall necessary definitions
throughout the chapters and the numerous notes.

I would like to express my gratitude to Doctors V. Zatloukal and J. Kilap for their
diligent reading of the manuscript and constructive criticisms. Also special thanks go
to M. Blasone, G. Vitiello and H. Kleinert for teaching me non-perturbative techniques,
as well as to the students of QFT I and II courses for their patience and their numerous
suggestions. Finally these notes would not have seen the light of day had it not been
for the heroic efforts of three modern day scribes and illuminators, Georgy Ponimatkin,
David Grund and Diana Maria Krupové to whom I am deeply grateful.

Books

There are many books on Quantum Field Theory, most are rather long. All those listed
below are worth looking at. They provide a wealth of a complemental material for
these lecture notes.

» E.M. Peskin and D.V Schroeder, An Introduction to Quantum Field Theory, (Addison-
Wesley Publishing Co., 1996).

Provides a good introduction with an extensive discussion of gauge theories



including QCD and various applications.

M. Srednicky, Quantum Field Theory, (Cambridge University Press, 2007).
Represents a comprehensive modern book organised by considering spin-0, spin-
12 and spin-1 fields in turn.

S. Weinberg, The Quantum Theory of Fields, vol. I Foundations and vol. II Modern
Applications, (Cambridge University Press, 1995,1996).

Written by a Nobel Laureate, contains lots of details which are not covered else-
where, perhaps a little idiosyncratic and less introductory than the above.

Z. Zinn-Justin, Quantum Field Theory and Critical Phenomenam, (Oxford University
Press, 2002).

Book devotes a large fraction to applications to critical phenomena in statistical
physics but covers gauge theories at some length as well, not really an introduc-
tory book.

C. Itzykson and J.-B. Zuber, Quantum Field Theory, (McGraw-Hill International
Book Co., 1980).

At one time the standard book, containing a lot of detailed calculations but the
treatment of non abelian gauge theories is a bit cursory and somewhat dated.
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Non-Relativistic Wave Function

1.1 Transformations

In quantum mechanics the physical state of a particle is represented
by wave function y(x, t). In the Schrodinger picture we have y(x,t) =
(x|y (1)), i.e. time evolution in this picture is contained in the state
vectors and corresponding base vectors are time independent (basis is
rigid). On the other hand, in the Heisenberg picture we have y(x, ) =
(x,t|y), i.e. state vectors are time independent and base vectors evolve
(basis evolves in time). Consequently, in the Schrodinger picture the
dynamics is given by the Schrodinger equation, which prescribes
evolution of state vectors, while in the Heisenberg picture the evolution
is given by the Heisenberg equation which prescribes the evolution of
the complete set of observables (i.e., Hermitian operators). The later,
in turn, imply the time dependent base vectors (via corresponding
eigenfunctions).

Choice of the representation is in quantum mechanics simply matter of
convenience (though work with Schrodinger equation is often simpler
due to its linearity) since these representations are unitarily equivalent.
This is essence of the so-called Stone—~von Neumann uniqueness theo-
rem. We will see that the Stone-von Neumann theorem is typically bro-
ken in quantum theories with infinitely many degrees of freedom. This
will have important consequences for the entire structure of Quantum
Field Theory (e.g., renormalization, non-trivial vacuum condensates,
etc.).

Let us now recall behaviour of the quantum-mechanical wave function
under two important transformations, namely rotation

Yx) S yrx) = wRx), (1.1)

and translation

U(x) 5 Yalx) = v(x—a). 1.2)

Here we have omitted time argument as it is immaterial for this discus-
sion. Time argument will, however, be important in the next chapter
where relativistic transformation of state vectors will be considered.

In quantum mechanics are symmetry transformations for (compact)
groups implemented via unitary operations:

lﬂa(x) = Ua(a)w(x)
Ur(9)y(x)

U(x—a), (1.3)
Y(R7Y(O)x). (1.4)

YR(x)

In addition, if particles have spin (or other internal indices associated
with them) i.e.

Y(x) = Yalx), a€l, (1.5)
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1 Non-Relativistic Wave Function

then such wave functions will change under rotation according to

VoX) S Yre(x) = Ur@uplp(x) = Dep(RWp(R'x),  (1.6)

here D(R) is an appropriate representation of the group element R €
SO(3), which acts on internal indices. It is important to recognize
that the (unitary) rotation operator Ug () not only shifts y from x to
x’ = Rx, but also rotates the “direction” of . In Section 2.15. we will
prove that the rotation in the space of internal indices will give rise to
spin while the rotation of the wave function from one spatial position
to another will give rise to orbital angular momentum.

Example 1.1.1 For example, consider spin-1 particle, in this case
wave function index takes values a = i%. From quantum mechanics
we know, that our transformation can be written as

D(R) — e—iﬁnsl

which is a matrix that acts on Pauli spinors. Here 6 is the angle of
rotation, n is axis of the rotation, and s = %0' = %(0'1, 0y,03) is the
vector of Pauli matrices, which are given by

(01 (0 -i 1o
A= 027\ o) T o )

1 0
In this representation s3 = % ( 0 - 1) is diagonal, and so a has inter-
pretation of being the (eigen)value of s3.

The corresponding rotation operator Ug () reads
UR(G) = e—i(—)n(s+L) ,
where L is the orbital angular momentum, i.e.
L = xXp = xXx(—ihV).

It should be notes that s + L is the total angular momentum of the
particle (i.e. quantity that is conserved).

Exercises: Transformations in 3D

Exercise 1.1 Wave-function transforms under change of coordinates as scalar field:
¥’ (x") = y(x). Verify invariance of the timeless Schrédinger equation

hZ
-——A+V(x)-E|y(x) =0,
2m

under a) rotations, b) translations. What conditions on the potential V' (x) need to be
met?



Rotation group SO(3)

Exercise 1.2 Show that R(¢) € SO(3) (the group of real 3 x 3 orthogonal matrices
with det = 1).

[Hint: Use the identity det B = A

Exercise 1.3 Verify the identities

[T;, T;] = —&ijx Tk -

[Hint: Note that the matrix elements (T;);x = &« -]

Group SU(2) and algebra su(2)

Exercise 1.4 Show that

(@l = (02 = (@ =1,
b)[of,07] = 2igjro”,

o) {ol,0/} = clo/ + olot = 26VI.

Exercise 1.5 Calculate the (Casimir) operators:
a) T;T; for algebra so(3),
b) it/ it/ for algebra su(2).

(Sum over j is implicitly assumed.)
Exercise 1.6 Expand e 2% into a series to find

o .
e2%i7 = (cos 2)][ + i(sinf) b
4

¢ = \eig)-

~

2 2

1.1 Transformations

5
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1 Non-Relativistic Wave Function

Exercise 1.7 Show that for infinitesimal transformations, |¢| < 1,
J(,eiT; _ Lol k —Lolg;
ol (e?i )iar = e2 agote 2079,

where (a1, az, a3) € R5.

Exercise 1.8 Show that U(g) = €27’ %7 can be cast in the form

. 3B1tBy . . 3B1-B
U(@) = elo > ezo'z‘yelo' 5

and find relations between the parameters (¢1, ¢2, ¢3) and (81, 82,7)-

[Hint: Use the result of Exercise 1.6.]



Klein—Gordon equation

2.1 Relativistic Conventions

Here and throughout we will assume so-called natural units, in which
¢ = h = 1. In this system of units, E, p have units of lenght_1 = time™.

So, as for their units time and space are considered on equal footing.
Also the following relativistic conventions will be used:

» Space-time 4-vector will be denoted by x# = (x%,x) = (¢,x).
» 4-momentum will be denoted by p* = (p°,p) = (E, p).
» Scalar product is given by

a-b = gwa"bv = a'b, = a,b", (2.1)
where
1 0 0 O
0 -1 0
= - = i -1 =1 —
8w = & 0 0 -1 o0 diag(1,-1,-1,-1), (2.2)
0 0 0 -1

is a metric tensor, with g/” being inverse to the g,,. We can
immediately derive a simple relation between metric tensors and
Kronecker delta:
g8 =96,7 =9,. (2.3)
A Lorentz transformation L maps 4-vectors according to the linear rela-
tion .
S X = LM X (24)

Here L, € SO(1,3) is element of the so-called Lorentz group. If we
define the inverse transform as

X = L) x", (2.5)

we see that L,” and L", are inverse to each other. From the fact that
Lorentz transformation should preserve scalar product of 4-vectors,
ie.a’- b’ = a- b, the following relations must hold

gL, = g,., (2.6)

g"'“ILIIVL”,"/ = g 2.7)
By taking determinant of both sides of (2.6) we arrive at the fact that

det’L = 1. (2.8)

Hence we can divide Lorentz transformations into two classes —
proper, for which det L = 1 and improper, for which det L = —1.
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Differentials

We define differential as a scalar operator given by

0
d = dit—. 2.9
A (2.9)
In relativistic notation we define 9, = %, then differential can be then
written as
d = dx"9,. (2.10)

Such definition of d is Lorentz invariant (as can be shown from the
fact that 9, = L, 9,). We define covariant 4-gradient operator to be

0xg’

8y = ( 0 v), (2.11)

and its contravariant counterpart as

o = (i,—v). (2.12)
0xp
Using those we can define the d"Alembert operator (or simply d’Alembertian)
as
62
8" 8,0, = 00" = |— - V| = 0. (2.13)
dxy

In the context of special relativity it is common to denote the metric
tensor g*” as p” or simply n*”.

2.2 Structure of Lorentz Transformation

We begin our study of Lorentz transformations by taking infinitesimal
limit of such transformation

LY, = o, + ", (2.14)

which can be thought of as infinitesimal deformation from identical
transformation (here [|w|| < 1). Starting from the fact that L,” and
L*, are inverse to each other, we can write

L L, =¢,. (2.15)

By using (2.14) we arrive to the following equation
0, + w, )Ny + W) = 67, (2.16)

If we restrict ourselves only to the first order in w

’ ’

&+ w, +w, =06, (2.17)

By subtracting Kronecker ¢’s from both sides and lowering all indices
one gets
Way + Wyg = 0. (2.18)



2.3 Relativistic Wave Equations

This statement implies that w is a 4 X 4 antisymmetric (or skew-symmetric)

matrix, which has 6 independent parameters in the case of infinites-
imal Lorentz transformation. This fact also holds for finite Lorentz
transformations.

Properties of Lie groups (some preliminaries)

The transformation laws of continuous groups (Lie groups) such
as rotation or Lorentz group are typically conveniently expressed
in an infinitesimal form. By combining successive infinitesimal
transformations it is always possible to reconstruct from these
the finite transformation laws. This is a consequence of the fact
that exponential function ¢* can always be obtained by a product
of many small-x approximations. In particular, consider e°°* ~
1+daX, where 6o = @/N, N > 1. By taking successive applications
of N such infinitesimal transformations we obtain

(1 +aX/N)1+aX/N)x...x(1+aX/N) = (1+aX/N)V,

which in the limit of large N tends to ¢®X. This can also be extended
to more parameters ;. In such a case one should substitute X with
Y. @; X;. Here X; are the so-called group generators. The finite group
transformation is then given by L(a) = ¢ ®Xi. One can recover
the group generators from a generic group element L(a) by taking

AL(a) - X,

6(1/,' =0

When we pass from infinitesimal to finite transformation, the generic
group element will read

L, = (e-iM‘”ww)pT . (2.19)

We can find M*"¥ by comparing expression (2.19) for [wu, | < 1 (W =
—wy,,) with the infinitesimal form of L”; given by (2.14). This yields

i
P _ 0 VAP _ P o
L. = = =MV vy = 8 + W,
llwyer [l <1 4

1
Fe + P Wy = 0+ Enp”érv(ww = Wyy)

1
8.+ E(np"é‘; - 776wy - (2.20)
From this we have

(M™Y. = 2i (8% — P k) . (2.21)

2.3 Relativistic Wave Equations

A spinless relativistic particle can be described in terms of a scalar wave
function ¢(x, 7). This wave function cannot posses any internal index,

9



2.3 Relativistic Wave Equations 9

Properties of Lie groups (some preliminaries)

The transformation laws of continuous groups (Lie groups) such
as rotation or Lorentz group are typically conveniently expressed
in an infinitesimal form. By combining successive infinitesimal
transformations it is always possible to reconstruct from these
the finite transformation laws. This is a consequence of the fact
that exponential function ¢* can always be obtained by a product
of many small-x approximations. In particular, consider ¢°®X ~
1+ 6aX, where & = @/N, N > 1. By taking successive applications
of N such infinitesimal transformations we obtain

1+aX/N)1+aX/N)x...x(1+aX/N) = (1+aX/N)V,

which in the limit of large N tends to e®X. This can also be extended
to more parameters ;. In such a case one should substitute X with
Y. @; X;. Here X; are the so-called group generators. The finite group
transformation is then given by L(a) = i ®*i. One can recover

the group generators from a generic group element L(a) by taking

JL(a) _ v.
T =X

When we pass from infinitesimal to finite transformation, the generic
group element will read

L, = (e—i'w“ww)p . (2.17)

T

We can find M*" by comparing expression (2.17) for [wu, | < 1 (W =
—wy,) with the infinitesimal form of L”; given by (2.14). This yields

i

P _ 0 V0 _ P

e = = (MY = P+ oy
llewr [ <1 4

1
= 6p‘r + Tlp”TITunv = 5p'r + Enpﬂérv(a)uv - wv,u)

1
&+ E(UPH(S}; - 7o YWy - (2.18)
From this we have

(M™Y. = 2i (8% — P k) . (2.19)

2.3 Relativistic Wave Equations

A spinless relativistic particle can be described in terms of a scalar wave
function ¢(x, 7). This wave function cannot posses any internal index,
which would otherwise bear information about other degrees of free-
dom, such as spin. Relativistic particles satisfy the energy-momentum

dispersion relation
E = \m? + p2. (2.20)

In classical relativity we do not consider
negative sign in the dispersion relation.
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Klein-Gordon equation just reflects en-
ergy dispersion relation (similarly as
Schrodinger equation) so, all relativistic
wave functions should satisfy this equa-
tion.

Both positive and negative energy solu-
tions are relevant in relativistic quantum
theory!

Recall that p"* = (E, p) and that there exists a relativistic invariant given
by
Ppu = pi - p* = m?. (2.21)

In the formalism of first quantization, quantum mechanics is brought
about by identifying operators with dynamical quantities

0
-V, E — . 222
p =iV, E o is (222)

Applying this prescription to the relativistic invariant (2.21) we arrive
at the following equation

o 2 2
(‘ﬁ . v )¢(x> = (). (2.23)

From the fact that 9, = (%, V) we can equivalently rewrite this equa-

tion as
Mo = O¢ = —m*¢. (2.24)

Finally, we arrive at the relativistic wave equation known as the Klein-
Gordon equation, given by

(O + m®)¢(x) = 0. (2.25)

If we accept this equation and seek solution of a definite energy and
momentum, we get

¢(x) o« e—ipx — e—iEt-H'p-x — e—ip0x0+ip-x . (226)
Adopting d,¢ = —ip,¢ we get that J¢ = —p?¢ and then
(=p*+m?)¢ = 0. (2.27)

So if ¢ # 0 we have condition that p> = m? and hence

E = +p2+m?. (2.28)

Why can’t we directly quantize relativistic energy relation?

A question may rise, why can’t we directly quantize dispersion
relation w, = E, = +/p%+ m? using fact that p — —iV? To make
sense to such a function of operator we have to interpret it in terms
of its Taylor expansion:

2\2 2 4
= Jp2 e m? = P\ P _ P .
Hy = \p*+m _m(1+m2) =m+ o P +

Unfortunately, in this way we can not form covariant wave equa-
tion, i.e. if we formed a coordinate space representation of a state
vector |y), the resulting wave equation would have one time deriva-
tive and infinite series of increasing spatial derivatives. There is no
way to put time and space on an "equal footing". Nonetheless, let
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us go ahead and try to build a wave equation

9
iE<x|¢ﬁ(t)) = (x|Hp |y (1)) .

The matrix element <x|Hp |y/(2)) is proportional to the infinite sum
of (x|p"|u (1)) = (—i)" & oo (x[¢(¢)) terms. This in turn renders wave
function to be non-local, since it must reach further and further away
from the region near x in order to evaluate the time derivative.
Indeed, while the left-hand side can be written as

L, X+ AD) — (xly (@)
1m ’
At—0 At

a typical term on the right-hand side, i.e., term (- iy 6x" (x|y (1)) has
the form (for simplicity we consider x to be one-dimensional)

I, oy Z( >"( )<x+(——k)Ax|w(t>>

So, on the right-hand side we need all possible integer multiples
of Ax. Eventually, the causality will be violated for any spatially
localized function (x|y(z)) since for understanding physics in the
interval Ar we need to know physics in the interval Ax = kAx (k is
an arbitrary integer), which for sufficiently large k certainly satisfies
AxFAx, = (Ax%)? - (Ax)? < 0, i.e., we require space-like separated
events. Because of that we must abandon this approach and work
with square of Hp, (i.e., wf,) instead. This will remove the problem of
the square root, but will introduce a different problem — negative
energies. This will still prove to be more useful way to proceed.

Let us look at non-relativistic limit of Klein-Gordon equation. A mode
with E = m + & would oscillate in time as ¢ « ¢!, In the non-
relativistic regime & is much smaller than the rest mass m. We can
factor-out the fast-oscillating part of the ¢ away and rewrite it as

d(x) = p(x,1) = e p(x,1). (2.29)

Field ¢ is oscillating much more slowly that e~ in time. By inserting
this into the Klein-Gordon equation and using the fact that

0 —imt _ —imt | _ 2
e (-) = e ( lm+6t)( ), (2.30)

Here we use the so-called central differ-
ence relation for n-th derivative.

Here € = 2m +0(p*/md).
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By the way, the Klein-Gordon equa-

tion was

actually discovered before

Schrodinger  equation by  Erwin
Schrodinger himself.

Here we use the well known property of
Dirac §-function, namely that 6(f(x)) =

O(x=x;

Zi TG

), where x; are roots of f.

we obtain

9 2 2
(E_V +m)¢(x)

5 [e_’m’ (—im + E) <p] — e M2 0(x, 1) + mPe” M p

_ e—imt (—im+ g) (—im+ %)(p—e‘_imtvzgp+m2€_imttp

2
e—imt [(_mZ _ zlm% + %) 0- Vz(p + m2¢p] =0. (231)

2
Dropping ?9—t‘§ as small compared to —imt‘g—‘f we find that

) 2

¢ ==

Er g (2.32)

which is nothing but the Schrodinger equation for a free particle.

Let us focus on general solution to the Klein-Gordon equation, ¢(x).
With the help of Fourier decomposition we can write

d4 L
6(x) = / s ). (2.33)

To find the solution we will solve the Klein-Gordon equation in mo-
mentum space, which yields

(P> -m*)d(p) = 0. (2.34)

Equations of this form are solved by the Dirac §-functions. In particular,
the solution in momentum space reads

F(p)o(p* —m?)
FP)5(po+ VP2 +m?) - f(p)(po - VP2 +m?)
W+ m? 2+ m?

Using this knowledge and denoting w, = +/p? + m?, we can write the
full solution as

(p)

. (2.35)

d4p 1 —ipx
00 = [ s PO o) + [P0 =)

14

Bp 1 o

(ZJTI)’:)’ g[e—lwpt-ﬂp-xf(wp’p) + elwptﬂp-xjc(_wp,p)]
14

dp 1 .

o 3 ) + Py, )l (236)
14 S~—— —

fp) 8(p)
Here p* = (wp, p).

So, we see that a general solution of the Klein—-Gordon equation is a
superposition of positive and negative energy eigenstate solutions.
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If we want to interpret ¢(x) as a wave function, we have to find a non-
negative norm, which is conserved by time evolution and is Lorentz
invariant. Let us define the norm of ¢(x) to be

¢ 0¢ (%) ¢} . (2.37)

9x0 |90

612 = (9l6) = i / L

This is, in a sense, a natural candidate for the norm. The naturalness
of this choice comes from the analogy with quantum mechanics —
continuity equation, which defines the probability density.

We know that each 4-current should have the form J, = (p,J) and
should be conserved (after equations of the motion are taken into
account), i.e., 0" J, = 0. To this end we consider the 4-current

T0) = 5 (80,0 @u0)°0] (2.38)

(factor 1/2m is only a convention that ensures a correct non-relativistic
limit, see Eq. (2.41)). Eq. (2.38) can be equivalently rewritten as

5 [6°V8 — (Vo) 9],
m

J(x)

PO = 50706 ~ (God)d] (2.39)

Let us now compute J,J* = 6" J,;:

The existence and explicit form of the

o ]u (x) =i [ay (‘p*au ¢)— ot (¢ay ¢*)] conserved currents will be discussed in
connection with Noether’s theorem in
= i[(3,0") O D) + ¢" P ~(3,9) (O P7) — pI* ¢ ] Section 27.
—— ——
-m¢’ o -m e
= 0. (2.40)

So, the current J, is conserved and can be used to prove time-inde-
pendence of the norm (as in ordinary quantum mechanics).

Current in non-relativistic limit

In non-relativistic limit, we assume that ¢(x) = e~ ¢(x, t) where
¢(x,1) is supposed to be a non relativistic wave function. By insert-
ing the aforementioned form of ¢(x) to the explicit form of J, we

obtain:
Ine(®) = 5=[¢'Ve=(Ve)'el,
PNR(X) = i [(=im)pe® + @*dop — (im)pe™ — (Boe)" ¢]

= S [-i2mpe’] = ppn (2.41)

Here we have neglected d;¢ in comparison to —im¢. Eq. (2.41) is
the well know form of Schrédinger’s conserved probability current
and charge (i.e., probability density).
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Time-like vectors have not only dom-
inant time component with respect to
space-like components, but in addition,
if they are related via Lorentz transform
with the vector n# = (1, 0, 0, 0) the have
the zero component positive for all or-
thochronous Lorentz transformations.

With the conserved current we can now show that the norm is time
independent, indeed

0
—/d3xp =/d3xv-1= ds-J —0. (242
ar Jy v v
————— N— e’
Change in total Flux of J
probability inside V through the 9V = S?(R)

Convergence issue

We want to show that fV d3x p is finite, so that p could (poten-
tially) represent a density of probability. Since in the non relativistic
case py = ¢*¢ = g+, we know that the integral (in spherical co-
ordinates) f dQdrr?|¢|* < co. Since our fields shout for large r
behave as ¢ W% Our current then has to behave at large r like
J ~ ¢V < ﬂ% Since dV = S%(R) ~ R and J < #, we have that
the total integral of limg_,c /av ds.-J=0.

Let us now show that our norm is relativistically invariant. To this end
we can write:

16112 / Prp(x) = / d*x (%) plx)
——

_9_g(x0
Dx0 0(x”)

/ d*x ]aa%e(nﬁxﬁ). (2.43)

Here n? = (1, 0, 0, 0).

The effect of a Lorentz transformation on ||¢||? is then evidently simply
to change n*. So, in this connection we define another wave function
norm, ||¢||? as

~ 0 ,
187 = / a0y, (2.44)

Here n’ is a generic time-like 4-vector obtained from n via Lorentz
transformation, i.e., n'® = )24 Y17 Taking difference between two norms
we obtain

—~ 0 ,
L e L R ] PR

Because d,J¢ = 0 (as seen before) we can rewrite expression inside the
integral as

IR =G = [ b [ 00 - s t|. @)

By using 4-dimensional version of Gaussian theorem we obtain that

loIP =181 = [ dsa 77 @0 - owPxpn] . a7

To show that this is zero, consider two possibilities:
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1. J¢ can be presumed to vanish if |x| — co with fixed 1.
2. 0(nPxp) - H(n'ﬁxﬁ) vanishes for |f| — oo with x fixed.

Hence, the difference is zero and the norm is relativistically invariant
(in fact Lorentz scalar) as needed.

Let us now return to the general solution

#(x) = /(2 )32 [f(p)e—lpx + g(P)elPX] , (2.48)
and explore, what its norm would look like:

llgll* = (¢,9)
[ ]

d? ' .
x / m (f(‘l)(—ia)q)e"qx + g(q)(iwq)equ)]

)32 (@)™ + g (prer)

| G (e s stare)

—d p ; ipx * . —ipx
8 / 2n P20, (£ )iwp)e™ + g (p)(icp)e™ )]} (2.49)

Since our norm is time independent, elements of type e*/(“» @) must

cancel, and only terms of the type ¢*“r~¢a)* should be considered.

Continuing

d3pd .
o = i f s [ SEL [(1(p) i

* g*(P)g(q)(iwq)e—fW—q))
~ (f@r @)iwy)e P
+ 8@ (p)(ip)e )| (2.50)

and hence finally we have

0P = [ 52 (150 - s P] (251)

(22w, ' '
This norm is not generally positive definite! However, if we restrict our
attention to positive energy only, i.e., g(p) = 0, then ||¢||? is positive

definite.

Note

In a similar spirit as for norm, we can be define the general scalar
product between two states as

W9 =i / P [v* 06 — H@0w)'] .

15
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Figure 2.1: Energy spectrum of a free
quantum relativistic particle.

P.AM. Dirac, Proc. Roy. Soc. A117, 610
(1928).

Figure 2.2: Spontaneous emission from
excited state. For instance, an electron in
rest could emit two photon quanta with
total energy 2m, c? and hence end up in
the negative energy level.

The reader is encouraged to check that this scalar product is indeed
time independent and Lorentz invariant.

We thus see that p cannot represent probability density, it may well
be considered (while satisfying continuity equation) as the density of
charge (or any other conserved quantity).

Apart from semidefinite probability density, there is a second problem
with Klein—-Gordon equation. In particular, any plane wave function,
ie.

B(x) = Net@pt=Px), (2.52)

satisfies Klein-Gordon equation, provided that E? = wj = p? +m?.

Thus negative energies E = —4/p2 + m? are on the same footing as
the physical ones E = +/p? + m?. This leads to a problem — energy
spectrum is unbounded from below.

N
g\
VPPt m?

Of course, even in classical physics, the relativistic relation E? = p2 +
m? has two solutions E = +4/p2 + m2. However, in classical physics
we can simply assume that the only physical particles are those with
E > 0. This is because the positive-energy solutions have E > mc?,
while the negative ones have E < —mc?. Hence there is a finite gap
between them and in classical (non-quantum) physics there does not
exist any continuous process that can take a particle from positive to

negative energy.

In relativistic quantum mechanics the problem is more pressing. As
Dirac pointed out in his 1928 paper, the interaction of electrons with
radiation can produce transition, in which a positive energy electrons
falls into a negative energy state, with the energy carried off by two or
more photons.




2.3 Relativistic Wave Equations

This brings about a problem. If we have a quantum particle whose state
satisfies the Klein—-Gordon equation we could, in principle, extract an
arbitrary amount of energy from it (in the form radiated photons).
This, in turn, would lead to the perpetuum mobile of the first kind.
In addition, when particle reaches the negative energy states there
is nothing that would prevent it to decay to even lower energy state.
Consequently, the matter (together with us) would be unstable!

Exercises: Lorentz transformations

Lorentz group

Lorentz transformations L are defined by the property
g,uvL},loLVo— = 8po /s
where g, = g"¥ = diag(1, -1, -1, -1) is the Minkowski metric.
Their exponential form reads
L = oxp(~fomM™) MYy = 2ol -0k,

where wy = —wy,, M*Y = -M"H.

Exercise 2.1 Find explicit “tabular" form of the matrix (M e (the generator of
boosts in x!-direction).

Exercise 2.2 Verify the commutation relations of the Lorentz algebra so(1, 3)

(MM, MPT] = —2i(g"P M7 — gho MYP + g"7 MFP — gVP MM,

Klein-Gordon equation

Exercise 2.3 Show that the Klein-Gordon equation (i = ¢ = 1)
o
(00" + m?¢(x) = 0, x =0 x1,x2,x3), Oy = o

is invariant under Lorentz transformations x*’ = L% x".

Scalar product between two states is defined

W, ¢) =i / d3x[y* S — ¢ Soy] .-

Exercise 2.4 Show that (y, ¢) is time-independent

[Hint: Make use of the fact that ¥(x) and ¢(x) are solutions of the Klein-Gordon
equation.]

Exercise 2.5 Show that (¢, ¢) is relativistically invariant.

[Hint: Write (, ¢) = i [ d*x(y* 8¢ — ¢ Opyp™)6(x0), and use §(x°) = 8p0(x°).]

17



Dirac Equation — introduction

Klein-Gordon equation is a second order differential equation in time,
which can be recognized as a reason why the norm is not positive
definite. Dirac sought an equation, that would remedy this “difficulty”.
It turned out, that by appropriately “linearizing” relativistic wave
equation, Dirac arrived (by coincidence) on the wave equation for
electron, which indeed provides positive definite probability density.
Since the spin is involved, the wave function is not anymore Lorentz
scalar (recall Pauli-Schrodinger wave equation, which has as a solution
two-component spinor wave function that is not scalar with respect to
Galileo group).

Dirac had two goals:

1. Equation for wave function that is linear and first order in time
derivative. Relativistic invariance then suggests that the equation
will also be of first order in spatial derivatives.

2. Positive definite norm.

Assume that this equation has the form

.0 O .
(z'yoﬁ + zy-V) w(x) = my(x), (3.1)

which might be written in a shorthand notation

(iyu0" — m)y(x) = 0. (3.2)

By defining Feynman'’s slash notation @ = y,,0* this equation reduces
to

(id — m)y(x) = 0. (3.3)

Here {y*} = {y°,7} are some unspecified numbers or matrices. We
require that ¢(x) should also satisfy Klein-Gordon equation, since
Klein-Gordon equation just states that p, p* = m?. Multiplying (3.2) by
(iyy0” + m) we get

0 = (iyyd +m) (i, 0" —m) y(x) = (—y,,y,,ﬁ“av - m2) w(x). (3.4)

We can rewrite y,,5, 09" as

1 1 1
prvaﬂav = §7y7v3”5v+§7v7pf9v5” = E{J’w}’v}f)"@v, (3.5)

where {y,,vv} = Yu¥v + v»¥u- Here {A, B} is a symmetric combination
of A and B. This operation is called anti-commutator.

To obtain Klein-Gordon equation we must impose condition

{'Y;UYV} = 277;11// Yy = 29" (3.6)

Because y*y* 93" = 0,0” we get (O + m?)y(x) = 0.
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Pauli matrices by themselves generate
Clifford algebra CLg3(R) via relation
{oa,0p} = 284p1. This algebra is
known as Pauli algebra.

Dirac’s derivation

Dirac started with the following ansatz:

iaa—‘f = (%a-v+ﬁm)w = Hpy, (3.7)

where Hp is Dirac’s Hamiltonian, which should be Hermitian (and
hence @ and 8 are Hermitian). Klein-Gordon equation implies that
{ai,ar} =0, {a;, B} =0 fori # k and ozl.z =g =1

By rewriting Dirac equation (3.2) explicitly as
(iyoﬁo + v, —m) v =0, (3.8)

and multiplying it by the inverse of y° we get
i)y % +iG) Yo - Imly =0, (39)

which is equivalent to
: 1 o1 -
oy = |00+ ) Tm|y (310)

Consequently we see that @ = (y°)"'y and g8 = (y°)7!. Because
{¥°,%°} = 2, wesee that y° = (°)~! = (3°)". From anti-commutation
relation for y? and y* we have that y%y* = —y%y0 and from Hermitic-
ity we also have that Y%y’ = (y%y)" = y/7y%7, from which we see
that ,yO,yi 0 _ ,yiT — _,yi(,YO)Z — —'}’i~

Relation
WYy = 291, (3.11)

is known as Clifford algebra CL4 3(R) or simply Dirac algebra.

Now we can ask ourselves, what is the smallest dimension of y* in
4-dimensional space. In fact, matrices ¢’ and 8 have eigenvalues equal
to +1. For i # j we have

det(aia/j) = det(—ajai) = (—1)ddet(ajryi),
det(o/ﬁ) = (=1 det(ﬁaf). (3.12)

So, the dimension of o/, i = 1,2,3 and 8 must be even. Since for
d = 2 there exists only 3 anti-commuting Hermitian matrices — Pauli
matrices, we have d > 4. There are many representations of CL; 3(IR)
with d > 4 (altought they are rarely used in practice). An explicit
representation with d = 4 is provided by matrices

0 _ 1 0 _ 0 (o
W = (0 _1), y = (_(r o)' (3.13)

Here o are Pauli matrices. This representation is known as Dirac
representation and is useful when discussing non-relativistic limit of
the theory. A useful technical trick, for calculating gamma matrices in
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Dirac’s representation (but also in other representations) is based on
properties of tensor product ® on matrices. Because

(A®B)-(C®D) = (A-C)®(B-D), (3.14)

and
Y =odel, y=ic’eo, (3.15)

and
ool = 69 + ig/kok, (3.16)

we can immediately check that y matrices in Dirac’s representation
satisfy the defining Dirac algebra (3.11).

3.1 Lorentz Invariance of Dirac Equation

Recall that a non-relativistic particle with spin has a wave function
Yo (x) (Weyl spinor) which transforms under rotation R as

Val(x) > Dop(R)p(R™'x). (3.17)

In a similar way, the Dirac wave function under a Lorentz transforma-
tion L transforms as

w(x) S L) = SLwL ), (3.18)

where S(L) is an appropriate representation of the Lorentz group, that
acts in the vector space, in which the Dirac wave function takes its
values. From this we see that S(L) should be a 4 x 4 matrix.

In order to show that Dirac’s equation is Lorentz invariant we need to

show that

(iy"0y —m)yr(x) = 0, (3.19)
provided

(Y0 —m)w(x) = 0, (3.20)
is satisfied. To show this we rewrite the left-hand-side (LHS) of (3.19)
as

LHS

(iy"d, — m) S(Ly(L™'x)

S(L) [iS™HLYy" 8, S(L) — m| w(L™'x)

S(L) [iS™HLYY"8,S(L) = m| w(x'), (3.21)

where x” = L™1x. If we can find an appropriate matrix S(L) such that
Since now x’# = (L™1Y* x¥ we have that
ST LYO.S(L) = v'9),, (322) =L and thus 3, = L5 52 =

then
(v —m) yr(x) = S(L)(iy"d), — my(x'). (3.23)

Since ¢ is a Dirac wave function, then

(iy“ﬁl:—m) Yy(x') =0 = (iy*dy—m)yr(x) = 0. (3.24)
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Consequently, also y, is Dirac’s wave function and Dirac’s equation
is relativistically invariant provided such S(L) exists. To find S(L) we
have to explore properties of Lorentz group in more detail.

Lorentz group

From the condition (2.6) we know that there exist 2 kinds of Lorentz
transformations — proper (those with det{L} = 1) and improper (those
with det{L} = —1). We can expand this classification even further by
realizing that

3
1=7% =100, = (02 - > (L) (3.25)
i=1
Rewriting this we arrive at the condition
3
(L2 =1+ Z(Loif. (3.26)
i=1

Lorentz transformations for which LO0 > 1 are called orthochronous
transformations, those with LOO < -1 are called non-orthochronous. We
can not switch between those four types of Lorentz transformations us-
ing continuous process. Transitions between these disconnected parts
of the Lorentz group can be done only via discrete transformations
such as parity or time reversal (see Chapter 6.1).

Let us recall (Chapter 2.2.) that Lorentz group has 6 independent
parameters w,, = —w,, that define it. In terms of these we can construct
finite Lorentz transformations as

Lf. - (e_ime)”T. (3.27)

Here M" are so-called generators of Lorentz transformation, which
are fixed by comparison with the infinitesimal transformation (i.e.,
when |wy, | < 1). In Chapter 2.2 we have found that

(M™Y. = 2i(gPHs) — g™ o) . (3.28)

Rotation group

To proceed, we start with a familiar example — rotation group. Elements
of a rotation group are defined by

Ry = (e"’””k’k)ij = (eiends) (3.29)

ij
where n is a unit vector along the axis of rotation. Group generators J;
satisfy the usual angular momentum commutation relations

[Ji,J;| = isjidk. (3.30)
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Recall from quantum mechanics that vector operators are sets of 3 oper-
ators, say V;(x) that transform according to

UR)Vi(x)UR) = " RijVy(x). (3.31)
J

For infinitesimal rotations one obtains
A + ioJ)Vi(l — iwiJx) = [1 = iw(Je)iflV; . (3.32)

Here JJ; are operators of angular momentum, acting on corresponding
state space (e.g. LZ(IR)) and (J);j is a vector representation of angular
momentum in 3D, which is known to be

00 0 0 01 0 -1 0
Ji=il0 0 1|, J2=i[{0 0 0], Jz=i|1l 0 O0]. (3.33)
01 0 -1 0 0 0 0 O
This can succinctly be written as: (J ;)i = i€ijk.
After algebraic manipulations we obtain from (3.32)
iwr Jx, Vil = —ior(J1)iiVy, (3.34)
which then implies that
Uk, Vil = =UJ)ijV; = —ieiVj = iexiV. (3.35)

This relation represents an algebraic condition for vector operators.

As a byproduct we see that the generators Jx themselves are vector
operators.

Adjoint representation

Representations where elements (group generators) A; of algebra
[A;, Aj] = cikjAx are defined via structure constants c;; so that
(Aj)jx = cik; are called adjoint or regular representations.

Lorentz group

From the representation of the generators (3.28) we can deduce the

commutation relations determining the Lie algebra of Lorentz group.

In particular, we find that
[M*, MF] = 2i {g"P M + g" " MM — g"*M"P — g"P M+} . (3.36)
For M¥,i,j =1,2,3 we have
[Mu,MB] = 2M®,

[MP, M = -2iM*, (3.37)

Here U(R) is a representation of rota-
tion group which acts on state space (e.g.
L%(R)) and R;j is a representation of ro-
tation group that acts on the operator
indices.
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Consequently, also y, is Dirac’s wave function and Dirac’s equation
is relativistically invariant provided such S(L) exists. To find S(L) we
have to explore properties of Lorentz group in more detail.

Lorentz group

From the condition (2.6) we know that there exist 2 kinds of Lorentz
transformations — proper (those with det{L} = 1) and improper (those
with det{L} = —1). We can expand this classification even further by
realizing that

3
1=7% =100, = (02 - > (L) (3.25)
i=1
Rewriting this we arrive at the condition
3
(L2 =1+ Z(Loif. (3.26)
i=1

Lorentz transformations for which LO0 > 1 are called orthochronous
transformations, those with LOO < -1 are called non-orthochronous. We
can not switch between those four types of Lorentz transformations us-
ing continuous process. Transitions between these disconnected parts
of the Lorentz group can be done only via discrete transformations
such as parity or time reversal (see Chapter 6.1).

Let us recall (Chapter 2.2.) that Lorentz group has 6 independent
parameters w,, = —w,, that define it. In terms of these we can construct
finite Lorentz transformations as

Lf. - (e_ime)”T. (3.27)

Here M" are so-called generators of Lorentz transformation, which
are fixed by comparison with the infinitesimal transformation (i.e.,
when |wy, | < 1). In Chapter 2.2 we have found that

(M™Y. = 2i(gPHs) — g™ o) . (3.28)

Rotation group

To proceed, we start with a familiar example — rotation group. Elements
of a rotation group are defined by

Ry = (e"’””k’k)ij = (eiends) (3.29)

ij
where n is a unit vector along the axis of rotation. Group generators J;
satisfy the usual angular momentum commutation relations

[Ji,J;| = isjidk. (3.30)
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Recall from quantum mechanics that vector operators are sets of 3 oper-
ators, say V;(x) that transform according to

UR)Vi(x)UR) = " RijVy(x). (3.31)
J

For infinitesimal rotations one obtains
(1 + i) )Vi(l = iwllk) = [6ij — io(Jr)iflV;. (3.32)

Here JJ; are operators of angular momentum, acting on corresponding
state space (e.g. LZ(IR)) and (J);j is a vector representation of angular
momentum in 3D, which is known to be

0 0 O 0 01 0 -1 0
Ji=i|l0 0 -1, Jo=il 0 0 Of, Js=i|l 0 O0f. (3.33)
01 0 -1 0 0 0 0 O

This can succinctly be written as: (J ;)i = i€ijk.

Adjoint representation

Representations where elements (group generators) A; of algebra
[Ai, Aj] = cikjAx are defined via structure constants c;; so that
(Aj)jx = cik; are called adjoint or regular representations.

After algebraic manipulations we obtain from (3.32)
iw Ji, Vil = —lo(J1)iVy, (3.34)
which then implies that
Ui, Vil ==V = —iew;V; = iewjV. (3.35)

This relation represents an algebraic condition for vector operators.
As a byproduct we see that the generators J; themselves are vector
operators.

Lorentz group

From the representation of the generators (3.28) we can deduce the
commutation relations determining the Lie algebra of Lorentz group.
In particular, we find that

|M™, M| = 2i (n"'BM"“ T OMPE e P nVﬂMW) . (3.36)
For M¥,i,j =1,2,3 we have
[M12’ M13] - 2iM23,

[MZ M2 = -2iM°!, (3.37)

Here U(R) is a representation of rota-
tion group which acts on state space (e.g.
L%(R)) and R;j is a representation of ro-
tation group that acts on the operator
indices.

Sometimes one choses instead of gener-
ators MV generators M*" = 1/2M"".
In such a case the factor 2 on the RHS of
(3.36) is not present.
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Clearly M/* = M ;.

etc. Defining
Ji = }l«%:koj" e M* =2%y;, (3.38)
then from (3.37) we have
[J3,(=J2)] = iJ1 & [J2,J3] = iJ1,
[J1,J3] = —=iJ2. (3.39)
It can be easily checked that we can generally write
i, J;] = isijid k- (3.40)

From this we see that J; are generators of rotations, since they close
the familiar Lie algebra for group of rotations in 3-dimensional space,
ie., SO(3).

Similarly we can define
My = 2K; = -M° = M". (3.41)
From this we see, for instance, that
MY, M%) = -2iM"? = [Ki,K>] = -iJs. (3.42)
It can again be checked that one generally has
K:, K] = —ieipJe o [K,K'] = —ig"*J;. (3.43)

Here K are the so-called generators of boosts in i-th direction. A precise
meaning of this terminology will be clarified in Chapter 4.2.

To close the algebra we also need commutators of the type [J, K]. It
can be verified that
[Ji, K_,‘] = l'S,-ijk . (3.44)

So, the Lie algebra (3.36) can be equivalently rewritten as
Wi, J;jl = isipdk,
[J ir K J ]

igij Ky,
[Ki,Kj] = —iSiijk . (34:5)

These commutation relations define so(3, 1) algebra. Note that the first
commutation relation implies that algebra so(3) ~ su(2) is a subalgebra
of su(3,1) algebra. On the other hand, boosts do not form a subalge-
bra of su(3,1), so we need both boosts and rotations to form closed
algebra.

Group of Lorentz transformations — terminology

Defining or fundamental representation of SO(3, 1) group is given by
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matrices satisfying the defining relation
xTx = (Lx)T(Lx) = xTLTLx = invariant.

From this we can explicitly write that LTL =1 (i.e., L”VL" e=9"4)
and hence LT = L. From this we can see that L are orthogo-
nal matrices preserving the spacetime distance x; — >3, x2. Those
matrices are of O(3, 1) type and since detL = 1 for proper trans-
formations, we stress this extra fact in “S” in the SO(3, 1) group

name.

Commutation relations can be diagonalized via transformation

N; = %(J,- +iK;), N = %(Ji - iK;). (3.46)

From this follows that
[Ni,NT] =0, [N;,N;] = ieixuNi, [N[,N] = ieiuN}. (347)

The relation [N;, N ] = ig;jx N (and the same for N ) closes the su(2)
algebra. Hence, we can view so(3, 1) algebra as being isomorphic to
su(2) & su(2) ~ s1(2,C).

Finite dimensional representations of the Lorentz group Lie algebra
are easily obtained from those of su(2). As in the theory of angular mo-
menta we can find for su(2) algebra the Casimir operator that quantifies
the algebra (and hence group) representation. For SU(2)y and SU(2)y+
the latter can be defined as Z?:l N% =n(n+1)and Z?=1 N:z =m(m+1).
Constants n and m describe nothing but the size of the angular mo-
menta (or spin). The representation of so(3,1) can then be denoted
with the pair (n, m). Note, in particular, that the transformation with
respect to spatial parity is given by

7 5 g and K, 5 -k, (3.48)
~—— ~———
Pseudovector Vector
and hence » »
N; & N: = (n,m) < (m,n). (3.49)

Generally representations of Lorentz group need not to be parity invari-
ant (for example parity is violated in weak interactions). In addition,
since J; = N; + N, we can identify the spin of a given representa-
tion (n + m), e.g., spin-0 particle is described (i.e, its wave function
is) in the representation (0, 0), spin-1/2 particle can be in (parity non-
invariant) representations (1,/2,0) or (0,1/2) while spin-1 particle can
be in representations (1/2,1/2) or (1,0)or (0,1) .

N—— —_———
Parity invariant Parity non-invariant

Spin 1/2 representations

Representation (1/2,0) is known as a left-handed spinor (handedness
is a convention), while the representation (0,1/2) is known as a

This diagonalization does not provide
Hermitian generators!

The Lorentz group is thus isomorphic to
the group SU(2) ® SU(2) or more explic-
itly, SUQ)n ®SU((2) p+-

Parity violation was experimentally ob-
served in week interactions (namely in
the pion decay) in 1956 by the Chinese
American physicist Chien-Shiung Wu.
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So, in particular S(L)S(L™1) = S(1) = 1
and hence S(L™!) = STI(L).

Again we are dealing with connected
part of the Lorentz group that contains
the unit element.

right-handed spinor. Corresponding wave functions are typically
2-component objects that are called Wey! spinors.

When parity is relevant, one considers the linear combination
(0,1/2) & (1/2,0), which yields 4-component wave function known
as a Dirac spinor or bispinor.

Lorentz Invariance of Dirac Equation Continued

Our goal is to show that the Dirac equation transforms covariantly
under Lorentz transformations. So, equivalently, we require that the
Lorentz transformed wave function

p(x) 5 yrx) = SLYEL ), (3.50)

should satisfy Dirac’s equation provided y(x) does. Here S(L) is a
representation of the Lorentz group that acts only on the indices of
wave function y. As such, it must satisfy the group composition law
S(L1)S(L2) = S(L1L3). On the other hand, Dirac’s equation transforms
covariantly provided that

STHLY*S(L) = L*,y”. (3.51)

It can be easily checked that this condition is compatible with the
group composition law and so S(L) is a representation of the Lorentz
group. Question now stand how look the corresponding generators
and to what representation they belong to. This information can be
obtained by considering an infinitisemal Lorentz transformation. In
particular, in such a case we can write

i
L=1- ZMW‘”HV , (3.52)
and correspondingly

S(L) =1 - i(r’“’ww . (3.53)
Here o are the generators of the Lorentz group in the representation
that is appropriate to Dirac space (space of Dirac’s wave functions —

bispinors). Analogously
STHL) = S(L™Y) = 1 + io-’”w,u,, . (3.54)

Inserting this into (3.51) we obtain that
(1 + io”“’ww) P (1 - ia’“vww) = (67 + )77, (3.55)

and thus )
i[cr’”w,myp] = o’y (3.56)
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By writing

4 T _ v
"y = wuny

1
5@y @*Py” = nPy"), (3.57)

Eq. (3.56) can be rewritten as

. 1 This should determine the Dirac repre-
l i v
_[0_/,1\/’ ,yp] — E (nppyv _ nvp,yy) . (3.58) sentation generators o#”.

i

This condition is satisfied if 0#” = 5[y*,y”]. Indeed, by using the well
known identity [AB,C] = A{B,C} — {A, C}B we can write

ifi i
7 E[y“yv,vp] - E[?’VY”,VP]

1
3 Yy =YY =Y Y Y )

1
3 QyHn"? = 2910yY =2y P + 20" yH)

1 vV V,
5 Y'H —yn?) . (3.59)

It can also be checked that generators o#” = 5[y#, y”] satisfy the correct
Lorentz group algebra

[O'W,O'“B] = 2i (17"30""’ + nv"a"’ﬁ - r]’“’a"’ﬁ —r]"ﬁ(r’“’) . (3.60)

Finally we can write that the finite Lorentz transformations S(L) have
the form

S(L) = e 570w with L = e iM"ow (3.61)

This closes our proof of the Lorentz covariance of the Dirac equation.

Exercises: Dirac equation — basics

Dirac algebra of y-matrices

Dirac matrices y# are 4 X 4 matrices satisfying the anti-commutation relations
o) = 28M7.
In their standard (or Dirac) representation they have the form
W = (g _01) =colel, = (_2-1‘ o(-)]) = icleol.
The tensor (or Kronecker) product A ® B, of an n x n’ matrix A, and an m x m’
matrix B, is an (nm) X (n’m’) matrix defined by
ApB ... A;/B

A®B = :

AuB ... A,B
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Exercise 3.1 Verify that the matrices y# in Dirac representation satisfy Clifford alge-
bra (3.11).

Identities in the following exercises can be proven using the defining relations {y*,y" } = 2g#"1,
i.e., they hold in any representation of Dirac matrices.

Exercise 3.2 Show that:
1) Yty = 41
vV

2) Yy yu = =2y

3) Yy'yPyu = 4870 1.

Exercise 3.3 Show that° satisfies: a) (y°)? = 1, and b) y#3® = —y®y# (anti-commutes
with all y-matrices).

Exercise 3.4 Verify the following ‘trace” identities:
D TrHyY) = 4g™”
2) Tr(y*) =0
3) Tr(y" ...yH2n+1) = 0 (Vn)
4 TH®) =0
5) Tr(yMy"yPy?) = 4gh"glT - g'Pg" + gl g"”)

6) if p=y"p, then Tr(pq¢)=4ptq,.

Exercise 3.5 Show that
det(p — m1) = det(p + ml),

and deduce that matrices p + mll are singular for four-momenta satisfying p, p* =
2
m-.
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Note that if some matrices y* (e.g., the Dirac representation matrices) satisfy Eq. (3.1),
then for a unitary matrix U

{Uy*UT, Uy U} = UpH,y” UT = U2 UT = 27

That is, matrices 7 = Uy* U constitute another representation of the Dirac algebra.

Problem 3.1 The Weyl (or chiral) representation of y-matrices, 'y“w, is obtained from
the standard Dirac representation yg, via the transformation

- L
V2

Determine the matrices Vowﬁ’%)wyév ,)’%V, and 73‘,»

i, = UYMUT, U @ +yHrh).

Lorentz group and spin representation

The Lorentz group
0(1,3) = {L eR* |9 L1, = mpo),
has 4 connected components, which differ by det L = =1, and sign(L%) = +1.

The component with detL = +1 and sign(LOO) = +1 (proper orthochronous transfor-
mations) is denoted SO*(1,3), and its elements can be cast in the exponential form,
Eq. (2.3). One can ‘move’ between the various connected components with the help
of parity (or spatial inversion) P, and time reversal T':

P = diag(1,-1,-1,-1) T = diag(-1,1,1,1).

Denote . .
Ii = geipM’t, K= MY,

the rotation generators, and the boost generators, respectively. It holds that
[Ji, J;] = ieijid i,
[Ki, K;] = —igijid i,

[Ji, Kj] = igijiKi -

Exercise 3.6 In this exercise we split the Lorentz algebra so(1,3) is split into two
independent algebras su(2). Introduce

1 r 1
Ni = ;Ui +iKi),  Ni =30 = iKi),

and show that
[Ni,N;] = igjjiNy,

INT,NJ] = ieijeN)

[Ni,Nj] = 0.

Exercise 3.7 Let
[Aa/Ab] = CabCACr ab,c =1,...,n,

be the commutation relations of a Lie algebra of matrices {A1, ..., A, }. The adjoint
representation (of this Lie algebra) is formed by the matrices

Calbe = —Cave -

29
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Verify that the matrices C, obey the same commutation relations as the matrices A, .
Determine the adjoint representation of the algebra a) so(3), b) su(2).

[Hint: Use the Jacobi identity [[A,B],C] + [[C,A],B] + [[B,C],A] = 0.]

Spin representation of Lorentz algebra

Exercise 3.8 Show that

Yo _ i oV
o F 7]
satisfies Eq. (3.62).

Exercise 3.9 Show that o#¥ = %[y”,y"] satisfy the commutation relations of the
Lorentz algebra, i.e.

(o1, aB] = il — B 4 Y Bahe _ pragub).



Dirac Equation — technical
developments I

4.1 Dirac Bilinears

Dirac bilinears are relevant for construction of observables in quantum
field theory but they will also help us to construct other quantities of
interest, e.g., probability current.

First, general Dirac’s wave function has form

¥1(x)
Ya(x)
ya(x) |
W (x)

Y(x) = vi(x) = (W5 (x), w5 (x), 5(x), ¥ (x)). 4.1)

We define spinor adjoint to y as
ZORERACIEE (“42)

Let us first see how y/(x) transforms under the Lorentz transformation.
To this end we use two simple facts, namely

w(x) S ) = SLWE ),
i B gl = ot wLosta). *3)
Now, we can multiply from right the second equation by y*, i.e.
P = w @y Sufy” = v @S . @4
We now use the fact that
S(L) = e~ 170w = §H(L) = i@ )@ (4.5)

where (o)1 is
wi (1 ) Leovi iy — Lot ovi
(@) = 5051 = =507y = ST (4.6)

How do we “rotate” "' to y*? We already know that be by writing
Dirac equation in Schrodinger like form, i.e.

ioy = —iy"y' o +y°my = Hpy, 4.7)

(H p is a Dirac Hamiltonian) we get from the presumed hermiticity of
H D that

Y=yt = 090y = y0yi0. (4.8)
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Those identities are valid irrespective of chosen representation and
a particular example of y-matrices that satisfy these conditions is
provided by the oldest representation of Dirac matrices (that is due to
Dirac himself), i.e.

(4.9)

Some properties of y-matrices

Here we summaries some important properties of y-matrices.
» 0 = L2 =1and 0O = »°
> o) =

YOOy = 909090 = 50

v

i

Y)Y = =0y =y

v

Yo y)Ty0 = yH

v

Yoo y0 = YO M), ()T = Ly —y¥yH) = o

v

Now consider
YOS(L)Ty0 = i@’ @Y = piewo™ (gLt (4.10)
So yOS(L)Ty? = §71(L) = S(L™1). From this it follows that
g = v'@y 5 i aostwy”
= LS

(LS. 4.11)

So finally we have the following transformation rules
w(x) S g = SLBL™),
— L — — _
() = Ppx) = YLD, (412)

These relations are key in forming bilinears.



Classification of bilinears
First, we begin with scalar bilinears

YL ST L)S(Lyy (L™ x)

W) S Ty (O (x)

YL )y (L ). (4.13)
By defining s(x) = W(x)y(x) we can rewrite (4.13) as
s(x) 5 sp(x) = s(L71x). (4.14)

This is transformation property of scalar fields. Next, the vector fields (or
vector currents) are defined as

JH(x) = Yy y(x). (4.15)

Transforming this current we obtain

) S ) = Pyt

Y(LT)STHLY*S(LW(L ™ x).  (4.16)

By recalling that the following relation for y-matrices holds

STHLYHS(L) = L'y, (4.17)
we get
Jpx) = (@ T oL,y (L )
= Ly x)y"y(L7'x). (4.18)
Thus
Jx) = w7 x)y"w(L ™ x) = LY, 0" (L™x). (4.19)

This is indeed the correct transformation law for a vector field.

In order to discuss pseudoscalars and pseudovectors, we will introduce a
new y-matrix, namely
0,12
Y = iy, (4.20)

which in the Dirac representation has the form

¥y’ = olel = (g ]Ol). (4.21)

Basic properties of y°

> () =P

» ()P =1
» {y°, ¥} = 0Oforu=0,1,2,3

4.1 Dirac Bilinears

33
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Now, the bilinear _
P(x) = ¥(x)yy(x) (4.22)

is a pseudoscalar, i.e. under standard (proper, orthochronous) Lorentz
transformations it behaves like a scalar but changes its sign under the
parity transformation. To see this, let us realize that

. . i
Y= =iy = oYY = Gewe Y'Yy, (429)
and also that (all involved indices are distinct)

gHvoT 5

Yy o= iy YY" (4.24)

Here &, is a permutation symbol (4D analogue of Levi-Civita sym-
bol):

Euwor = 1 if (uvor) iseven permutation of (0123),
&guwor = —1 if (uvor) isodd permutation of (0123),
gwor = 0 therwise. (4.25)

Continuing from (4.22) we have
— L —
P(x) = (x)y°w(x) = vy L)
= Y(LTDSTHLY S (L™ x). (4.26)
We can rewrite term S~1(L)y°S(L) as follows:
_ i _ -
STHLYSIL) = ewoeS L)Yy 7y S(L)
i - — T
2Emor(STLYISL)). . (STHL)YS(L))
i AR
— IEHVO'TLHII/LV V,LO'O_ILTTl,yy ,yv ya' )’T
= y5(detL). (4.27)
Here we have used the fact that

detA

Z Endn ALL - And,
{Ji}

1
i Z Z 1o pdn €K o K ARy Ty AR 1, - (4:28)
RS

Consequently

P(x) = S0 u(x) D Ty wex) = (detL)P(L7'y),  (4.29)

and the function P(x) is a Lorentz scalar for all proper Lorentz trans-
formations (det L = 1).

Notice that for the Lorentz transformations involving parity reversal

L? = diag(1,-1,-1,-1), (4.30)

the transformation also changes sign as det LP =-1. Complete set of
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bilinears is given in the following table. Note that all bilinears present
in Tab. 4.1 have the form ¢ (x)[;¢(x), where I; is one of 16 possible

Bilinear | Transformation properties
Y(x)p(x) Scalar

W (x)yu(x) Pseudoscalar

W (xX)yHyPy(x) Pseudovector field
Y(x)yHy(x) Vector field

Y(x)[y*, v v (x) | Antisymmetric tensor field

matrices: 1, ¥, [y#,y”], ¥° and y°y*. There is no way how to build a
non-trivial symmetric tensor out of bilinears.

Basic properties of I'; matrices

apart from I'; = 1 we have that Tr(I';) = 0
apart from I'; = 11 we have that I;I'; = -I';T;
r2 =1

Tr(IyT;) = 0 for i # j and Tr(I'?) = +4

» 218 ol = 0 iffall ;=0

>
>
>
>
So, I'; matrices form a basis in the space of 4 x 4 matrices.

4.2 Current for a Dirac wave function

Main motivation of Dirac was to have consistent probability current
with positive definite probability density. There is now a natural can-
didate for a probability current, namely

Ju(x) = Y(x)yp(x). (4.31)

By analogy with non-relativistic quantum mechanics one can define
the norm via current as

W) = WP = / Ldlx) = / AV I, (x). 432)

The last integral is over a space-like hyperplane orthogonal to the
(time-like) 4-vector n* . We want to show the following;:

» ||||? is time independent.
» ||y||? is a Lorentz invariant non-negative norm.

In order to prove time independence of ||y||*> we show first that
0, J#(x) = 0. To this end we need to compute

O (T () = (0,0(0) Yux) + T (Gux) . (439)
Recalling that (iy*d, — m) y/(x) = 0 we have

Yo (x) = —imy(x). (4.34)

Table 4.1: List of Dirac’s bilinears.
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For the adjoint wave function ¥ we obtain an equation of motion
by taking first the hermitian conjugation of Dirac’s equation, which
yields

[0 —m)y)]" = 0 o 8 @G +myix) = 0. (435)
Taking advantage of the fact that
YO =y e () =y, (4.36)
we can multiply (4.35) by y° from right and write

0

(18 )" 4y (6))°

(16,0 0y + my (217"

= (0,00 + mi)
) (iyf'(i + m) . (4.37)
From this we see that
(@,E(X)) Yo = imy . (4.38)

Plugging this into the (4.33) we obtain
(3.80) y0) + Tew* (B0()
= imp (W (x) = imy(x(x) = 0. (4.39)

So, current J# is indeed conserved.

Note also that there is yet another possible candidate for probability
current, namely the axial vector current

THx) = Yoy Yoy (x). (4.40)
It can be, however, shown that in this case
FudH(x) = 2imip(x)y°w(x). (4.41)

So, this is conserved only when m = 0. Since in the standard model of
particle physics there are no fundamental spin 1/2 particles that would
have m = 0 (at observational energy scales), we will discard this type
of current from our reasoning.

Let us now return back to the norm. Choose n* = (1, 0, 0, 0), then

W) / Lrdo(x) = / L)y (x)

/ Ly (2% 0 (x) = / Syl () = 0. (442)

From this we can see, that the would-be probability density p = Jj is
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positive definite. In addition, the norm is also time independent, since

- 2/ol3x,o = /d3xv-J = ds-J — 0.  (443)
ot Jy 1% oV
N e’

—— e’
Change in total Flux of J
probability inside V through the 6V

Here we used the same argument as in the Klein-Gordon particle
case.

Finally, in order to see that the norm is relativistically invariant we can
proceed as in the Klein—-Gordon case, i.e., we first rewrite the norm
as

i / Lrp(x) = / d*x 6(x0) p(x)
—_——

9
5.0 0(x0)

/ d%J“%@(nﬁxﬁ). (4.44)

where n# = (1, 0, 0, 0). When ||y/||? is Lorentz invariant it should equal
to

1717 = / das =L 0P ), (4.45)

’ . . . . . .
where n# is a unit time-like vector obtained from r# via proper or-
thochronous Lorentz transformation.

Equivalence between ||/||> and |y/||? cane be explored by looking at
their difference, i.e.

—~ d ,
WIE=ITE = [ a0 - o0 )

0x@

0o =0 /d4xé% [Ja{g(nﬁxﬁ) - G(nlﬁxB)}]

/ ds, |72 (0P xg) - 0P| . (440)

To show that this is zero it is enough to realize that:

1. J® vanishes if |x| — oo with fixed ¢.
2. 9(nPxg) — 6(nPxp) vanishes for |t| — oo with x fixed (for or-
thochronous transformations).

Hence, the difference (4.46) is zero and the norm is relativistically
invariant. Again, we can define related scalar product as

(1, 0n) = / dvn, J#1D(x), (4.47)

where JH12 (x) = gy (x)yH g (x).

Plane Wave Solutions of Dirac Equation

We know that because y(x) satisfies Dirac equation, it must also satisfy
Klein—Gordon equation. In particular, one may expect that wave func-

37
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tions of definite energy and momentum will be described by plane
waves (i.e., de Broglie monochromatic waves) of the form

—iwpt+ip-x

u(p)e™* = u(p)e

Wy (x)

(positive energy),

g, (x) = v(p)e'P* = v(p)e'r'"'P* (negative energy), (4.48)

where py = wp = y/p2+m? > 0. For the positive-energy plane wave
i, — p, and given that (iy*8, —m) ¢, = 0 we obtain

(y"p# - m) ulp) =0 o (p — m) u(p) = 0, (4.49)
Similarly for the negative-energy solution we have
(Ypu+m)v(p) =0 o (p+m)v(p) = 0. (4.50)

In order to have a non-trivial solutions of Eqs. (4.49)-(4.50) we need to
show that det (p —m) = 0 and det (p + m) = 0. To this end we use the
following trick:

det (y"p,—m) = det (7575 ('pu - m))
= det (ys (Ypp—m)y )
_ ¥ 5
= det((—'y Pu—m)yy )
= det(y"p.+m) (4.51)

The second equation follows from property of determinants and the
third from anticommutativity of y> with y*. From this we see that

det [(y"p, —m) (¥*pu+m)| = det (7V7"pﬂpv - mz)
= det? (" pu£m) . (4.52)

Using properties of y-matrices we can further write that

1
YV pupy =t = S Y Y pupy =i = pP -, (4.53)
and hence
det2 ()’“Pp + m) — (pZ _m2)4 =0. (454)

Consequently, plane-wave solutions with non-trivial amplitudes are
solutions of Dirac’s equation.

Positive Energy Solutions

From the Dirac representation of y-matrices we find that

_ (E-m)l -o-p

g-p —(E+m)] " (4.55)

(¥ —m)
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Consider u(p) in the form

ulp) = (X), (4.56)
®

where y and ¢ are both 2-component columns. From this we can
rewrite equation (4.49) as a system of two coupled equations

(E-m)y —o-pp =0, (4.57)

og-pxy — (E+m)p = 0. (4.58)
The on-mass-shell condition p?> = m?, in fact, ensures, that these two
equations are equivalent. Indeed, multiplying (4.57) by (E + m) we
obtain

(E2=m®) y — o-p(E+m)p = 0. (4.59)
————

p2

Similarly, by multiplying (4.58) from left by o - p we get
clolp'py — o-p(E+m)g = 0. (4.60)

Using the fact that o/ o/ p’p/ can be rewritten as {c, o/ }p'p/ = 6"/ p'p/
= p? we get that those two equations are indeed equivalent and any of
the two can be used. In particular, from the second equation we obtain
that

o-p
= , 4.61
= TaaX (4.61)
which implies that
u(p) o (::2; ) . (4.62)
E+m X

For our future convenience we fix the normalization of u(p) so that

u(p) = vE+m(a§ ). (4.63)
E+m

Other Normalizations

Often the normalization is chosen differently, namely
E+m{( x E;n'” X
u(p) = om op ¥ = op .
Et+m V2m(E+m) X

This gives nicer normalization for uu and vv.

There is another, more physical way of solving (p —m) u(p) = 0 and
(p +m) v(p) = 0 equations. Let assume that m # 0. In the rest frame of
the particle p* = (m, 0), which implies that the aforementioned Dirac

39



40 4 Dirac Equation — technical developments I

equations reduce to

(yO—Il) u(m,0) = 0, (4.64)
(70+ﬂ) v(m,0) = 0. (4.65)
There are clearly 2 linearly independent solutions for both u and v,
namely
1 0
Dm0 = [o]. Wm0 = ]|,
0 0
0 0
vD(m,0) = (1), v®(m,0) = 8 ) (4.66)
0 1

We could now boost these solutions from a rest up to a velocity

[v| = % by a pure Lorentz transformation S(L) = emiTur

3-velocity in relativity

Note that p# = (£, p) = 22 =(c, ). So, by setting ¢ = 1 we have
1—

NF

c

that |v| = %

Inner workings of this will be explicitly seen in section that deals with
boost transformations.

There exists also a simpler passage to the solution that employs a
trivial fact that

(p=m)(p+m) = p*~m* = (p+m) (p-m) = 0. (4.67)
So, in particular
(p-m) (p+m)u® =0, a=1,2. (4.68)

This implies that the positive-energy solution is of the form

E+m —-o-p
@ _ @
(p +m) uY(m,0) (0’-1) —(E—m))u (m,0)
(E +m)yW )
= . 4.69
( o-pxW e
Here we employed the fact that

xW(m,0)

uV(m,0) = 0 , (4.70)

0
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and that y@ is either ((1)) or (2)

Negative energy solution is obtained similarly, namely it is of the
form

(p—m) v (m, 0)

(E—m ey

()
o-p —-(E +m)) v<m,0)

—o W
(_ B+ m’)(X( @) . @.71)

Where in analogy with positive energy solution, we write

0
v(m,0) = o | 4.72)
x“W(m,0)

1 0 . . T
and y“W is again ( 0) or ( 1). Relation with our former normalization is

obtained when we write

p+m

uu)(p) E+m u(’l)(m, 0),
W) = V0. @73)

Non-relativistic limit and relation to the Schrodinger equation

Recall that positive and negative energy solutions to the massive Dirac
equation have the form

uy = \/E+m(a.,)lfﬂ ) = (uL) (4.74)

E+m A4 us

Note that ug = z-2-u; . Similarly for negative energy solution we can
write
P2 vs
vi=VE+m (E+’" ) = ( ) , (4.75)
¥Ya VL

g +’:n vr. In the non-relativistic limit |p| < m and so us < urp,

and vs < vr.. The subscript “S” refers to the so-called small component
and the subscript “L” to the large component.

and vg =

The positive energy solutions satisfy

(7o) o) < (). wre
o-p —-ml) \us us
This equation can be rewritten as

o-pus = (E-m)ug, (4.77)

o-pur = (E+m)us. (4.78)
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and that y@ is either ((1)) or (2)
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KW
uy = VE+m op () =

+m

(”L) . (4.74)

us

Note that ug = z-2-u; . Similarly for negative energy solution we can

write
Vi (B _ (s
vi = VE+m|Etm = , (4.75)
e VL
and vs = £:2-v,. In the non-relativistic limit |[p| < m and so |ug| <
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The positive energy solutions satisfy
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o-pur = (E+m)us. (4.78)
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Recall that [J;,J;] = isijrJr — ie,
they close a familiar algebra of rotations
su(2) ~ so(3).

Upper index labels rows, while the lower
one labels columns.

By substituting (4.78) to (4.77) we get

(o-p)o-p)

Tam UL = (E—m)uy, . (4.79)

We now use the fact that (o - p)(o - p) = p? and that |p| < m implies
E ~ m. With this we can rewrite (4.79) as
P’
—uy = (E—m)uL = ENRLLL, (480)
2m
where Enp is the non-relativist energy spectrum. This is the usual
Schrodinger equation for a free non-relativistic particle. To understand
the 2-component nature of u; we need to understand better how u(p)
transforms under the Lorentz group.

Applications of Lorentz Transformations on Dirac
Wave Functions

We will begin with rotations of Dirac wave functions. We know that that
the group of rotations {R} is a subgroup of the group of Lorentz trans-
formations {L}. We have seen that a generic element of the Lorentz
group has the form L = ¢ #M""“w  In particular, generators of rota-
tions are described by M (i, j = 1,2,3). Connection between M"/ and

J: is established via relation

Ji = ié‘ijijk or equivalently Mk = 250k g, (4.81)

In particular, when M*" acts on 4-vectors (i.e., it is in a fundamental
representation) then

(M™Y. = 2i [y’ — '] . (4.82)
This gives us
i . .
Ui = s |t = e (4:83)
So, for instance, for a third component we can write
i . .
UV = 3es [np’n"T - np"njf] : (4.84)
From this we see, that j has can be either 1 or 2, and k either 2 or 1,

respectively. Hence, non-trivial contributions to (J3)”, come only from
components p = 1,2, 7 = 2,1. Namely

i i .
(13)12 = 58312'711’75 - 58321'7“’7% = —i,
i i .
(J3; = sesn™ni — ez = i. (4.85)

2 2
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Thus we can finally write that J3 has an explicit form

00 0 O
00 - 0
Is=ly + o ol (4.86)
00 0 O
In a similar way we obtain
000 O 0 0 00
000 O 0 0 0 i
Ti=1o 00 | 7o 0 0 o0 (4.87)
00 i O 0 =i 00

It is easy to see that the generators J; can be written in the compact
form

w _ (0] 0 ):(o| 0 )
(Jz)v l( 0|8ijk 0|(Jl)1k , (488)

where (J;);x are angular momentum generators in adjoint representa-

tion.

On the other hand, we know that a general element of the subgroup of
rotations has the form

i

R = e‘iwijM’ = e‘%gi'ikwfflk = e_iekjk . (4.89)

Here we have defined 6% = %sifkwij. So, for instance the rotation

around z-axis should have the form
Ry = 7005, (4.90)

This can be computed explicitly. Let us first denote the central 2 x 2
matrix in J3, i.e.

0 —i
( . ) (4.91)

asJ3. Using the fact that J3 is involutory matrix , i.e., (J3)*> = 1, we can
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One can indeed check that Jj

- OR
80k lg=0"

write
1 0 0
o003 — 0 Z:o:O (—l;;) j;’ 0

0 0 1
1 0 0

= |0 I SO e — L0 @ s 0
0 0 1
1 0 0

= |0 cosOlyp — isin6f; 0
0 0 1
1 0 0 0
0 cosf® —-sinf O

= , 4.92
0 sinf cosf® O ( )
0 0 0 1

which describes a rotation in the x — y plane (i.e., rotation around z-
axis) by angle 6. Along the same lines one can show that a rotation
along arbitrary axis specified by the unit 3-vector n is done by

R = i (4.93)
Note that we can equivalently write that
0'J; = 6n'J;, (4.94)

where 6 is rotation angle around axis n. Since 6 corresponds to re-
spective components of the rotational angle we have succeeded to
relate the abstract parameters w;; with the physical parameters 6; (cf.
0k = %Eijkw,-j).

The corresponding representation of rotations that acts on Dirac wave
functions can be constructed from generators o/ by realizing the
following parallelism

L = e iM7ow §(L) = ¢ 170w,

R = ¢ iMYwy — -ion'Ji S(R) = emio @iy — i’y (4.95)

A

Here ¢; = 1&;07% & /K = 26156, Let us find explicit form of &.
Starting from the definition of o'/, we get in Dirac’s representation

ol = é[yi,yj] = iy'y/

- 0 of 0 o/ = —olo/ 0
- -t 0f\-e/ 0) " 0 e

_ (ka 0 ) Gk (4.96)
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One can easily check that

. OR
Js=i —3| =i
3 30 g
and more generally
; OR
c =0 e
Jk Ery |9:()

- OR

863

|e:0'

write
1 0 0
e~i00s 0 ZT:O (—:g) jg’ 0

0 0 1
1 0 0

= |0 ZL SO e — L G O s 0
0 0 1
1 0 0

= |0 cosOlyn — isinffz 0
0 0 1
1 0 0 0
0 cosf@ -—sinf O

= , 4.92
0 sinfd cosf® O ( )
0 0 0 1
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axis) by angle 6. Along the same lines one can show that a rotation
along arbitrary axis specified by the unit 3-vector n is done by

R = i (4.93)
Note that we can equivalently write that
0'J; = 6n'J;, (4.94)

where 6 is rotation angle around axis n. Since 6 corresponds to re-
spective components of the rotational angle we have succeeded to
relate the abstract parameters w;; with the physical parameters 6; (cf.
0k = %Eijkw,-j).

The corresponding representation of rotations that acts on Dirac wave
functions can be constructed from generators o/ by realizing the
following parallelism

L = e iM7ow §(L) = ¢ 170w,

R = ¢ iMYwy — -ion'Ji S(R) = emio @iy — i’y (4.95)

A

Here ¢; = 1&;07% & /K = 26156, Let us find explicit form of &.
Starting from the definition of o'/, we get in Dirac’s representation

ol = é[yi,yj] = iy'y/

- 0 of 0 o/ = —olo/ 0
- -t 0f\-e/ 0) " 0 e

_ (ka 0 ) Gk (4.96)
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Consequently, 6« reads

. 1 1 o 0
O = Zsklmo' Zé‘klmElmp(Op o-,,)
1 Imp (O 0
B 4£lmk8 0 o,

R p _ pomy (O 0
= 4(6m6k 6m6k)(0 o-,,)
_ 1 Tk 0

-2\l 0 ox)”

Algebra of generators G

(4.97)

Taking commutator

1 low, o1l 0 ) i (a'm 0
= kim

1 = —£ = &m0 m-
0 7 low,a]) 2 0 O'm)

(6, 01] = (

Hence &; are correct generators of rotations in Dirac’s space of
wave functions (so-called bispinor space).

By denoting
0
26y = 3 = (‘T" ) (4.98)
0 T
we obtain that
R ancr;\
_ _igpky _ e 2 O
S(R) = e 2972 = ( 0 e—éﬂnkcrk)' (4.99)
Consider now action of S(R) on u(p):
e—%@nkak 0
S(Ru(p) = ( 0 - bonion u(p)
Hnl‘ov‘ 0 §%
( ~3ome (‘”’ X)
E+m
"X
VE fono o g pebine o (4.100)
E+m e : na-X
Define x, = = e 1no X, where Z are generators of rotations in repre-

sentation with spin 1/2. So, y can be identified with a 2-component
spinor.

We can now use the following identity (it can be easily check to the
leading order in 6)

-ion-o Lon-o —ion-J

e ? o-pe? = oe p. (4.101)

(cf. with the similar relation S~1(L)y*S(L) = L",y” = y’L",). From this

2-component wave function that trans-
forms under rotations as

Xr = e—iﬂn o'/‘/ ’
is known in quantum mechanics as
Pauli spinor. In mathematics this is better
known as Weyl spinor.
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Here we change the former notation
xW, 1 =1,2, to the notation x,, 1 = i%
that is more usual in situations when
spin matters.

we finally get the rotated Dirac’s wave function in the form

S(R)u(p) = YVE+m

a-;if ) = g (Pr)- (4.102)

E+m Xr

We thus see that u,, is constructed from the rotated spinor y, and p,
is the rotated 4-momentum, i.e., p, = (po, p,)-

Let us now introduce Pauli spinors Xy = ((1)) and y_ 1= (0) and denote

1
them generally as y; with A = i%. Then

Xa

op
E+mAX4

ur(p) = VE+m , (4.103)

and A = i% (as seen in the box) has a meaning of the “third component
of spin”.

Action of Rotation Generators on Free Solutions of Dirac’s Equa-
tion in the Rest Frame

Let us look what happens, when we apply generators of rotations
(angular momentum operators) on free solutions of Dirac equation
in the rest frame. We know that these solutions have general form

—ikot+ik -x
+ _ Xa) e
vicy = V() ==
ikot—ik -x
i = V2m(°)—e —,
XA \2r

with k - x being zero in the rest frame and ko = m. We also know
that
A 1 gy 0
Ji < 0 = (O U'i) s

and in particular

(1 0
7=l 1)’
which leads to
Tl = syt Tt = -yt
¥} 274 Wy T vy
_ 1 _ _ 1 _
Jsl!'% = El»[’%/ J3¢_% = _EW_%'

These relations imply that Dirac’s bispinors describe particle with
spin 1/2.
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4.3 Lorentz Boosts and Dirac Wave Function

Lorentz boost in x direction can be written as

1 = y(it-vx) o xyg=vy(x-px),

x'o= yx-vt) e X =y(x—px),

o=y,

7 =z, (4.104)

where v = B and —1 < B < 1 (note that we use the notation ¢ = 1).

The Lorentz transformations are often also written in a way that re-
sembles rotations in 3D using hyperbolic functions. This is possible,
because 8 and y satisfy identity

V2 -yp* = y(1-p%) =1, (4.105)

which allows us to set y = cosh ¢ and yf8 = sinh . With this, we can
rewrite (4.104) equivalently as

xj, = xpcosh{ — xsinh(,
x" = xcoshl — xpsinh/,

y o=y,
7 = 2. (4.106)

In this connection we note that

cosh =y = ! = !
V1-p2 \/1—tanh2§
_ sinh/ _ 1
tanh¢ = —cosh{ =B = (¢ =tanh p. (4.107)

Since B € (-1,1), we get that { € (—c0, o). The new variable ¢ is known
as rapidity.

Similar equations can also be written for boost in z direction

xy = xpcosh{ — zsinh(,

x = x,
yo=y,
77 = zcosh¢ — xgsinh(, (4.108)

and similarly for y direction.

Aforestated boost transformations can be written in terms of boost

Rapidity is a standard parameter that
quantifies relativistic velocities in parti-
cle physics. In 1D motion, rapidities are
additive whereas velocities must be com-
bined via Einstein’s velocity-addition
formula.
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Note that M® is consistent with the
defining formula (3.28).

matrices as

coshl —sinh 0 0
I - —sinh¢ coshs 0 0
o 0 0 1 0|’
0 0 0 1
cosh 0 0 —sinh?¢
0 10 0
L, = 0 01 0 , (4.109)
—sinh 0 0 cosh¢

and similarly for L,.

Consider now a particle with mass m in its rest frame. In such a case it
has a four-momentum p* = (m, 0,0, 0). Let us now boost to the second
frame, which moves with velocity v in the —z-direction of the first (i.e.,
—v velocity in the positive z-axis direction). Then in the new frame the
z momentum of the particle will appear increased. In particular, we
can write this boost transformation from the rest frame in the form

cosh 0 0 sinhZ)(m E

;L _ 0 10 0 0] _|o

p = Lgp O 01 o0 ol = 1ol (4.110)
sinh 0 0 cosh¢/\0 q

where E = mcosh ¢ = my and ¢ = msinh ¢ = mvy (relativistic three-
momentum). So, in this case, tanh { = g/E = .

If ¢ is infinitesimal (i.e., || < 1), we can write the boost matrix in z
direction as

1 0 0 ¢ 0 001
PO L R
0 01 1 000
At the same time, we can use Eq. (3.52) and write
L., ~ 1- ia),“,M"" = 1—£(w03M03+w30M30)
= 1- %WMOS. (4.112)

Here we used the fact that w,,, = 0 except for boost in 3rd direction
where wgs = —w30 # 0. By using the relation K’ = $ M% we can identify
wp3 with £ and

, M% =2 (4.113)

o O O O
o O O o
oS O O
= O O O
o O o o
o O O O
O O O

As an independent check we can now go back to finite transformations,
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So, indeed, we have

up) B up(p) = SRu®™'p).

Here we change the former notation
/y“}, A =1,2, to the notation x4, = i%
that is more usual in situations when

spin matters.

we finally get the rotated Dirac’s wave function in the form

SRu(p) = VE+m (4.102)

0"17/,\: ) = MR(pR)'

E+m AR

We thus see that u, is constructed from the rotated spinor y, and p,
is the rotated 4-momentum, i.e., p, = (po, p,)-

. - 1 0
Let us now introduce Pauli spinors X1 = ( O) and x_ 1= ( 1) and denote

them generally as y, with 2 = +3. Then

XA

op
E+m A

u(p) = VE+m , (4.103)

and A = :t% (as seen in the box) has a meaning of the “third component

of spin”.

Action of Rotation Generators on Free Solutions of Dirac’s Equa-
tion in the Rest Frame

Let us look what happens, when we apply generators of rotations
(angular momentum operators) on free solutions of Dirac equation
in the rest frame. We know that these solutions have general form

—ikot+ik -x
w+(x) = 1[2m (X/l) e— ;
! 0) V2’
ikot—ik -x
i = V() )
XA \x

with k - x being zero in the rest frame and ko = m. We also know

that
A_lO'i 0
Ji © O'—E(O O'i),

and in particular

o = 1 0
3 = O _1 7
which leads to
+ 1, + 1,
J3¢’1 = _lv[,ll JSW_; = __W_l,
2 273 2 2732
_ 1 _ _ 1 _
J3lﬁ% = Elﬁ% s sz_% = _E _% .

These relations imply that Dirac’s bispinors describe particle with
spin 1/2.
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4.3 Lorentz Boosts and Dirac Wave Function

Lorentz boost in x direction can be written as

1 = y(it-vx) o xyg=vy(x-px),

x'o= yx-vt) e X =y(x—px),

o=y,

7 =z, (4.104)

where v = B and —1 < B < 1 (note that we use the notation ¢ = 1).

The Lorentz transformations are often also written in a way that re-
sembles rotations in 3D using hyperbolic functions. This is possible,
because 8 and y satisfy identity

Y -yp =y (1-p) =1, (4.105)

which allows us to set y = cosh ¢ and yf8 = sinh . With this, we can
rewrite (4.104) equivalently as

xj, = xpcosh{ — xsinh(,
x" = xcoshl — xpsinh/,

y o=y,
7 = 2. (4.106)

In this connection we note that

cosh =y = ! = !
V1-p2 \/1—tanh2§
_ sinh/ _ 1
tanh¢ = —cosh{ =B = (¢ =tanh p. (4.107)

Since B € (-1,1), we get that { € (—c0, o). The new variable ¢ is known
as rapidity.

Similar equations can also be written for boost in z direction

xy = xpcosh{ — zsinh(,

x" = x,
y =Y,

7 zcosh¢ — xgsinh ¢,

(4.108)

and similarly for y direction.

Aforestated boost transformations can be written in terms of boost

Here the system S” moves with respect
to the system S with the velocity v = vx.

Rapidity is a standard parameter that
quantifies relativistic velocities in parti-
cle physics. In 1D motion, rapidities are
additive whereas velocities must be com-
bined via Einstein’s velocity-addition
formula.
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See the formula (3.28) for M in funda-
mental representation.

matrices as

coshl —sinh 0 0
I - —sinh¢ coshs 0 0
o 0 0 1 0|’
0 0 0 1
cosh 0 0 —sinh?¢
0 10 0
L, = 0 01 0 , (4.109)
—sinh 0 0 cosh¢

and similarly for L,.

Consider now a particle with mass m in its rest frame. In such a case it
has a four-momentum p* = (m, 0,0, 0). Let us now boost to the second
frame, which moves with velocity v in the —z-direction of the first (i.e.,
—v velocity in the positive z-axis direction). Then in the new frame the
z momentum of the particle will appear increased. In particular, we
can write this boost transformation from the rest frame in the form
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;L _ 0 10 0 0] _|o

p = Lgp O 01 o0 ol = 1ol (4.110)
sinh 0 0 cosh¢/\0 q

where E = mcosh ¢ = my and ¢ = msinh ¢ = mvy (relativistic three-
momentum). So, in this case, tanh { = g/E = .

If ¢ is infinitesimal (i.e., || < 1), we can write the boost matrix in z
direction as

1 0 0 ¢ 0 001
PO L R
0 01 1 000
At the same time, we can use Eq. (3.52) and write
L., ~ 1- ia),“,M"" = 1—£(w03M03+w30M30)
= 1- %WMOS. (4.112)

Here we used the fact that w,,, = 0 except for boost in 3rd direction
where w3z = —w3p # 0. By using the relation K; = %M 0 and the fact
that

, M% =2 (4.113)

o O O O
o O O o
oS O O
= O O O
o O o o
o O O O
O O O

we can identify wgz with {. As an independent check we can now go
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back to finite transformations, i.e.

0 0 01
i 0 00O
L, = eXp(—Ewog,MO?’) = expi¢ 000 0
1 0 00
cosh 0 0 sinh/¢
0 10 0
= 0 0 1 0 , (4.114)
sinh 0 0 cosh¢

01
where in the last step we used the fact that the matrix ( 1 O) is in-

volutive. This result indeed coincides with L, given in (4.109), with

vV — =V

In the bispinor space the ensuing matrix responsible for boosts is given
by
S(L) = exp ‘—%wOiﬂ'Oi } : (4.115)

In particular, in the z direction we have

S(L;) = exp {—%4*003} , (4.116)

03

where o™° = % [70,73] =iy%3, so

S(L;) = exp {—%{iyo)/S} = exp {%yoy?’; ) (4.117)

Let us now compute the explicit form of S(L;). Firstly, we observe
that (y%y%)? = y993y0y3 = —y09993y3 = —1(-1) = 1, which implies that
¥%y3 is an involutive matrix. By using the identity

eV = (coshx)1 + (sinhx)N, (4.118)
which is valid for any involutive matrix N, we obtain
_ ¢ 0318
S(Ly) = coshz + vy smhz. (4.119)

Secondly, using hyperbolic half-arqument formulas, one can write

I _\/cosh{+1 _\/E/m+1 _\/E+m
cosh2 = > = > = o (4.120)

and

_ _ 2 _ 2
sinh£ _ \/cosh{ 1 _ \/E mo_ E?—m
2 2m 2m(E + m)

qZ
=zt (4.121)

Note that the matrix S(L;) is non-
unitary. This is consequence of the fact
that there are no finite dimensional uni-
tary representations for non-compact
groups (e.g. Lorentz group) of which
boosts are examples.

Note that in bispinor representation
S(L), the arguments of hyperbolic sine
and cosine are £ /2 whereas in fundamen-
tal representation L, the arguments are
just .
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(since cosh ¢ = y and E = ym we used cosh ¢ = E/m). Here m is rest
mass and ¢ relativistic three-momentum. From (4.120) and (4.121) we
can read off that

_ [E+m 9 0.3
S(Ly) = +f = [1 + =Ty ] . 4.122)

Thirdly, we observe that in Dirac’s representation

0 o3

Yo% = (P e)ic?®d®) = (cPic?®c) = (03 0) . (4.123)

Consequently, we can write the bispinor representation of boost trans-
formation in z-direction as

S<Lz) =

(4.124)

E+m( 1 4 0'3)

E+m
2m q_ 3 1

E+m0—

This result might be generalized to boost in general 3-velocity v = ¢/E
direction. Ensuing transformation takes the form

S(L) = 1/EZ%( qﬂa E‘iin") . (4.125)

E+m

As an example, we can consider a particle in the rest frame, i.e., with

four-momentum p* = (73) In this case the Dirac spinor is

u () = V2m ()6”) . (4.126)

When boosting system to a frame with velocity —v in z-direction we
get

E
_ 0
p=L,p = ol (4.127)
q
and
E+m( 1 4=
ua(p) = S(L)ua(p) = 4/ — god I V2m (“). (4.128)
n E+m 1 0
Consequently
Xa
ur(P) = NVE+m| 75 , (4.129)
Etm X

which coincides with our former result (4.63).
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4.4 Spin Sums and Projection Operators

Let us recall that negative energy solution were plane-waves of the

form
V/l(p)eipx — v/leiwp t—ip-x , (4130)

with amplitude v(p) satisfying

GFpu+my(p) =0 = v(p) = \/E+m(%“). (4.131)

Xa

We will now show that the following “ortho-normality” relations
hold

u(puy(p) = 2méar,

valpva(p) = —2mor,
mpvr(p) = 0,
valpur(p) = 0, (4.132)

where a(p) = u}(p)y, Vap) = vi(p)y".

We already know that (x)y(x) is a Lorentz scalar, it is not difficult to
see that also u (p)uy (p), va(p)vay(p), and u (p)vy(p) are Lorentz scalars.
In fact, e.g.

w(L7p)STHL)S(LYva(L™" p)

(L pva(L7tp). (4.133)

ur2(p)ve,a(p)

So, in order to prove (4.132) we can go to the rest frame where bisponors
acquire the simple form (cf. Eq. (4.66))

1 0
0 1
uipp(m,0) = V2m ol u_1/2(m,0) = V2m ol
0 0
0 0
vi2(m,0) = V2m (1) , voip(m,0) = V2m 8 (4.134)
0 1

From these results (4.132) follow automatically.

Upshot of (4.132) is that the four bispinors u,(p) and v,(p) are linearly
independent and so they form a complete basis in the space of Dirac
spinors.

Positive Definite Norm

Normalization in (4.132) is Lorentz invariant, however, the norm
is not positive-definite. In fact, we know that the positive-definite
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density per unit volume is

pp) = J°(p) = Pp(x)y up(x).

This indicates that instead of (4.132) one could use scalar product
with y? insertion. This would indeed do, e.g.

i (p)y ux(p)

g5 o) (x)
1
= o (@) pur () + aa@)py ur(p)]

1 0
= %ﬁa(l?){yolﬁf}uw(l?) = %54,1'-

Similarly, we can show that

0
e ve(p) = Sou and @y ur(p) = 0,

with p# = (p°, —p). In deriving these relations we used that

LEP-m) =0 S mpp = L),
REPEm =0 & T = 7).

For purpose of this section, however, the “scalar product” defined
via (4.132) will suffice because a) it is simpler and b) the semi-
definiteness of the norm will not play any conceptual role in our
reasonings.

To proceed, we observe that the following relations hold
(p—mua(p) = 0,
(p+mwalp) =0,
(p—myva(p) = (p+m—2mpva(p) = —2mva(p),
(p+mua(p) = (p—m+2mua(p) = 2mua(p).  (4.135)

Let us now consider the operators

Note that ), ua(p)ua(p) is in fact a At — u 7 ,

short-hand notation for the tensor prod- ) ; APJia(p)

uct ),y ua(p) ® ua(p). Similarly also for

A A(p) = D vapalp).- (4.136)
a

When applied to positive and negative-energy bisponors they yield

A*(p)ua(p)

Dy Pty (Phuap) = 2m Y uy (pP)Syy = 2mia(p),
A A

A (p)valp)

> ur @iy pvap) = 0. (4.137)
)/ h/—/

0
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Similarly

A (pua(p) = 0, and A (pva(p) = —2mva(p). (4.138)

By comparing these relations with operators (y*p, + m) we can make
the following identification:

A(p) = Zua(p)ﬁa(p) = Y'putm,
A

A () = Y vaplalp) = y"pu—m. (4.139)
A

Let us now define two new operators

A (p)  Y'putm
At = = ,
) 2m 2m

Ap) _ =0pamm)

A” 4.140
) o o (4.140)
It can be easily recognized that these operators are projection operators

as they fulfill the necessary conditions for projection operators, in

particular:
> AP - (yputm)|* () £ 2y  pum + m?
B 2m - 4m?
(Y pu £ m)
= 2—” = A*(p),
m
> AT(p) + A"(p) = 1,
» ATAT = 0.
Let us also note that
+Tr(y" py)
Tr (A* = — % 42
r (A*(p)) 5+
+p, Tr y#
= TV a0, (4.141)
2m

Projection operators A* and A~ project over positive and negative
energy states, respectively.

Exercises: Dirac equation — technical developments I

Dirac field bilinears

Dirac wave-functions have 4 complex components,

Y1(x)
Ya(x) 4
ws(x)| © <.
Y (x)

Y(x) =

Apart from the usual Hermitian conjugation ¢ (x) = (7 (x), 45 (x), 43 (%), Yz (), we
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also define the Dirac conjugation ¢(x) = Ul enl.

Exercise 4.1 Show that in the standard representation of y-matrices, Eq. (3.13), (as
well as in any unitarily equivalent representation) the Hermitian conjugation acts as
follows:

1) ) =900,
2) (@) =90,
3) 6N =90

Exercise 4.2 Show that the expression
GOy ly(x),
transforms as a (skew-symmetric) tensor field under Lorentz transformations.

[Hint: Recall Eq. (4.12).]

Exercise 4.3 Show that the expression

GOy (x) (4.142)
transforms as a pseudovector field under Lorentz transformations.
[Hint: Use the identity &4y 50 LY, L"ﬁ L'“y L% = (detL)&qpys for the determinant
of amatrix L.]

Exercise 4.4 Show that the set of matrices

{1, 7“! [7“#}"'], )’Sy'llr 75 }y,v:0,1,2,3 ’
is a basis of the vector space C** (4 x 4 complex matrices).

[Hint: Make use of the basic properties of I'; matrices.]

Dirac equation and its solutions

The Dirac equation, and its Dirac-conjugated equation read

("0 —m =0,  @ud)iy* +mi = 0.

Exercise 4.5 Verify that the axial current
JE(x) = Py yiu(x),

satisfies the equation
8,,1;‘ = 2impyoy,

whenever y(x) is a solution of the Dirac equation.

— variational principle

In field theory, the equations of motion for an n-component field ¢, (x) follow from
the stationary action principle:

S[pa(x) +6¢a(x)] = Sl¢a(x)] ~ 6S[pa(x)] = 0,

Slga(x)] = / 4 L a(x), duba(x)),

where L is the Lagrangian density, and where variations of the field 6¢ 4 (x) vanish on



4.4 Spin Sums and Projection Operators

the boundary. The equations of motion are then the corresponding Euler—Lagrange
equations

oL )_6L - 0.

O (a(ama) EY

Exercise 4.6 Consider the Lagrangian density

LW, ", Outh, Ouyp™)
2oL ih o . .
= om (Oj™)Oj¢) + (" Oy — YOy™) — V(x, ) ¢ .
m 2

Show that the stationary action principle for the action S[y, y*] = / Ld*x yields the
Schrodinger equation (and its complex conjugate) as its Euler-Lagrange equations.

[Hint: Regard ¢ and ¢* as two independent fields.]

Exercise 4.7 Consider the action

sl = [ e o, - mut)

/ A G (Vi By — ) (x),

(where o, 8 = 1,2,3,4) and show that the stationary action principle yields the Dirac
equation and its Dirac conjugate.

- solutions of the Dirac equation

The Dirac equation (4.4) is solved by harmonic waves

%l’gr)(x) = eipnx! u(p) (positive energy),
W;;_)(x) = ePuy(p) (negative energy),

where pg = wp = yp%+m? > 0, and the polarization spinors u(p) and v(p) are
solutions of the algebraic equations

(p—mu(p) =0,  (p+mpyvip) = 0.

Exercise 4.8 Working in the standard representation of y-matrices, show that the

equation
(p-mu(p) =0, E =py=wp = p2+m?,

has 2 linearly independent solutions, and they can be written as

é{ix)’ X:((l))((l))

Analogously, equation (p + m)v(p) = 0 has 2 linearly independent solutions
op_ 1\ (0
_ [ ErmAX -
o= ()= lhh)

[Hint: Note that (p —m)(p + m)w = 0 forany w € Cct]

ulp) = (

Exercise 4.9 Write massless (m = 0) Dirac equation explicitly in the standard repre-
sentation of y-matrices, and find similarity with the Maxwell equations of electrody-
namics.
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— Lorentz transformations of Dirac wave-functions

Recall the fundamental representation, and the spin representation of the Lorentz
group:
L = exp (—iwﬂ‘,M”") , S(L) = exp (—iww,(r‘”’).

Similarly to the rotation and boost generators in the fundamental representation,

the rotation and boost generators in the bi-spinor representation are, respectively,
1 jk 0i i0

26 = % = Esijk(r] p ot = —o'.

A rotation S(R) in the bi-spinor representation can be specified by 3 parameters
01,602,603 (wjk = €ijk 0", wo; = 0) as

i jk ipgi
S(R) = ¢ #9ikT/" = 750'%

Exercise 4.10 Show that the identity
S)TyHSL) = LAy,
when specialized to rotations S(R), reduces to Eq. (4.101).

[Hint: Use the standard representation of y-matrices, where ! = I ® o'’ .]

Exercise 4.11 Consider a boost in the x-direction by velocity 8. This Lorentz trans-
formation is described by the matrix

y -8 0 0 coshg —sinhg 0 0
_|~B b% 0 Of_ |-sinhg coshg 0 0

Lx(@) = 0 0 1 0| 0 0 1 0]
0 0 0 1 0 0 0 1

wherey = /1 -2, and ¢ is the rapidity of the boost. Cast L in an exponential form to
find the corresponding generator.

Exercise 4.12 By composing two boosts in the x-direction, with rapidities £; and &,
respectively, derive the relativistic formula for the addition of velocities.

[Hint: Use the identities for hyperbolic functions: sinh(¢; + ¢) = sinh ¢; cosh &, +
sinh &, cosh &7, and cosh(¢y + &2) = cosh &1 cosh &, + sinh ¢ sinh £3.]

- matrix exponentials

The exponential of a matrix A is defined by the series
o An
A _
e S Z 7 .
n=0

The rule eA+B = ¢A¢B holds true when [A,B] = 0, but otherwise one has to use the
Baker-Campbell-Hausdorff formula in one of the variants

_1
AB _ A B 3IABI

1
eAe]B — eA+]B+2[A,]B]+ ,

where ‘. .." denotes terms with ever more nested commutators.

Exercise 4.13 Take
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and calculate a) e2*B, b) e2eB, o) [A, B].

Exercise 4.14 Take

1 o
a@ = o)
and calculate:

a) the explicit form of eAla),
b) the derivative of the result of a),
c) the expression % M),

d) the derivative of (@),



The change from p top — %A is known
as minimal substitution and the ensuing

interaction term is known as minimal cou-

pling.

Generally, the commutator of a function
f with the derivation |-, f] is equal to

% since (operating on a test function u)

d d . du
[ (o) -
d

- (4 du_ pdu_(df
_(dx)Lt+fdx fdx_(dx)u'

Dirac Equation — applications I

5.1 Electromagnetic Coupling of Electrons

Non-relativistic Charged Particle

For a free particle of mass m, the Hamiltonian is simply Hy = p2/2m. If
the particle has charge g, then in the presence of an external electro-
magnetic field the Hamiltonian changes to

_44)?
H = % 40, (.1)

where A and ¢ are the vector and scalar potential, respectively.

Moreover, we also have to insist on a gauge condition which can be
taken in the form V - A = 0 (so-called Coulomb gauge). The magnetic
field is connected with the vector potential via B = V X A while scalar
potential with electric field via E = V¢ — 56—*[‘. So, in particular, situa-
tion with zero electric field and constant magnetic field B = (0,0, B)
we can set A = %B(—y, x,0)and ¢ = 0.

In this case we can write the Hamiltonian (5.1) to the first order in ¢ as

1
H = 5 [pz - %(pA + Ap)] + 0(q%). (52)

In quantum mechanics, pA # Ap, but we can relate these two ex-
pressions via p'A’ = A'p’ + [p/, A’|, where [p,AT| = —in[V; AT] =
—inV - A = 0 (in Coulomb gauge). Then

p2

2m

- %A-p + 0(4%). (5.3)

By evaluating explicitly A - p we get

1 B B
Ap = 5By, x,0pxpy pz) = S0Py =ypx) = 5L (54)

Here L, is 3rd component of the (orbital) angular momenta. Due to
rotational invariance of the experimental setup we can easily gener-
alize this result to arbitrarily oriented B. In particular, we can write
A-p = L-B/2. Consequently, we get that the Hamiltonian (5.3) is
composed of two parts H = Hy + Hgm, where

Hpm = ——L-B-L. (5.5)
2m

Particularly for electron it is conventional to write this in the form
(g = eand m = m,)

eh L L
_Zmecﬁ.B = —gL/lBE'B = IIB, (56)

Hpm =
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( _ QA)Z The change from p to p — %A is known
H = P—= + q¢, (5'1) as minimal substitution and the ensuing
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Moreover, we also have to insist on a gauge condition which can be
taken in the form V - A = 0 (so-called Coulomb gauge). The magnetic
field is connected with the vector potential via B = V X A while scalar
potential with electric field via E = -V¢ — %—ft‘. So, in particular, in situ-
ation with zero electric field and constant magnetic field B = (0,0, B)
we can set A = %B(—y, x,0)and ¢ = 0.

In this case we can write the Hamiltonian (5.1) to the first order in g as

1 q
H=5-|p* - L4 + ap)| + 06D (52)
m C
In quantum mechanics, pA # Ap, but we can relate these two ex- Generally, the commutator of a function
pressions via PIAT = Alp' + [pi,Ai], where [pi, Ai] = —ih [Vi,Ai] = f with the derivation |-, f| is equal to
—inV - A = 0 (in Coulomb gauge). Then % since (operating on a test function u)
d d du
z ] am) -
H=2 _ 94 51 04. (5.3) dx dx dx
2m mc df du (df

du
= (a) ax VA T (a)
By evaluating explicitly A - p we get

1 B B
A-p = 5By, x,00(px Py, pz) = 5Py =ypx) = L. (54)

Here L, is 3rd component of the (orbital) angular momenta. Due to
rotational invariance of the experimental setup we can easily gener-
alize this result to arbitrarily oriented B. In particular, we can write
A-p = L-B/2. Consequently, we get that the Hamiltonian (5.3) is
composed of two parts H = Hy + Hi + Hgm, where

H = --LB.L. (5.5)
2mc
Particularly for electron it is conventional to write this in the form
(q = eand m = m,)

enh L

H = - —-
! 2mec h

L
B = —giup3 B = p-B, (5.6)
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Typical non-minimal coupling that could

be added to (5.9) would be o#VF,,,.

Non-minimal coupling terms typically
lead to dipole and higher multipole
terms.

where ug = eh/(2mec) is the Bohr magneton. The factor g, is known
a the g-factor (here g; = 1) and u the orbital magnetic moment of an
electron. The term gz up is known as the gyromagnetic ratio.

Experimental atomic physics tells us that:

» electrons have spin 1/2

» gyromagnetic ratio for spin of electron (and more generally 1/2
particle) is twice the gyromagnetic ratio for orbital angular mo-
mentum (i.e. g5 = 2g1)-

The great achievement of Dirac was to show that his equation allows
to consistently handle quantum theory of electron and to incorporate
both aforementioned experimental observations. We will also see that
Dirac’s equation can do even more, namely it ensures that to each 1/2-
particle must exists antiparticle and it correctly predicts fine structure in
the spectrum of hydrogen atom.

Dirac’s Charged Particle

Let us now derive the gyromagnetic ratio for spin 1/2 particle directly
from Dirac’s equation.

When considering a relativistic situation, we have to work with the
four-vector gauge potential A,. The minimal coupling prescription is
then given by

Pu = Pu — qAy = Oy — 0, + iqA,, (5.7)

where p, = iz2;, respectively. It is easy to see that the space com-
ponents of this prescription provide consistent minimal prescription
known from non-relativistic physics, namely

pi = pi—qA;i © pf > p—gAl & —iV > —iV-gA. (5.8
With this notation the Dirac equation takes the form
(id = g4 — myy(x) = 0. (5.9)
This can be further rewritten in the Schrédinger-like form

2
ot

[@(=iV —qA) + Bm+q¢l¥

[ep +pm]y + [-qaA +qdly
(Ho + Hint) ¥ . (5.10)

To extract more physics, let us concentrate on the non-relativistic limit.

We write ¢ = ("D) and use Dirac’s representation. Then from
X

oy (0 o) o qgp+m 0
s = [(0_ 0)( iV qA)+( 0 qu—m)]w' (5.11)
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we get two coupled equations

0

1—<p =o-lly + gpp + my,

ot

Ox
iy = o-My + qgpxy — my. (5.12)

Here we have introduced the so-called kinematic momentum I1,, as
Pu—qA, =1, = =iV-gA =1I. (5.13)

Similarly as for a free particle we pass to the non-relativistic limit by
factoring out from y the fast oscillating factor, i.e.

v = (‘P) — oimt (‘%) ) (5.14)
X X

With this Eq. (5.12) reduces to

isy = oI+ g0, (5.15)
ox < . g
sy = o-Mg + qgpy — 2my. (5.16)

Since in Eq. (5.16) the 2m y term dominates over id ¥'/dt we can drop
the id ¥ /0t term and rewrite Eq. (5.16) as

B oll _ qd . oll _
ALY AN 17
X om ¥ * 2m” om 7 (5.17)

where the last approximation reflects the fact that the interaction en-

ergy q¢ is typically much smaller than the rest-mass energy mc?, so
lge/2mc?| < 1.
Inserting Eq. (5.17) into Eq. (5.15), we get
0¢ o-M)(o-1)) _ 5 o-M)(o-11 5
la—": = (—( 2)( ))¢+q¢w = (—( X )+q¢)¢. (5.18)
m 2m

This can further be reduced by using an analogue of the well known
identity

(o-a)o-b) = ooldt = (Y +ie"*aF)a' b/

a-b + ickaxb)

a-b +io-(axb), (5.19)
which is true only if @ and b are c-numbered vectors. For operators,

this identity must be modified. In particular, if a and b are generic
(non-commuting) vector operators we should write

(@ a)ob) = 1 {0t ol ' W)+ [0, 0] [a, 0], (520)

where we used the decomposition into a symmetric and an anti-
symmetric parts. Specifically, for the scalar products of o with the
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Recall that (Vx Ak = gklmg am je.
2V x A)K = gklm(g, A" — 5, A1).

The current value of electron g-factor is
give by g, /2 = 1,001159652180....

kinetic momentum, we get

1

267 {11, T} + }IZisijka'k [T, 117

= II? + %is’jko’k [pi—in,pi—qu]

= 12 1. ijk _k i AJ i

= I - Jise g (17,47 + [4,p1])
1 . ) )

= 12 - Sqotett (Vial - v;40)

= N? - qc"(VxA¥ = 1> — g0 -B. (5.21)

Thus, Eq. (5.18) finally reduces to

+ 99|94, (5.22)

06 _ [p-gqA? qo-B
ot 2m 2m

which is nothing but the Pauli equation of the non-relativistic quantum
physics. Hence we gain certain confidence that we are on the right
track.

We can again write Dirac’s non-relativistic Hamiltonian in (5.22) as
Hp + Hi + Hgm. By restoring 72 and ¢ we get

o eh L qgh o
! 2mc h 2mc h
eh L qh &

= —%E-B - %%-B, (5.23)

where ¢ = 0/2 is generator of rotations for spin-1/2 particles. Specifi-
cally for electrons we can write

L lix
H, = - — B — —.B
EI SLHMB 7 8sMB 7
= u-B, (5.24)
where
L o
H = — UB (gL% + gs%) , (5.25)

is the total magnetic moment. Note that g; = 2g;, = 2. The fact that
gs = 2 is a nontrivial prediction of Dirac theory derived within the
non-relativistic context of the Dirac equation. The g-factor of electron
has now been measured to something like 12 figures of accuracy and
it is not precisely 2, it differs by a tiny amount. Understanding this
small difference goes, however, beyond Dirac’s theory as it requires a
full-fledged Quantum Field Theory.
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Dirac Particle in Electromagnetic Field

Dirac particle with charge g (minimally) coupled to an electromagnetic field with
four-dimension vector potential A, is described by the equation

H, — my(x) = 0, I, = id,—qAy,.

Here IT,, is kinematic momentum.

Exercise 5.1 Consider Dirac’s particle in a uniform magnetic field and zero electric
field. Assume that the field B is along the z axis. Show that the vector potential A#
may be chosen so that AY = A*¥ = AY = 0 and A% = Bx (this choice is known as
Landau gauge). Assuming stationary states of the form

—-iEt ‘P(x))
t,x) = e .
yi) ()((x)
Eliminate y and show that ¢ fulfills
(E*=m)p(0) = [p* +4*B2x? —qB(c® +2x p)] ¢ (x).
with p¥Y2 = —idy y .

[Hint: Work in the standard representation of y-matrices, and eliminate y(x) from
the pair of equations following from Eq. (5.9).]

Exercise 5.2 Since p¥, p* and o> commute with the right-hand side of the equation
in Exercise 5.1, one can consider the ansatz

e = e PIPIf().

Here p¥ and p? are c-numbered constants and f is an eigenvector o>. Can you justify
the ansatz? Show that the resulting differential equation for f has the form

d? , . .
~T5 +(qBx—p” )2 - qBO'3] fx) = [EZ=m? = (p*P|f(x). (5.26)

By introducing the auxiliary variables (assume gB > 0)

E2—m? - p?

e )

gB

show that the equation for f reduces to

If £ is corresponding eigenvector of o> with eigenvalues « = +, then

9 )

= fora=1, = fora=-1.

! (0 7=k

From this deduce that the solution which vanishes at infinity has the form

fo = cePH, (&),

provided a + @ = 2n + 1 (nis integer,n = 0,1,2, .. ., ¢ is a normalization constant).
H,, are Hermite polynomials. From this deduce the energy levels of a relativistic
particle in constant magnetic field are (in full units)

E = (i)\/mzc4 + p%cz +hc2gB2n+1-a).

Notice that energy levels have both discrete (n, @ = —=1;n + 1, @ = —1) and continuous
(in py) degeneracy.
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Exercise 5.3 How looks the non-relativistic expansion of the previous energy spec-
trum? Compare it with the usual Landau levels which are result of an analogous
non-relativistic treatment.

Exercise 5.4 Show that the following identity holds
[ — qgh? —m2ly = |6 — gA? - %a',”,F,,V 2|y,

Here oy, = %[y",y"] and F,, is the usual electromagnetic stress tensor.



Dirac Equation — Technical
Developments I1

6.1 Representations of y Matrices

We have seen that y-matrices satisfy the defining relation
Y =2 (6.1)

The question naturally arises, how uniquely are the y-matrices deter-
mined by the Clifford product (6.1). This is answered by the so-called
Fundamental theorem of Clifford algebra (W. Pauli 1936):

Theorem 6.1.1 (Fundamental theorem of Clifford algebra)

If two distinct sets of y-matrices are given, that both satisfy the Clifford
algebra relation

Hy'y = 297,

then they are connected to each other by similarity transformation
yH =8 _1)/”S .

If, in addition, the y-matrices are (anti-)Hermitian (as in Dirac’s particular
case where y° = ¥ and y' = —y') then S itself is unitary, i.e.

yH = UyrU .

This transformation is unique up to a multiplicative factor, which in case
of U must have absolute value 1.

Though all physical consequences should be independent of a partic-
ular choice of y-matrics representation, different sets might present
different technical advantages.

Let us now review the most typical representations of y-matrices.

Dirac’s Representation

So far we have worked with the so-called Dirac’s representation of
y-matrices. This is historically the oldest representation of y-matrices.
It was found by Dirac — hence the name Dirac’s representation. In this
representation y matrices are given by

1 0 i 0 o 01
0 _ i _ i 5 _
Yy = (0 _:u) ;Y = (_U'i O ) ;Y = (:ﬂ 0) . (62)

By using properties of tensor product, we can conveniently rewrite
these matrices as

yO =0®l, v =imeo, y5 =onel. (6.3)

Clearly when a set of y#' matrices satis-
fies Clifford algebra product (6.1) and is
(anti)Hermitian, then also y"# = UTy#U
satisfy the Clifford product and are
(anti)Hermitian. Hard part of the proof
of Theorem 6.1.1 is to show existence and
uniqueness of U.
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This representation is particularly convenient for taking the non-rela-
tivistic limit, e.g., for a free particle we have already seen that in Dirac’s

representation
X NR [XNR
; - . 6.4
(EJ;X) ( 0 ) 64

An analogous behavior was observed for Dirac’s wave function of an
electron in external electromagnetic field.

Let us also recall that the Lorentz group elements associated with
rotations and boosts have in Dirac’s representation the explicit forms
[cf. Eq. (4.99) and Eq. (4.125)]

e~ MOk 0

So(R) = ( . e_g,,k,,k), (6.5)
E+m| 1 g:;

Sp(B) = 1/ o é’:; N (6.6)

Chiral (Weyl) Representation

Another important representation is chiral or Weyl representation that is
given by y-matrices

0_0]1 i_OO-i 5_—10
7—(30,7—_@0,7— o 1/ ©7

Again, we can rewrite this representation in terms of tensor products
as

Y= oel, y=ineo, ¥ = -mol. (6.8)

Chiral representation is important for description of massless spin
1/2 particles as in this representation the Dirac massless equation
decouples into two autonomous equations, one for upper and one for
the lower component of the Dirac spinor.

Chiral representation is also instrumental in discussions related to
bispinor representation of Lorentz group. To this end we recall that for
rotations we can write

S(R) = e vt ij =123, (6.9)

with o/ = L[y’, /] = iy'y/. By defining

ol = 26kgk = 2s’fk((2) é ) (6.10)
2
we get
—i0-6 3_5‘0.0 0
Sw(R) = ¢799 = ( 0 0o - (6.11)

This has clearly the same structure both in chiral and Dirac’s represen-
tation because ¥/, i = 1,2, 3 are the same.
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On the other hand, general boost in bispinor representation is given
by the prescription

S(B) = e~bouc® = Ghar'y (6.12)

By using the fact that in the chiral representation

o = i(_" 0), (6.13)
0 o
we get that
&% e_% 0
Sw(B) = ¢~ 75 = pol I (6.14)
0 ez

Since the group elements Sy (R) and Sw(B) have a block diagonal form
it seems that the bispinor representation is reducible to two independent
spinor representations. So apparently we do not need to work with
bispinors, but it would be enough to work with spinors only. This,
indeed, is true for massless particles. For massive particles the issue is
more complicated and is related to the concept of parity.

In order to understand this better we should discuss discrete transfor-
mations of Lorentz group. This will be done in the following section.

6.2 Discrete Transformations

Space Reflection (Parity) Transformation
Parity transformation is acting on the position 4-vector as follows:
P
o= (,x) - xhy o= (,-x). (6.15)

From this we can see, that this transformation can be written in the
form
xh = PM X, (6.16)

where the matrix P reads

1 0 0 0
0 -1 0 0

Py=10 0 1 ol=7" = (6.17)
00 0 -1

This satisfies the defining property of Lorentz group, namely
P#aPVﬁfluv = NaB /s (6.18)

and hence P is an element of Lorentz group. We can also see that
det P = -1, so it corresponds to an improper orthochronous Lorentz
transformation.

To find the bispinor representation of the parity transformation, we re-
call that the covariance of Dirac equation under Lorentz group requires
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Note that 6,0 and y# are not Einstein
summed.

that (cf. Eq. (3.51))
sy sip) = PMy o STHPHYMS(P) = PMyY,  (6.19)

should be satisfies. In this case, we cannot solve the equation in terms
of infinitesimal transformations. Fortunately, it can be solved directly.
In this case note that

S(P)y'STH(P) = —(=1)%moyH. (6.20)

Using the fact, that {y", y#} = 2y%, we obtain that

Yy = ™
e PO
Take S (P) = 9, then (6.20) reduces to the
YOO = 00 = (D)t (6.22)
Most generally, we can chose S (P) to be
S(P) = %90, (6.23)

So, finally the parity transformed bispinor takes the form
vp(x) = SPWPTx) = ey Y(Px) = Y u(xp).  (624)

If one requires that after two parity transformations one should return
to the original state, i.e., S (P)yp(xp) = ¥(x) then

e (Vy(x) = ey(x) = y(x). (6.25)
This implies that ¢ = 0 or ¢ = 7 (modulo 2) or, in other words, that
SP) = xy" = npy°, (6.26)

where np is the so-called intrinsic parity, i.e, yet another quantum
number of a particle. Result (6.26) is, however, not entire correct. In
fact, let us consider a bispinor representation of rotations, i.e.

LR 0 »
0 0 Y(R " x). (6.27)

yr(x) = SRR %) = ("’

For 2 rotation around z-axis we get:

e~inos3 0

S(R, 6 = 2x,around z-axis)y(x) = ( 0 e—iﬂ'C"S) W(x)

-1 0 10
- ( ) _ﬂ) w(x) # (0 1) W), (6.28)
Hence, one should rotate by 47 around z axis to get the original bi-
spinor. Since 4x rotation is an analogue of 4 reflections we should
require that after 4 (and not 2) reflections the Dirac particle will get
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back to its original state y(x). With this we finally get

S(P)y(x) = xiy’y(x) = inpyw(x). (6.29)

Since in the Weyl representation

Y = (g g) (6.30)

we see that under parity transformation the upper and lower spinors
are interchanged in the bispinor. Hence, if we wish to work with a
parity invariant 1/2-spin fermion, we must describe it with a bispinor
wave function and Dirac’s equation is the equation that stipulates the
corresponding dynamics.

As an example of application of a parity transformation we consider
now the positive-energy Dirac wave function for a free particle with
momentum p. Then

u(p, Ve™P* — +iy%u(p, e PP = iu(pp, e PP¥ . (6.31)
Rewriting this in more detail and recalling that in the Dirac represen-

tation y? = ((1) _01) and u(p, 1) o« (U_.),?Xl):
E+m

1 0 Xa ) ( Xa ) ( Xa )
. = [ = (o ) 6.32
(0 —1)(§+5m T XA Toe X (©32)

Here we have introduced a paritity transformed 4-momenta

Pp = (po,=p) = (po,pp)- (6.33)

Note, in particular, that the spatial part of the momentum has been
parity transformed in (6.31), but the spin state has been unaltered. This
is precisely what we would expect from parity transformation.

Similarly, we can now proceed with negative-energy solutions. In
particular

v(p, D)e'P* = +iyv(p, D)e'P¥r = Fiv(pp, )eiPr* (6.34)

So, the positive and negative-energy solutions have relative opposite
intrinsic parities. After the reinterpretation of negative energy solu-
tions this will imply that intrinsic parities for particle and antiparticle
are reversed.

Parity of a Scalar Particle

For a complex wave function ¢(x) of a relativistic scalar (Klein—
Gordon) particle one can follow the usual prescription for Lorentz
group transformation of scalar functions, i.e.

$(x) = ¢r(x) = ¢(L7'x), (6.35)
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Reason why n7p appears at all is that
prescription (6.35) is valid only for re-
stricted Lorentz group, i.e., the set of all
Lorentz transformations that can be con-
nected to the identity element by a con-
tinuous curve lying in the group. Pas-
sage to some of the remaining 3 compo-
nent of Lorentz group is accompanied
by an appearance of intrinsic quantum
numbers.

which in the parity case are phrased as

#(x) — ¢p(x) = npep(xp).

Consistency of this prescription can be checked by looking at a
state with a definite momentum ¢(p, x) = e~P*. In this case the
prescription gives

op(p,x) = {77} = e7PPY = ¢(pp,x).

Time Reversal
Time reversal transformation acts on a position 4-vector so that

o= (x) S A= (<n,x). (6.36)

This transformation can be described via transformation matrix

= _U#V = —Nuv, (637)

S O = O
o = O O
_= O O O

which satisfies the defining relation of Lorentz group
TﬂaTVﬁ My = Tap - (6.38)

Again, we can see that T", is an element of a Lorentz group. Since
detT' =-landT 00 = —1, this discrete group element corresponds to
an improper non-orthochronous Lorentz transformation.

Let us also mention that such important vector quantities as velocity,
momentum or angular momentum transform with respect to time
reversals as follows

T T T
vovr =-v, popr=-p, JoJr=-J. (6.39)

To find a bispinor representation of time reversal we cannot follow the
same route as we did in the case of parity. This is because time reversal
must be implemented via anti-unitary transformation (i.e., complex
conjugation of the wave function is required) and Eq. (3.51) was not
derived under such an assumption.

In non-relativistic quantum mechanics we know that the complete
effect of a linear operator can be determined by specifying its action
on a basis set of the vector space of physical states and then extend
its application by exploiting the linearity of the maps. Similarly, the
complete effect of an antilinear map can be determined by specifying
its effect on a basis and extending the results using its antilinearity.
Take, for instance, the momentum basis |p). Then T [p) = |-p). A
generic state would then look like

)y = > d@)Ip) - (6.40)
p
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From this we can see, that effect of time reversal is then

Ty = 7Y up)lp) = > 0" @)7TIp)
p )4

D 0@ -p) = D 0 =p)Ip)
P p

> ) Ip) = lwr) - (6:41)
4

Thus we have that y7(p) = ¢*(-p) for scalar wave functions. If the
state [¢) = 3, #(p) |p) is defined similarly, then the scalar product

@) = D8 @EWp) =) ¢ @pu(-p)
14 p

*

[Z ¢=p)"(-p)
14

= [Z (P (p)
4

(¢rlyr)” . (6.42)

In order to get x-representation of our wave function we can apply
Fourier transformation thus obtaining

nw = [Beerap = [Fenerap

/ 7 (p)ePFdp = [ / J<p>e"'”] - ). (643)

In line with non-relativistic quantum mechanics, the effect of time
reversal on the Dirac wave function can be written in the form

T *
y(x) — yr(x) = By (xr), (6.44)
where the matrix B acts on bispinorial indices.

To find B we complex conjugate Dirac equation and observe that the
following chain of equivalencies holds

(i)/"i - m) Yx) =0

O xH

= (iy” % - m) Y(xr) =0
N (iyo*a, — iy — m) W) = 0. (6.45)

If we assume that there exists a matrix B such that
B (70*, —7”) B = (Vo,yi) , (6.46)

then with the definition of y7(x) in (6.44) we get

0 = B(iyo*f),—iy"*c’),-—m)zp*(xT) = ("0, —m)yr(x).  (647)

Note that from (6.43) also follows
that  yr(x,1) = [em™H1y*(x,0)]
= [ y(x,0)]" =y (x,=1) =y (x1) .

Since matrices (yo*, ~yi*) satisfy Clif-
ford algebra, the similarity transforma-
tion (6.46) is guaranteed by the Funda-
mental theorem of Clifford algebra.
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This clearly shows that y7(x) satisfies Dirac’s equation if y(x) does.
The Fundamental theorem of Clifford algebra ensures that B is unitary
and (aside from a phase factor) unique.

To retrieve B we use the fact that

YW= = " =Y,
Y= =y = Y= -G, (6.48)
and
CHyMY ™t = —yF. (6.49)

Here C = iy"y? is the so-called charge conjugation matrix (we will derive
it in the following section). With this we can write B in the form

nrysC = inry* Y'Y’y = nry'y?

0 o 0 od ioc2 0
" (—0‘1 0 ) (—0'3 O) B nT( 0 i0'2) - (650)

Here 57 is a complex number of unit amplitude, that is allowed by
the Fundamental theorem of Clifford algebra. It is easy to see that B
proposed in (6.50) satisfies (6.46). Indeed

B

B(&Y)'B™ = ys€(y°)Clys = 5P,
B(&')B™' = —ysC(y)' Clys = —y'. (6.51)

Note that since y! and y? are identical both in Dirac’s and chiral rep-
resentation, the form (6.50) remains the same in both representations.
Consequently, time reversal (in contrast to parity) does not swap upper
and lower components of Dirac’s bispinor.

To find a constraint on the phase factor 7 we might require that
(Y1)r = ¢. This in turn gives

U(x) = [Wr@lr = mrryYy? ey (0] = —nrrmiw(x). (6.52)

Hence nrrn; = -1. So, relative sign between nrr and ;. must be —1.
Since in experiments it is always a relative intrinsic parity between
two wave functions that is measured (and not the phase factor itself),
one conventionally chooses nrr = ik, and nr = in® with p¥, = £1
and ¥ = F1. With this convention we can finally write

yr(x) = infy'y?y(xr), (6.53)

where 77§ is intrinsic time reversal, i.e., another quantum number of the
particle (akin to charge or spin). Instead of n¥ one simply writes only
nr. Aside from 77 one can also check that

B' = -B, B* = -B7'. (6.54)

As an example we now compute a time reversal of the bispinor u(p, 1).
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This can be done as follows. We first write

vp) = B (u(p, e )
ioc? 0 X1 .
= infVE+m ol g L€
0 o E7-+mX/l
1'0'2/\///*1

mrNET +m| 102 0" (i0?) o2y e”Pr¥. (655

E,+m 107X,

Now we can use the fact that (c-3/2 is a spin projection operator to
z-direction)

3 3 * 3 *
g, 2 % o, 2\ # g, 2
710' Xa —(71(0' ) X/l) = (710' X/I)

(i Z *——/1('2 T iyl (656
x| = ictxa) = —dic“xy.  (6.56)
Eq. (6.56) implies that ic2 y; « y_,. By employing the identity
(ic?)o*(ioc?) = o we can rewrite (6.55) in the form

X_a
i?]T(—l)l/z-M\/ET +m Py

ErmX-2

MT(P/ /l)

= inr(-D)Y*u(pr,-2). (6.57)

Note that if one is interested only on a relative phase factor between
different spin components, then (6.57) can be reduced to the relation

ur(p, ) = i(=D"*u(pr,-2) = inu(pr,-2). (6.58)

In this case the condition 7775} = -1 reduceston,n_, = -1.

Time reversal of a Scalar Particle

For a complex wave function ¢(x) of a relativistic scalar (Klein-
Gordon) particle

#(x) — nror(x),

with ¢7(x) = ¢(x7)*. Consistency of this prescription can be con-
firmed by looking at a state with a definite momentum ¢(p, x) =
e~'P~_In this case the prescription gives

¢r(p,x) = {7} = 7PTY = ¢(pr,x).

Charge Conjugation

Last of discrete symmetries we will discuss is a charge conjugation C,
which simply accounts for a change of electric charge to its negative
value, i.e.

g S 4. (6.59)

In the standard representation y, are
real and it is easy to see that io X, =
X_, (_1)1/2+/1 .

Note that charge conjugation is not a
discrete symmetry of Lorentz group,
though, there is a deep connection with
the Lorentz symmetry via the so-called
CPT theorem.
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Existence of such matrix C is guaranteed
by the Fundamental theorem of Clifford
algebra.

In some convention C is taken as iy?y°,
which differs by sign.

The issue of charge conjugation is best discussed when electromagnetic
field is coupled to a charged particle via minimal coupling, i.e.

[(id - gd) = m]y(x) = 0. (6.60)
Charge conjugated wave function ¥ (x) must satisfy
[(id + qd) = m]ye(x) = 0. 6.61)

Note that from (6.60) directly follows that
W (x) [—iy"’T(f); - qy"’TAH - m] = 0. (6.62)

By multiplying this equation from right by ¥ and using relation
Yoyl =y, we get

0 = yixy’ [—W"i‘ - A, - m]
= y(x) [—iv“él - gy'A, - m] ,
o [~ 8, — ") Ay — m] W' (x) = 0. (6.63)

We might thus take the charge-conjugated Dirac’s wave function in
the form

Ye(x) = CF'(x). (6.64)

The matrix C must be chosen so that i, satisfies Dirac equation with
opposite charge. From all above we get that

(—iC(y”)’C'lf),, — gCy"yCA, - m) Yel(x) = 0. (6.65)
Assuming that C satisfies
CO")C™ = =¥, (6.66)
we get from (6.63) that
((Y"0 + qv"du — m)e(x) = (id + gA — m)ye(x) = 0, (6.67)
provided y(x) satisfies (6.60) (or equivalently (6.63)).

As for the matrix C, it can be checked that

. 0 io
C = iv'y? = (mz 02) . (6.68)

C Matrix in Weyl/Chiral Representation

It can be checked that in Weyl/chiral representation the C matrix is
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given by
. 0 1 0 (%) —iO’z 0
C =i = . .
1 0/\-0» O 0 oy

Cc=-C'=-c"=-C. (6.69)

Note that

Ye(x) describes particle with the same mass and the same spin di-
rection, but with opposite charge and energy. Change conjugation is
antilinear transformation.

Let us now compute i..(x) for ¢~)(x) describing a spin-down negative
energy electron at rest in absence of external field. Begin with (we omit
the normalization factor V2m)

YO = wx) = ™| |, (6.70)

—_ O O O

and take C = iy%y2. Then ¢ (x) can be written as
Ye(x) = neCy = iney i oy
nCOO)Y"(x) = ne(=y*)Cu* (x)
0

. —imt | 0 i
776(_70)170723 mt 0 = —qce mt

1

(6.71)

o O O

Therefore, charge conjugation of a negative-energy spin-down electron
is equivalent to positive-energy spin-up solution. We thuse see that
the spinor v(p, 1) is associated with the anti-particle. This connection
will be discussed in some detail in the following section when Dirac’s
hole theory will be considered.

Full Lorentz Group — Brief Summary

» Lorentz transformations x* — x’* = LY, x” preserve the
invariance of the space-time interval x*x,, = x"x;,.

» This constraints the matrices L*, to obey
L{la/LT/ﬂU;tv SN < 1= LTUL .
where 7, = diag(-1,1,1,1).

» Condition 7 = LTnL allows classification of transformations
depending on whether

1/2

detL = £1 and L% =

1+ ) (L)
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» Consequently, the full Lorentz group splits into 4 pairwise
disjoint and non compact connected sets:

LT+: detL =1, L_O0 > 1,

Ll detL = -1, L% > 1,

LY detL =1, L% <1,

LY detL = -1, L% < 1.

The transformation matrices L in £', form a soubgroup — the
proper orthochronous Lorentz group (or restricted Lorentz group). All
other transformations in the full Lorentz group can be obtained from
LcL', by using two discrete transformations

» Parity: P", = 5,
» Time Reversal: T, = —p,,.

Clearly if L LT+ thenPL c £, TL c £! and PTL c .Ll+.
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N e e N % Pl
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Remarkably, nature is invariant under the proper orthochronous
Lorenzt group LT+ but not under the full Lorentz group.

» Parity is violated in the weak interactions.

» Time reversal is violated in K-meson (kaon), B-meson and
D-meson decays. It is also theoretically present in theory of
strong interactions (quantum chromodynamics — QCD).



6.2 Discrete Transformations 77

Exercise: Dirac Equation — Technical Developments II

Helicity

The helicity operator h, defined
measures the spin projection into the direction of particle’s motion.

Exercise 6.1 Show that (2k)% = 1.

Exercise 6.2 Show that the helicity operator h commutes with the Dirac Hamiltonian

Hp = =%/ p; + m°.

Exercise 6.3 The helicity projection operators are defined as
@ - 1 @ - 1
P = —(1 + 2h), PY) = (1 - 2h).
2 2
a) Show that P*) and P~ are orthogonal projection operators.
b) Show that for any wave-function v
A R

hence deduce that P*) and P(-) project y onto states with helicity 1/2 and -1/2,
respectively.

Chirality

Define the operators — so-called chiral projection operators

Il+y5 _11—75

PR = , ,
R 2 L 2

so that Pg + Pr. = 1.

Exercise 6.4 Show that Pr and Py, are orthogonal projectors, i.e.,
1) PrPp = PLPr =0,

2) Pk =Pr,P? =PL.
[Hint: (°)2 = 1.]

Exercise 6.5 Show that a Dirac wave-function ¢ can be decomposed with chiral
projection operators as

1+9° 1-5°
Y =yYr + YL, lﬁR:Tlﬂ, YL = Tl//,

where g and . are eigenstates of the chirality operator y°:

VYR = YR, YL = L.
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Exercise 6.6 Show that (for all 4 cases) [P®*), Pg 1] = 0.

Exercise 6.7 Consider the Dirac spinor u(p) in the massless case (m = 0). Calculate
the helicity of chiral-projected states ugr = Pru(p), and ur, = Pru(p).

[Hint: Show that %% =%y, and use the massless Dirac equation y* p,u(p) = 0.]

[Result: h ug = %uR,huL = —%uL.]

Discrete Transformations of Dirac Fields

Parity (or space reflection) is the Lorentz transformation
Xt xh = (1,—x), Lp = diag(l,-1,-1,-1), det(Lp) = -1.
The Dirac wave-function transforms under parity as

wp(t,x) = inpy'y(t,—x).

Exercise 6.8 Find a spin representation S(L p) of the parity transformation.

[Hint: Solve the equation S(Lp) 'y*S(Lp) = (Lp)",y".]

Time reversal (or time inversion) is the Lorentz transformation
xH - x’T‘ = (-t,x), Ly = diag(-1,1,1,1), det(LT) = -1.
The Dirac wave-function transforms under time reversal as

Yr(t,x) = iy (=1,%).

Exercise 6.9 Dirac wave-function is propagating in x>-direction with helicity %, ie.

Y(t,x) = e—ip,,x“u+(p), us(p) = VE+m( 0'{\; ),

E+mAX+

where  x; =x1 = (1) , p =(0,0,p).

1
2 0

What is the corresponding wave-function after time inversion?

Charge conjugation is the transformation, which reverses sign of the electric charge
(in the Dirac equation minimally coupled to an electromagnetic field). The Dirac
wave-function transforms under charge conjugation as

ycx) = iney™y? iy’ (x) = ~iney* v’ (x).
Exercise 6.10 What is the result of the CPT transformation ¢ — ¥c pr = [(Wc)plT?

Exercise 6.11 Show what is the effect of charge conjugation on the right-handed
chiral wave function y/g.
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7.1 Dirac’s Hole Theory and Positron

Although we have found that the Dirac theory accommodates negative
energy solutions whose existence should not be ignored, we have as
yet not examined the physical significance of those solutions.

According to quantum theory of radiation, an excited atomic state can
lose its energy discontinuously by spontaneously emitting a photon,
even in absence of any external field — this is why all atomic states
(save for the ground state) have finite live time and due to AtAE > 1/2
also finite energy width.

In the Dirac theory, however, the so-called ground state of an atom
is not really the lowest energy state since there exists a continuum of
negative-energy states from —mc? to —co. This remains to be true even
in cases when a Coulomb potential is included. Indeed, the minimal
substitution implies at the classical level that

E ==+ —eA)2c2 +m2ct + egc, 7.1
\/(p ¢

In zero magnetic field A = 0 and the maximum energy for the negative
energy spectrum

Efoy = —mc? + edmaxc < —mc?. (7.2)

In addition E < is clearly unbounded from below as e¢ < 0.

We know that an excited atomic state makes a radiative transition
to the ground state. Similarly, we might expect that atomic electron
in the ground state with energy mc? — Ezg (here Epg is a binding
energy) can emit spontaneously a photon of a sufficient energy that
will allow the electron to bridge the energy gap to negative-energy
states. Furthermore, once it reaches a negative energy states, it will
keep on lowering its energy indefinitely. This scenario leads to the so-
called radiation catastrophe, i.e., atom would radiate as “crazy” without
ever attaining a stable state. Since we know that the ground state of the
atom is stable, one must somehow prevent a catastrophic transition to
states of E=.

In 1930 Dirac proposed that all states within E< are completely filled
under normal conditions. Since the subsequent Dirac’s argument can
be easily understood by considering only a free particle, we confine
our following discussion to spin-1/2 free particle. To this end we as-
sume that real electrons are described solely by positive-energy states.
These are the states with E = 4/p? + m?. All states of negative energy
are occupied by electrons — one electron in each state of negative
energy with given p and spin projection A. In this way a real electron
of positive energy is prevented from falling into energetically lower
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Even though the spectrum of energies
is identical with Klein-Gordon particle,
a non-existence of Pauli exclusion prin-
ciple for scalar particles means that no
Dirac’s sea can be formed.

Figure 7.1: Formation of a hole within
Dirac’s sea.

Positron was experimentally discovered
by Carl David Anderson on 2 August
1932, by observing cosmic rays in a cloud
chamber (the Nobel Prize for Physics in
1936). Name positron first appeared in his

paper.

and lower states by radiation emission. Hence, the radiation catastro-
phe is averted by Pauli’s exclusion principle, which prevents these
transitions.

In absence of any field (electromagnetic, etc.) the vacuum represents the
negative energy (E <) continuum (so-called Dirac sea), whose states are
completely occupied with electrons. Occasionally one of the negative-
energy electrons in the Dirac sea can absorb a photon of energy fiw >
2mc? and transit into positive energy states. As a result, a hole is created
in Dirac sea. One might naturally ask, what is the meaning of such a
hole in the occupied “sea” of negative states.

2 e
moc T >
A
v E > 2mc®
—mc? — —
e
%

The observable energy of the Dirac sea with a single hole in it is
Eobs = Evac — (=|Ee]) = Evac + |E.|. (7.3)

So, Eyq4¢ has increased, hence we expect that the absence of a negative-
energy electron appears as the presence of a positive-energy particle —
a hole.

Similarly, when a hole is created in Dirac’s sea, the total charge of the
Dirac’s sea becomes

Oobs = Ovac — € = Qvac — (_lel) = Ovac + |e| (74)

Thus, a hole in the sea of negative-energy states looks like a positive-
energy particle of charge |e|.

Once we accept that (¢) negative-energy are completely filled under
normal conditions, () negative-energy electron can absorb a photon of
energy hw > 2mc? (just like a positive-energy electron can) to become
a positive-energy electron, we are unambiguously led to the existence
of a particle of a charge |e| with a positive energy. This particle is called
positron. The absorption of two-photon quanta by a negative-energy
electron can be formally written as

ep T2y = epg, (7.5)

We may also consider a closely related process when a positive-energy
emits photon and falls to the negative-energy sea, i.e.

€gso t €psg = 27, (7.6)
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which is allowed only when a hole is present in Dirac’s sea. Process
(7.6) basically describes that both electron and hole/positron disap-
pear and two photon quanta are generated. This process, called e”e*
annihilation is often observed in solids.

We can gain further information on hole/positron by looking on its
momentum p,;.. Again, absence of momentum p¢ in the Dirac sea
appears as a presence of —p¢ momentum of a hole. Indeed

Pobs = Pvac ~ pe ’ (77)
or equivalently the momentum of hole/positron is
Phote = Pobs — Pvac = _pe : (78)

Similarly, one can argue that the absence of spin up for E < 0 electron
is manifested as a presence of spin down of E > 0 positron. These
conclusions can be summarise in the following table below. In the table

| 0 | E | p| &6 | h
E <Oelectronstate | —le| | -|E| | p | 52 | 32 &
i h iy . P
positron state tlel | +IEI | =p | =32 | 3Z- 5

we have introduces the notion of helicity

1. p
==X =, (7.9
2% o] )

i.e., projection of the spin along the direction of particle’s 3-momentum.

"Helicity"

Sometimes the choice of the Pauli spinors

1 0
() ()

with the particle spin quantized along the z-axis is not the most
convenient basis in the spinor space. Instead of the z-axis, one
can choose any quantization direction. Particularly special is the
situation when the direction is chosen to be along particle’s 3-
momentum p.

X

It should be noted that the spin operator ¢ = %Z does not commute
with free Dirac’s Hamiltonian Hp. In fact,

[Hp,0] = iexp # 0,

where « is Dirac’s a-matrix (see, Eq. (3.7)).

So far, the index A in Dirac’s bispinors referred to spin projection
along z-axis in the rest frame. Since the z-axis spin projection is not
conserved under time evolution, it is better to label the bispinor

Note that a single ¥ quantum (SQA) an-
nihilation is forbidden, for real processes,
for a free e”e™ pair, due to the impossi-
bility of balancing both momentum and
energy conservation simultaneously. The
most probable is the creation of two or
more photon quanta. Nonetheless, in the
presence of a third body, e.g., a nucleus
in atom, SQA is allowed since the third
body can recoil and allow simultaneous
momentum and energy conservation.

Table 7.1: Comparison of properties of
negative-energy electron and ensuing
positive-energy hole/positron
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For boosts in generic velocity direction

one has

i
L;

0
LO
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=&t v
=6; +viv;

r-1
v2

= Vi,

=7,

y=(1=v2y12,

with another intrinsic quantum number that preserves a spin pro-
jection under time evolution. Helicity h provides such a quantum
number. Indeed, since p commutes with Dirac’s free Hamiltonian
we have

P _
|p|

Here we used the identity (A x B)-C = (B xC) - A.

[Hp,h] = i(axp)-

It can be also easily checked that

2 _ (@-p)&-p) _ {0,05pip; _ 1

lp? 2|p|? 4’

So, by Hamilton-Cayley theorem the eigenvalues of h are +1/2.
Particles with helicity +1/2 are conventionally referred as right-
handed, and those with —1/2 are left-handed.

Note that (free) right-handed and left-handed particle states retain
their identity under the boosts only if they are massless, because
only in massless case it is impossible to change particle’s helicity
by bringing it to rest frame and reversing its direction of motion.

In passing we might notice that the charge conjugate negative-energy
solutions presented in Section 6.2 have all traits that are possessed by
hole/positrons (cf. Table 7.1). In other word, positrons can be identified
with charge conjugate negative-energy electrons.

7.2 Antiparticles

On the basis of our previous discussion, it would seem that only
fermions (specifically spin-1/2 fermions) can have antiparticles. It
is, however, a striking feature of relativistic quantum theory that it
naturally ensures existence of antiparticle to any kind of particle (be
it boson or fermion). Though, Quantum Field Theory provides more
natural framework for discussing this issue, the essence can be already
understood in the context of relativistic quantum mechanics.

To understand what is involved, let us observe that Lorentz transfor-
mations do not necessarily leave invariant the order of events. For
instance, suppose that event at x2 occurs later that at xy, i.e. xé > x(l).
A second observer who sees the first observer moving with velocity v

will see the events separated by time difference

x) —x) = L% (n)(xh = xb), (7.10)
or more explicitly
xéo - x;O = y(xg - x?) — yr(xa—x1). (7.11)

This is negative if
v(xa—x1) > (2 -x)), (7.12)



which provides a seeming causality paradox. In fact, suppose that
1st observer sees a radioactive decay A — B + C at x1, followed by
absorption of particle B, e.g. B+ D — E at x».

to

Ty T x

Will then the 2nd observer see B particle absorbed at x, before it is
emitted at x1?

This paradox disappears if we note that the speed |v| < 1, so that we
can write

() =) < v(xz—x1) = [p(x2—x1)| < [[l(x2—x1)|

= (- < |(x2-x1)l. (7.13)
This is clearly impossible because to travel from x1 to x, would require
the average velocity greater than 1 (that is |[v| > ¢), since

azxil (7.14)

(x3 = x7)
Consequently, temporal order raises no problem in classical physics,
but it plays an important role in quantum theories.

In fact, in quantum theory the uncertainty principle tells us that when
we specify that a particle is at position x; at time #;, we cannot also
define its velocity precisely. Consequently, there is a certain chance of
particle getting from x1 to x even if x; and x are space-like separated,
ie. |x1—xz| > [x0 - x|

To be more precise, from quantum mechanical commutation relations
one can derive that under Lorentz transformations [we set (f, x1) =
(0,0) and (2, x2) = (z,x,0,0)]

2 2 2.2

(x| —xp)? = o2 = x? = A2 - x> + B /4, (7.15)

where A” = p2¢? + m?c* and both p and x are quantum mechanical
operators with the usual canonical commutation relations. So, quantum-
mechanical Lorentz transformations (in contrast to classical ones) do not
generally preserve the notion of time-like, space-like or light-like separation
under Lorenzt transformation. Indeed, let us start with time-like (or

7.2 Antiparticles 83

Figure 7.2: A radioactive decay A —
B + C at x1, followed by absorption of
particle B, e.g. B+ D — E at x;.

Note that temporal order can only be
affected if the events x; and x; are space-
like separated, i.e., when:

(x1 =22 (x1 —x2)u < 0.

Space-like, time-like and light-like sepa-
rations are Lorentz invariant concepts.

See, e.g., Zhi-Yong Wang and Cai-Dong
Xiong, Physics Letters B 659 (2008)
707-711.
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Though in our preceding argument it
was the “primed” frame where events
were time-like and “unprimed” frame
where events could be space-like, the il-
lustrative figures have the role of frames
reversed so that we could make eas-
ier connection with our earlier classical
causal paradox.

Figure 7.3: Quantum causality paradox.
Time-like intervals are not generally pre-
served under Lorentz transformations.
The violation is quantified by Weinberg
formula.

light-like) interval ¢?? — x"2. Since H 2> m2et (in the sense of eigenval-
ues or quantum-mechanical averages), we get for such a time-like (or
light-like) interval that

~ 2

, , H
0<% -x? = 2% - x? + WB*—
4

2

2.2 2 h
< -XxTt—
4m2c2?

1l
[
~

|
=
+

1\2
2.2 2 4
C——
Here 1 = - is the (reduced) Compton wavelength of the particle.
Consequently, the particle in the “unprimed” frame can propagate
over space-like interval provided that

1\2
0> 2 - x*> _(E) . (7.17)
So, we see that the notion of time-like separation is not conserved in
quantum mechanics.

Inequality (7.17) is particular version of the so-called Weinberg formula,
which has a general form

2
0> cz(tz_tl)z_(X1—xZ)2 > _(E) .

5 (7.18)

Such space-time intervals are very “narrow” even for elementary par-
ticle masses, e.g. if m is the mass of electron, then 1 = 3.9 x 10~ ¥m. We
are thus faced again with a paradox; if one observer sees a particle
emitted at x; and absorbed at x5, and if the Weinberg formula is satis-
fied, then a second observer may see the particle absorbed at x; at a
time 1, before it is emitted at x; at time .

observer 1

light&ope -7

carlier than
event zo

A—-B+C

There is only one known way out of this paradox. The second observer
must see a particle emitted at x, and absorbed at x1. But in general
the particle seen by the second observer must necessarily be different
from the first one.
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For instance, if the first observer sees a proton turn into a neutron and
positive 7-meson at x; and then sees 7" and some other neutron turn
into proton at x;, then the second observer must see the neutron at
x> turn into proton and a particle of a negative charge, which is then
absorbed by a proton at x; that turns into a neutron. Since the rest
mass is a Lorentz invariant, the mass of the negative charged particle
seen by the second observer will be equal to that of 7*. There is indeed
experimentally observed such a particle and it is called negative x-
meson (or shortly pion 77).

This analysis allows us to make the following general statement: For
every type of charged particle there is an oppositely charged par-
ticle of equal mass. Note, that this conclusion is not obtainable in
non-relativistic quantum mechanics, nor in relativistic classical me-
chanics.

"Feynman-Stueckelberg Interpretation of Antiparticles"

Uncertainty relations allow that a particle can “tunnel” from time-
like to space-like regions. This situation is depicted at Fig. 7.4.
By comparing both figures in Fig. 7.4 we can make the following
identifications:

» in frame II: n~ brings to the vertex x; a positive energy
< in frame II: ©* leaves the vertex x; with a negative energy

» in frame /I: 7~ brings to the vertex x; certain value of spin
projection
< in frame II: " leaves the vertex x; with the opposite value
of spin projection

» in frame II: n~ brings to the vertex x; certain value of helicity
< in frame II: " leaves the vertex x; with the same value of
helicity (both spin and momenta are reversed).

Similar statements hold true also in connection with the vertex x;.

Above parallelisms leads to the following Feynman—Stueckelberg
interpretation of antiparticles:

Antiparticle can be viewed as a particle with negative energy,
charge and spin moving backward in time.

7.2 Antiparticles 85

Figure 7.4: Antiparticles solve the quan-
tum causality paradox.
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7.3 Central field problem: exact solution

One of the key successes of Dirac’s theory was the correct prediction of
a fine structure in the energy levels of hydrogen. In this section we will
discuss the issue of a relativistic electron in a central potential with a
particular emphasize on a Coulomb potential.

We start with an eigenvalue problem for Dirac’s Hamiltonian describ-
ing a particle in a central scalar potential. This reads

Hpy = [a-p + pm + V(r)ly = EY, (7.19)

where in the Dirac representation

a:(o "), ﬁ:(g g). (7.20)

An important observation in this context is that the total angular mo-
mentum

J =rxp+ 4, (7.21)

(and not orbital angular momentum L = r x p or spin & separately) is
conserved.

Note on conserved quantities in Quantum Mechanics

Conserved quantity (say J,,) must transform state vector in the
same spacetime point namely

W(x) = e y(x). (7.22)

So, in particular J,,, can be easily read off from the linear w*” term
in the |w*”| << 1 expansion, where

wu>~(1—§4ijwuy

Reason why such J,,, should be conserved follows from the fact
that

Hy =Ey & e_%J“V”wHe%J“V“’#Ve_%J""MVl/’ = Ee'%J‘”m#vlﬁ.

Now, if J,,, is conserved then [J,,,,; H] = 0. This is, however, equiva-
lent to the statement that

b b g,
which then implies that also

Y(x) = e Hme y(x),

is an eigenstate of the Hamiltonian with the same energy E as
the state ¥(x). Since this statement is true at the level of energy
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eigenstates, it must be true also for any state vector since these
these can be written as a linear combination of energy eigenstates.

We know that to the linear order in w*”

Y = SWWLTY) — (ﬂ—irfﬂvaﬂ”) (L)

|lw]<<1

1- o-,,va)’“') Y(xP =, x)

. 0
(l - —O'I,Vw’ Y — o, % W W(x)

Vv
w" b

1- —O-”V(I)” - lwﬂy(xv xya )] lﬁ(x)

[]1— —wh” |:_0"uy +l(x,u xvﬁﬂ)]}!ﬁ(x)-
So,

1 .
=0y +i(x,0, —%,0,),

J,y =
Hv 2

is our candidate conserved quantity. Since the components Jo; are
associated with boosts, they cannot be conserved, i.e., they cannot
commute with Hamiltonian Hp, since boosts inevitably change
the value of energy. Thus, the only possible candidate conserved
quantity can be J;; (i, j = 1,2,3), which after contraction with 3 Rl
yields the total angular momentum (7.21).

In particular, neither %o-,,y nor i(x,0, — x,0,) are conserved sepa-
rately. Note that non of them separately transforms the state vector
according to prescription (7.22).

The first thing to note is that {Hp; J 2. J.} can be simultaneously diago-
nalized.

Proof:

Both in Weyl and Dirac representations of the matrix ¢ is block diago-
nal with identical blocks and hence the angular momentum operator
J acts in the same way on the upper and lower bispinor components

_(L+io 0 Wt
e ()6 e

To compute the commutator [Hp, J] we turn for definiteness to Dirac’s
representation. In this case

(Hp, ] [([V(r)+m]ﬂzxz o-p )(L+%a' 0 )]

op VE)-mll)'\ 0 L+lo

l[a-p+Bm,&] + [a-p+V(r),rxp]. (7.24)

A B

87
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The commutator “A” reduces to

L7 O )

( Lo %(0’-p)-a')_( 2o %0’-(0‘~p))
3(0-p)o 50

_ ( 0 %[mp;cr]) _ ( 0 %[cn;cr]pi)
3l 2

o-p;o] 0 [oi; o lpi 0
[ 0 oxp| .
_l(o'xp 0 ) = iaXxp. (7.25)

Similarly, the commutator “B” can be written as

[@-p+V(r),rxpl = [V(0r),rxp| + a-p,rxp], (7.26)

a b

"

where the commutator “a” reads

V), rxpl = €XV(r),r'p'] = e [V(r), p']
s .0 . irirl dv
ijk i |~ _ ijk | _ ey
e r (l(')xf V(r)) =€ ( P ) =0, (7.27)
and “b” is
[a, p,r Xp]k — aielmk[pi,rlpm] — aielmk[pi, rl]pm
= —ia'é™*p™ = —i(axp). (7.28)

By putting together all results obtained we get that indeed [Hp, J] = 0.
This directly implies that also [Hp,J*] = 0 and [Hp, J,] = 0. Since
the algebra for the angular momentum ensures that [J?,J;] = 0 for
all i = 1,2,3 but [J;, Jx] # 0 for all i # j, we see that the triple of
operators Hp, J? and J, pairwise commute and hence {Hp, J?, J. } can
be simultaneously diagonalized. This concludes the proof

A consequence of our previous analysis is that the Dirac spinor angular
momentum eigenstates satisfy

J2 = j(j+1; sy = Iy = my with me(=J,..,J), (7.29)

and (due to a diagonal nature of J) they must be composed of two-
component Pauli spinors with the same angular momentum eigenval-
ues, i.e., ¢ from (7.29) can be written as

_ ut _ [Pim
o= ()=o) &

Note that we have already observed this type of behavior in the case of
a free Dirac particle with spin in place of total angular momentum.

There is yet another operator that commutes with Hp and J. Intu-
itively, we expect that we must be able to specify whether the electron
spin is parallel or antiparallel to the total angular momentum. In
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non-relativistic Quantum Mechanics these two possibilities would be
distinguished by the eigenvalues of the operator

(r-J=(r(L+%). (7.31)

For a relativistic electron we might try a 4 x 4 generalization of (7.31),
namely X - J or & - J. It can be, however, checked that this would not
work.

One might thus try X - J, which has the same non-relativistic limit as

X - J. In this case

(Hp, 60 -J1 = §UHpip) or [Hp,BE-J1 = 3lHp,pl.  (732)

The proof of this statement is quite straightforward. First we might
observe that

[Hp, BE - J]

[Hp, BI(E-J) + BlHp,X-J]

=2B(a-p)XE-J) + 2iplaxp)-J. (7.33)
Now, in Dirac’s representation we have

(@-p)E-T) (c'oo-p)leo-J)

= [o-1®(a'-p)(0'-J)] = 0'1®0'ia'jpiJj

= o' (67 + iei~fko'k)pi]-f

= (1®p-J) +ilor®o-(pxJ)], (7.34)
S——— —
Y’p-J ia-(pxJ)

This finally implies that

[Hp, BE - J] =28y°p-J - 2Blic-(p xJ)]| + 2ip(axp)-J

2 3
= 28y°p-J = 2By [p-(L+5)] = 25vp- 5

1
= 28(m®3)p = -pa-p = 3lHp,pl. (7.35)

This result [see also Eq. (7.32)] indicates that we can define a new
operator K:

2
K = ,BZ-J—§=B[Z(L+§)—%] =ﬁ(2L+Z——1)

B ():L + g - %) = B(EL+1), (7.36)

which commutes with Hp, i.e., [Hp; K] = 0. Furthermore, since J com-
mutes with 8 and X - L then also [J,K] = 0 and hence [J?, K] = 0.
Consequently, for Dirac’s particle in a central potential we can con-
struct a simultaneous eigenfunctions of Hp; K; J 2 and J;. The corre-
sponding eigenvalues will be further denoted as E, —«, j(j + 1) and m,
respectively.

Recall that X = 26
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Here we use the identity:

olol =6 +ie

ijk ok

It should be noted that « and j are not totally independent (similarly
as m and j are not). To see how they are related let us consider K2, this
gives

K2 = BE-L+1DBE-L+1) = A -L+1?

= (Z-L)EZ-L)+2T-L+1

ol 0\(o/ 0
= (0 U—’)(O 0—})L1L1+22L+1

= L*+iZ*é L0+ 250 +1
= L?-XL+2¥L+1 = L?>+XL+1. (7.37)

At the same time we have

2 2
J? = (L+§) = L2+§Z-L+% = L2+Z-L+Z, (7.38)

S0, we can write K2 = J% + %. Thus, eigenvalues J 2 and K? are related
to each other by the relation

K = ‘(‘+1)+1— ‘+12 (7.39)
= Jj 1= U*s) :
or in other words, k = + (j + %) Since j =1/2,3/2,5/2,... we see that
k is a non-zero integer which can be both positive and negative.

From (7.36) follows that K has an explicit form

P (0'L+1 0 ) _ (aJ—% 0 (7.40)

0 -oL-1 0 -oJ+3

Note:

Pictorially speaking, the sign of x determines whether the spin is
antiparallel (k > 0) or parallel (k < 0) to J in the non-relativistic limit.

So, if Dirac’s wave function  (assumed to be an energy eigenfunction)
is a simultaneous eigenfunction of K, J 2 and J, then it must satisfy

(CL+1)Wy = —kps, (oL+1y_ = ky_, (7.41)

Ky = -y
and
Ty = (L+0/2ys = j(j+ 1,
Jops = (L3+0'3/2)2¢’: = myy. (7.42)

Note that the operator L? = J2—X - L — % when acted on ¢, and y_
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gives
2 . 1
Ly, = J(J+1)¢++KW++ZW+
= L +1) = j(j+1)+K+}l, (7.43)
2 . 1
Loy = jU+Dy-—wpo+ 24
= L(_+1) = j(j+1)—l<+}l. (7.44)

So, any two-component eigenfunction of (oL + 1) and J? is also an
eigenfunction of L2. Thus, although the four-component bi-spinor =
(ﬁj ) is not an eigenfunction of L? (since Hp does not commute with
L?) y, and y_ separately are eigenfunctions of L? whose eigenvalues
are denoted as L, (I, + 1) and [_(I_ + 1), respectively. From (7.43)-(7.44)

we can read off the relation between /; and +«, namely
.. 1
1/ —K=](]+1)—l+(l++1)+zl,
. 1
Yo ok = j+1) - L(-+1) + 1 (7.45)

Using, in addition, the fact that k = + ( Jj+ %) we can determine [, and
I_ for a given k. The result is depicted in the table Tab. 7.2.

To see how this table is constructed, let us look, e.g., at the first upper
entry in the first column, i.e., j + % This results from the first equation
in (7.45) by writing

)

JG+1) = Ll +1) + 1

PHi-G -+

= P2+, = j2+2j+%:(j+%)2+(j+%). (7.46)

This confirms the stated entry in the table. Similarly we would derive
another 3 entries in the table Tab. 7.2.

Thus, for given j we see that /. can assume two possible values cor-
responding to two possible values of «, so instead of « one can use /,
and [_. This is particularly convenient since the spectrosopic notation
involves orbital angular momentum rather than « and our results can
be better compared with existent spectroscopic data.

Table 7.2: Relation among +« and [, and
I_.



7.4 Relativistic higher-spin wave equations | 103

n|n.=n—|k|>0| «k==+(j+1/2) | spectroscopic notation Table 7.4
1 0 1j=1/21,=0 L1
2 1 1 j=1/21,=0 2512
2 1 1 j=1/21,=1 2p1/2
2 0 2 j=3/2; 1, =1 2p3p
3 2 -1 j=1/2,1,=0 3512
3 2 1 j=1/21, =1 3p12
3 1 2 j=3/2 1 =1 3paj2
3 1 2 j=3/2 1 =2 3d3/2
3 0 3 j=5/21, =2 3ds)»
——
n=3 3ds; 3ds2
3dy2 3Pz 3dzz 3paz
> 3py2 3842 i‘;‘_‘_
2 n=2 3py2 F=2
2 2pa2 2paz —
© 2Dyp 28y; —23M2 i"
2Dys2 ,CL%J
F=0
n=1 F=1 Figure 7.5: Schematic energy level dia-
i 15p e gram for H atom with relativistic correc-
-z F=0 tions included.
nonrelativistic Dirac equation Lamb shift hyperfine structure
Forn=2,Z=1

=4,53-107° eV

1a*me? 1 a@*mc?
E(2p3j2 —2p1p2) = 378 [E —1] =3

7.4 Relativistic higher-spin wave equations

Apart from Klein-Gordon wave equation (for spin - 0 particle) and
Dirac’s wave equation (for spin — 1/2 particle), there exists a number
of relativistic higher-spin wave equations.

Examples of higher-spin wave equations:

» "Maxwell equation” (for massless spin - 1 particle)
8,0"A” = eyy”y (valid in Lorentz gauge where 9, A" = 0)

This wave equation describes a photon in interaction with
electrically charges spin 1/2 particle. For completeness, this
equation should be complemented also with corresponding
Dirac’s equation with electromagnetic potential included (e.g.,
via minimal substitution). Note that the role of wave function
for a photon is played by the gauge potential (i.e., wave func-
tion carries a vector index as an index of internal symmetry,
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Recall that the intensity of electromag-
netic radiation (i.e., square of its ampli-
tude — be it E or B) is due to Einstein’s
explanation of the photoelectric effect pro-
portional to the (average) density of pho-
tons in the radiation. In particular, if the
intensity of monochromatic electromag-
netic field is sufficiently low so that it
can support only one quantum of energy
— photon, then the corresponding field
can be interpreted as being proportional
to probability density amplitude.

Note that

3
ZS? = s(s+1Dlzx3 = 2-1ax3,
=

which implies that S indeed describes a
particle with spin s = 1.

which in turn means that it transforms in the vector represen-
tation of Lorentz group).

Single photon equation without any source term is described
by the conventional system of Maxwell equations. In this
connection it is interesting to observe that Maxwell equations
can be equivalently written as

OE 1
i— = -S-V(iB
"o iS (@B),
JiB 1
i— = =S-V(E
"ot iS (E),

where (S;)x = —i€;jx represents angular momentum genera-
tor in adjoint representation (recall that [S;, S;] = is;jSk).

This system of equations should be compared to the system
of equations for massless spin 1/2 particle (so called Wey!
equations)

oy 1

= - Zo.v
i = <0V,
oy 1

= = -0-V(yp).
"ot d 2

Here Dirac’s bispinor

1)

So, we see that matrices S; play for photon (i.e., particle with
spin s = 1 and rest mass mg = 0) the same role as Pauli matri-
ces for spin 1/2 massless particles (so called Weyl fermions).
Similarly, (E, iB) is analogous to (¢, x).

Proca equation (for massive spin - 1 particle)
O0u(0*A” =3V AH) + mAY = 0.

This wave equation can be, in principle, used to describe such
particles as, e.g., W* or 79 bosons.

Rarita—Schwinger equation (for massive spin - 3/2 particle)
(E“Vp"y5y,,6p + mO"“T) Yo =0,

where o = (i/2)[y*,y”] is a Lorentz group generator in
bispinor representation. This wave equation can be, in princi-
ple, used to describe gravitino that is predicted in supersym-
metric theories (SUSY).



7.5 Exercises: Dirac particle in central potential

» Bargmann-Wigner equation (for massive arbitrary spin free
particle) - quite complicated system of equations

Relativistic wave equations have a number of conceptual difficulties.

v

No simple way to include multi-particle interactions.

Strictly single-particle description does not allows (is not appli-
cable for) unstable particles or resonances.

Various paradoxes: “Zitterbewegung”, Klein’s paradox, prob-
lematic probabilistic interpretations (we already seen for Klein-
Gordon particle).

Single-particle picture is not tenable beyond energies that allow
for pair (or multi-particle) production.

» No elementary particles has been observed beyond spin 1 par-
ticles, though there are various theoretical reasons supporting
existence of higher spin particles, e.g., SUSY predicts 3/2-spin
particle — gravitino, and quantum gravity predicts spin 2 particle
— graviton.

v

v

v

These arguments provide good reasons for abandoning relativistic
wave equations — higher-spin wave equations in particular. On the
other hand, lower-spin wave equations (such as those with spin 0, 1/2
and 1) are often used as a starting point in setting up corresponding
Quantum Field Theories via the so-called second quantization procedure
(see following chapter).

7.5 Exercises: Dirac particle in central
potential

Dirac particle with charge ¢ in central electric field with potential
V(r) = g¢(r) (and zero magnetic field) is described by the equation

i0,¥(t,x) = Hp¥(t,x), Hp =a-p+mpB+V(r). (7.66)
where, in the standard representation
: : O ot : I O
i— 0.0 _ g . i = 0 _ — 43 .
a'=vyly (0" O) o , B=vy (O —]I) o’ Rl
(7.67)

Exercise 7.1 Show that the operator of total (i.e., orbital plus spin)
angular momentum

1 . . o (o0
J'=L"+ EZ’ , Li=gpxpt = epx/(=idy) , ¥ = (O o
(7.68)

commutes with the Dirac Hamiltonian Hp.

Problem 7.1 Show that

1
[Hp,BE-]] = E[HD/,B]. (7.69)
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» Bargmann-Wigner equation (for massive arbitrary spin free
particle) - quite complicated system of equations

Relativistic wave equations have a number of conceptual difficulties.
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No simple way to include multi-particle interactions.

Strictly single-particle description does not allows (is not appli-
cable for) unstable particles or resonances.

Various paradoxes: “Zitterbewegung”, Klein’s paradox, prob-
lematic probabilistic interpretations (we already seen for Klein-
Gordon particle).

Single-particle picture is not tenable beyond energies that allow
for pair (or multi-particle) production.

» No elementary particles has been observed beyond spin 1 par-
ticles, though there are various theoretical reasons supporting
existence of higher spin particles, e.g., SUSY predicts 3/2-spin
particle — gravitino, and quantum gravity predicts spin 2 particle
— graviton.

v

v

v

These arguments provide good reasons for abandoning relativistic
wave equations — higher-spin wave equations in particular. On the
other hand, lower-spin wave equations (such as those with spin 0, 1/2
and 1) are often used as a starting point in setting up corresponding
Quantum Field Theories via the so-called second quantization procedure
(see following chapter).

Exercises: Dirac particle in central potential

Dirac particle with charge g in central electric field with potential V(r) = g¢(r) (and
zero magnetic field) is described by the equation

i0;¥(t,x) = Hp¥(t,x), Hp = a-p + mB + V(r).
where, in the standard representation

. . 0 i . T o0
a‘EyOy’:(o_i o(;):O'lQZ)O", BE)/O:( _):0'3®]1.

Exercise 7.1 Show that the operator of total (i.e., orbital plus spin) angular momen-
tum

ot

1 i 0 .
=1 !
AR LD

Ji = Li +§2i, Li = E,—jkxjﬁk = gijkxj(—iak), Zi = (

commutes with the Dirac Hamiltonian Hp .

Exercise 7.2 Prove that 1
[Hp,BX ]] = E[HD“B],

hence, show that the operator

1
K =pE-J-3p=pE-L+1),
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commutes with the Hamiltonian Hp .

Exercise 7.3 Show that the operator K commutes with J.

Exercise 7.4 Show that K2 = J2 + i,

In summary, the operators
Hp, K, P, I,
all mutually commute. In fact, they constitute the complete set of observables for Dirac

particle in central potential and consequently their simultaneous eigenfunctions
uniquely label the states.



Part Il

INTRODUCTION TO
QUANTUM FIELD THEORY






7.5 Why Quantum Field Theory 109

7.5 Why Quantum Field Theory

Let us now put forward a couple of reasons that explain a conceptual
inevitability of quantum field theory.

I. — The combination of quantum mechanics and special relativity
implies that particle number is not conserved. Relativity necessarily
brings in the possibility of conversion of mass into energy and vice
versa, i.e., the creation and annihilation of particles. For instance, 8 de-
cay of the neutron vian — p + e~ + ¥, or positron-electron annihilation
e*e” — 2y. The latter case shows that there are situations when the
number of particles of given species is not conserved, even though the
number of particles of all types taken together is conserved.

It should be stressed that the creation of particles is impossible to avoid
whenever one tries to locate a particle of mass m within its Compton
wavelength. Indeed, from Heisenberg’s uncertainty relation we find
that (consider motion along x direction)

Lin 1

A Dl = Z‘<[W,x]>
2

<pxC2/W>

2

c+0 (< ?c;v )
Px¢ 114

This implies that cgox = AEAx ~ hic/2. If we assume that Ax ~ ¢ =
fi/me, then we have AE ~ mc2. Therefore, in a relativistic theory, the
fluctuations of the energy are enough to allow the creation of particles
out of the vacuum. In the case of spin 1 particle, the Dirac sea picture
shows clearly how, when the energy fluctuations are of order mc?,
electrons from the Dirac sea can be excited to positive energy states,
thus creating electron-positron pairs. So, at distances shorter than
particle’s Compton wavelength there is a high probability that we will
see particles swarming around the original particle we put in.

2

¥
¥
v

v

h2
4

NS

~ L (7.65)

Note about Compton wavelength

Particle’s (reduced) Compton wavelength ic = 7/mc is always

Figure 7.6: Here we show an extreme
demonstration of particle creation. This
comes from the Relativistic Heavy Ion
Collider (RHIC) at Brookhaven, Long Is-
land. This machine crashes gold nuclei
together, each containing 197 nucleons.
The resulting explosion contains up to
10,000 particles, captured here in all their
beauty by the STAR detector.
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H. Leutwyler, Il Nuovo Cimento 37, 556
(1965).

smaller than the corresponding de Broglie wavelength 1,5 = %/|p|.
In fact, we can say that:

> g3 is the distance at which the wave nature of a particle is
apparent

» Ac is the distance at which the concept of a single particle
breaks

In order to discuss such processes, the usual formalism of many-body
quantum mechanics with wave functions of fixed number of parti-
cles, has to be augmented by including the possibility of creation and
annihilation of particles via interaction.

II. — Ordinary (non-relativistic) point-particle QM can deal with the
quantum description of a many-body system in terms of many body
wave functions. This is important, e.g., in atomic, molecular or con-
dense matter physics. Similar generalization for relativistic particles
would be desirable. Problem with this generalization, however, starts
already at classical level. There does not exist any generalization to
a relativistically invariant interacting many-body theory — not even
for 2 interacting particles. This is known as Leutwyler’s no-interaction
theorem

Any finite number of point particles cannot interact in such a way
that the principles of special relativity are respected, i.e. that the sys-
tem states correspond to some representation of the Lorentz (or more
generally Poincare) group/algebra. Accordingly, classical relativis-
tic point particles are necessarily free, as a consequence of Poincare
invariance.

Note

The only exception are two particles in one spatial dimension con-
fined to each other by a linearly rising potential.

In contrast to point particles, strings (i.e., 1 dimensional objects)
can interact relativistically in higher dimensions, without violating
Leutwyler’s non-interaction theorem.

Hence, it is not surprising that particle physics is based on Quantum
Field Theory (i.e., infinite number of degrees of freedom) rather than
on relativistic point particle quantum mechanics.

ITI. — We know of classical field that is fundamental in physics —
the electromagnetic field. Analyses of Bohr and Rosenfeld showed
that there are difficulties in having a quantum description of vari-
ous charged particle phenomena (such as those that occur in atomic
physics) while retaining a classical description of the electromagnetic
field. One has to quantize the electromagnetic field (e.g., to get Lamb
shift correctly); this is independent of any many-particle interpretation
that might emerge from quantization.

IV. — Because all particles of the same type are the same. What we
mean by this is that, for instance, two electrons are identical in every
way, regardless of where they came from and what they have been
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through. The same is true of every other fundamental particle. Let us
illustrate this through a rather prosaic story. Suppose we capture a
proton from a cosmic ray which we identify as coming from a super-
nova lying 8 billion light years away. We compare this proton with one
freshly created in a particle accelerator here on Earth. And the two are
exactly the same! How is this possible? Why are not there errors in
proton production? How can two objects, manufactured so far apart in
space and time, be identical in all respects? One explanation that might
be offered is that there’s a sea of proton “stuff” filling the universe and
when we make a proton we somehow dip our hand into this stuff and
from it mould a proton. Then it’s not surprising that protons produced
in different parts of the universe are identical: they’re made of the same
stuff. It turns out that this is roughly what happens. The “stuft” is the
proton field or, if one looks closely enough, the quark field.

Note on field quantization I

There are two complementary approaches that are typically em-
ployed in field quantization.

a) One can postulate fields as the basic dynamical variables and
show that the result can be interpreted in many-body terms.

b) One can start with point-particles as the basic objects of inter-
est and derive (or construct) field operator as an efficient way
of organizing the many-particle states.

Here we will work with the first approach as this gets us into the
subject quickly. The second approach is often a starting point in
non-relativistic field theory that is typically employed in condensed
matter physics. Approach a) is known as Quantum Field Theory
(QFT) or Theory of Quantized Fields, while b) is known as Second
Quantization.

Note on field quantization II

There is a number of different types of quantization schemes, each
with its own merits and drawbacks.

» Canonical quantization — will also be used as our starting
point. It emulates the conventional quantization procedure
used in Quantum Mechanics. In particular, time is singled
out as a special coordinate and manifest Lorentz invariance is
renounced. The advantage of canonical quantization is that it
quantizes only physical modes, which ensures that unitarity
is manifest. In simple cases such as scalar and fermion fields
or quantum electrodynamics (QED) this method is relatively
easy to apply. In more complicated (though experimentally
important) cases it is impractical.

» Gupta-Bleuler or Covariant quantization — maintains full Lorentz
symmetry (contrary to canonical quantization), which is clearly
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a great advantage. The disadvantage of this approach is that
“ghosts” or unphysical states of negative norm are allowed to
propagate in the theory, and are eliminated only when one
applies constraints to the state vectors. This approach was
historically most successful in QED. It is rather limited in its
scope and rarely used beyond QED.

Functional integral — will be utilized in the second part of this
lecture. It is a simple, intuitive method with a close connection
with classical physics (it employs, e.g., Lagrangian density, ac-
tion functional or Hamilton variational principle). It provides
an excellent tool for various semiclassical approximations. In
addition, the functional integral is formulated in manifestly
Lorentz covariant fashion. Corresponding “ghosts” are killed
by another type of “ghosts” (the so called “good ghosts” or
Faddeev-Popov ghosts). It is also an ideal bookkeeping tool
allowing for a systematic perturbation expansion in terms
of the so-called Feynman diagrams. The disadvantage of this
approach is that functional integration is mathematically del-
icate operation that may not even exist in Minkowski space.

Becchi-Rouet-Stora-Tyutin (BRST) & Batalin-Vilkovisky quanti-
zation schemes — are fully covariant quantization methods.
They are used in complicated systems, such as non-abelian
Yang-Mills theories, string theory or quantum gravity. They
can be (and as a rule are) expressed in terms of functional
integrals.

Stochastic quantization — is conceptually very different from
previous quantization schemes. The main idea is to view
Euclidean field theory (i.e., field theory where time variable is
analytically continued to imaginary values) as an equilibrium
limit of a statistical system coupled to a thermal reservoir. This
system evolves in a fictitious time direction ¢ (5th parameter)
until it reaches equilibrium limit as + — co. The coupling to
a heat reservoir is simulated by means of a stochastic noise.
Stochastic quantization is particularly suitable for numerical
applications.



Some useful
background from quantum me-
chanics and classical field theory

Let us first recall the familiar path to the quantization of a classical
dynamical system in particle mechanics. For the purpose of illustration
we consider a 1-D motion of a particle in a conservative potential. Let
q be the (generalized) coordinate of the particle, ¢ = dg/dt the velocity,
and L(g, ¢) the Lagrangian. According to Hamilton’s principle, the
dynamics of the particle is determined by the condition

58[q] = 6/ “diL(g,d) = 0, 8.1)

n

which provides an actual physical trajectory ¢(z) from (g1, #1) to (g2, 2).
Eq. (8.1) states that the action functional is stationary around classical
trajectory, i.e. small variations from classical path, g(t) — ¢(t) + 64(t),
leave the action unchanged to the first order in the variation.

Hamilton’s principle gives us the well known Euler-Lagrange equa-

tion of motion
d dL oL

X7 " 9g 0. (8.2)
In order to carry out the formal quantization based on this equation,
we rewrite it in the Hamiltonian form, by defining the momentum p
conjugate to g as
= oL 8.3)
P=5g .

and introduce the Hamiltonian via the Legendre transformation
H(p,q) = pq = L(g,q)- (8:4)
Note in passing that H does not dependent on ¢ since

6_qu _ (9_Ld,
dq

dH
ag ‘1

(dp)¢ + pdq -

0
(dp)g — a—qu. 8.5)

In terms of H, the Euler-Lagrange equation can be equivalently rewrit-
ten as

OH .
{QIH}PB = % =4dq,
OH .
{er}PB = _% =D, (86)

where {-,-} pp denotes a Poisson bracket. To quantize (8.6) we let g be-
come a Hermitan operator in a Hilbert space and replace p by —id/dq,
so that the conjugate momentum and coordinate satisfy a commutation
relation

[q/p] = in, (87)

This is analogous to the situation when
df(x) = 0, which implies that f(x) is sta-
tionary around the extremal point xq of

f(x), ie., f(xg) = f(xp + dx) to the first

order in dx.
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There also exist intermediate pictures,
such as Dirac picture or thermo-field dy-
namics that will be discussed later on.

When Op has also explicit time depen-

8 Some useful background from quantum mechanics and classical

field theory

dence then this generalizes to

dOu (1)
dr

= i[H,0g@)] +

90H (1)
o

which corresponds to the classical Poisson bracket {¢, p} pp = 1. The
dynamics of our particle is contained in the Schrodinger equation

0y (1)
Hp, qy(t) = i— =, (8.8)
where y(¢) is a wave function (or state vector) in the Hilbert space. In
this formulation all time dependence is carried by ¢ while p and ¢
are not time dependent. This approach is known as the Schrodinger

picture.

Alternatively, we may transfer whole time dependence to the operators
¢q(t) and p(r) while ¢ will be time independent. This is known as Heisen-
berg picture. Both pictures are equivalent as they can be connected via
unitarity transformation. In fact, from Schrodinger equation it follows
that

Us(t) = e Hslyg(0) = ey, (8.9)

where the value ys(t = 0) is set to coincide with . Similarly, opera-
tors in both pictures are connected according to prescription

On(t) = efstQge st (8.10)

It is clear that the unitary transformation (8.10) is constructed so that
matrix elements of all observables are identical at all times provided
they coincide at some reference time #; (here #y = 0). This is precisely
what we require in quantum theory, where dynamical problem typi-
cally consist in finding, at a later time ¢, matrix elements of operators,
which represent physical observables, provided we know the matrix
elements at some initial time. In Schrodinger picture this is done by
solving Schrodinger equation.

In Heisenberg picture, one solves the equation of motion for the Heisen-
berg operator Op (1)

do(; O _ i 1#s, 0n0)] . 8.11)

which directly follows from (8.10). This can also be alternatively
viewed as a consequence of Dirac’s quantization condition.

Note

» Aslong as we deal with energy eigenfunctions and eigenvalues
in non-relativistic theory, there is a little practical difference be-
tween Schrodineger and Heisenberg picture, as in the absence
of external time-varying forces we have

Hy(t) = Hs = H,

and hence %—It{ = 0. As for energy eigenfunctions, the Schro-
dinger wave function is ¥,(q,t) = e"*n'u,(q) while the cor-
responding Heisenberg wave function is simply u,(g). Spec-
trum is (due to a unitary similarity between both pictures)
identical.



» In relativistic field theory, the Heisenberg picture is more con-
venient, since the explicit representation of the state vector v
is considerably more complicated than in the non-relativistic
case (such a ¥ is a solution of the so-called functional Schro-
dinger equation), and the dynamics of operators is easier to
describe and solve (even if only perturabtively) than the dy-
namics of .

» Lorentz invariance can be more readily implemented in the
Heisenberg picture, which puts time together with space co-
ordinates in the field operators. So, one can, for instance,
formulate Lorentz covariant field equations. Note also, that
time and space are both treated on equal footing, in particular
both are c-numbers.

» In Quantum Mechanics are both pictures unitarily equiva-
lent. This unitary equivalence is guaranteed by the so-called
Stone-von Neumann uniqueness theorem, which states that all
irreducible representations of the canonical commutation re-
lation are for a finite number of degrees of freedom unitarily
equivalent to that of Schrédinger.

In QFT is the unitary equivalence violated. This violation can
be, in turn related to the concept of renormalization.

In the Heisenberg picture it follows that the CCR retain the form

[4(®), p(1)] =i, (8.12)

which is again dictated by Dirac’s quantization condition. For an
arbitrary ¢ the operators can be represented as

.0 A

plt) = a0 q(r) = q(), (8.13)
in g-representation, and

N s . 0

pt) = p(r), 4@ = ’_ap(r)’ (8.14)

in p-representation.

From (8.11) we can directly write the equations of motion for the canon-
ical variables (the Heisenberg dynamical equations) in the form

d

SO~ i, pio,

d

8O — i, g0 (8.15)

To completely determine the dynamical problem in Quantum Mechan-
ics, we must still specify the matrix elements of p and g at the initial
time.
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This can also be written as:
{f,gtpB =d — [0f,04] =ihOy,.

8 Some useful background from quantum mechanics and classical

Let us illustrate the aforemntioned quantization methodology on a
simple problem. To this end we consider Lagrangian of the form

2
L = %qu - %qu. (8.16)

The corresponding action functional is given by

7] 2 t
S = / dr [lmq'2 - (iqu] = ﬂ/‘ dr [q’2 —a)zqz] . (8.17)
n 2 2 2

n

Requirement that ¢S = 0 yields the equation of motion

d oL oL
which reduces to the
i+ wq=0. (8.19)

This is the equation of motion in a configuration space.

Corresponding equations in the phase space are obtained by defining
the conjugate momentum p (consider further m = 1)

oL

= = mi = q. (8.20)
q

p:

Ensuing Hamiltonian is defined via Legendre transformation

H(p,q) = pq - L(q,9)
1 w? 1
- 2 _ 1o, w o 1y, 2 2
= p 2p + 2q Z(p +(uq). (8.21)

This is nothing but the Hamiltonian of linear harmonic oscillator.
Hamilton equations of motion read

dg OH

rri {e.H}pp = Er e D,

— = H = —— = — 22
dt {pr }PB (96] wq, (8 )

which are clearly equivalent to the Euler-Lagrange equation (8.19).

We can now pass to Quantum Mechanics by making change

i
{'/ .}PB - _£ ['/ ] s (823)
or, in more explicit terms

i

Otrgres = =7 (05,04 - (8.24)

Here, Oy denotes an operator representation of a classical dynamical
function f. This allows to write

p — a8 =inp,

q {9,H}pB

{p,Hlpg = —w?q — |[p,A| = -ihw’q,  (8.25)

p



which is equivalent to the operator (configuration-space) equation
(again without using hats)

i = -wq. (8.26)

To diagonalize the system of equations (8.25) one conventionally de-
fines ladder operators (setting 71 = 1)

wq(t) + ip(t)

V2w ’

wq(t) — ip(t)
V2w '

These can also be equivalently introduced as

a(t)

al@) (8.27)

a0 = =0+ aw),

i\/g (aT(t) - a(t)). (8.28)

It is not difficult to see that the the above ladder operators indeed
diagonalize the system of equations (8.25), in fact

—i[a'(),H] = i [%,H}

p(t)

a'(n)

o epl) +ieq) (8.29)

V2w

By Hermitian conjugation we obtain analogous equation for a(t). Cor-
responding solutions can be written in the form

a'(t) = a'(0)e'",
a(r) = a(0)e ", (8.30)

With these we can rewrite ¢(t) as

qt) = (aT(O)e"w’ + a(O)e—fw') ) (8.31)

1
V2w
and similar formula could be written also for p(¢). In terms of a(¢) and
a’(t) the Hamiltonian reads

H

%w (aT(t)a(z) + a(t)aT(z))

_ %w (a"©)a(0) + a(0)a’(0))

w (aT(O)a(O) + %) . (8.32)

There exists yet another advantage by introducing the ladder operators.
In particular, from functional analysis is known that if there exist two
operators A and A' such that [A,AT] = 1 € R" is satisfied, then the
eigenvalues of ATA operator are 0, 4,24,34, .. ..
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In finite dimensional Hilbert spaces
there is no couple of operators A and
B such that [A,B] = 1.

9 Some useful background from quantum mechanics and classical

a’(¢) the Hamiltonian reads
H = %w(a*(t)a(z) + a(t)a*(t))
- %w (aT(O)a(O) + a(O)aT(O))
= w (aT(O)a(0)+ %) ) (9.32)

There exists yet another advantage by introducing the ladder operators.
In particular, from functional analysis is known that if there exist two
operators A and A" such that [A,AT| = 1 € R" is satisfied, then the
eigenvalues of ATA operator are 0, 4,24,34,.. ..

Since [a(0),a"(0)] = 1, we see that the spectrum of H is w, = w(n +1/2)
with w =0,1,2,.... By denoting the eigenstates related to w, as |n) we
can write

1
Hln) = wy |n) =w(n+§)|n), n=0,1,.... (9.33)
Important property of the spectrum is that it is equidistant, namely

Wp — Wp-1 = W.

The lowest energy state |0) (also known as vacuum state or ground state)
satisfies

H|0) = w(aT(O)a(O) + %) [0) = %w|0). (9.34)
Because a'(0)a(0) |0) = 0 we have that
(01a"(0)a(0)[0) = [a(0)|0)|* = 0, (9.35)

which implies that the vacuum state is annihilated by the a(0) opera-
tor.

Suppose now that
H|n) = wuln), (9.36)

then by applying a'(0) to |n) we get

Hd' O] = ([H,a'©)] + a'©H) I

(cuaT(O) + aT(O)wn) |n)

(w + wy)a’(0)|n)]. (9.37)

This implies that a’(0) |n) o« |n + 1). Similarly, by applying a(0) to |n)
we obtain
H[a(0) [n)] = (wn — w)[a(0)[n)]. (9.38)

This implies that a(0) |n) o |n — 1), which terminates at |0) state.

In particular, by applying creation operator on vacuum state we get

a’(0)]0) « 1), (9.39)
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and generally
(@' (0))" [0y o |n) . (9.40)

After normalization of states to the (n|m) = 6,,,, we get

(ah)"

V!

which can be easily proved by induction.

|n) = 0) . (9.41)

Cute note

For energy eigenstates |n) we can write

2(n|H|n) 2w, = (alp*In) + W (nlg*In)

P Iy 112 + llwg ) 1> = 2l1p|n) [lllwg n) ]

Where last inequality follows from triangle inequality.

We now use virial theorem which implies that (n|p|n) = (n|g|n) = 0.
The latter is a direct consequence of the fact that for any operator A
and any energy eigenstate [n) we have

(n|[A, H] |n)

(n|AH|n) — (n|HA|n)

Wp <n|A|n> — Wn <n|A|n> = 0.

Thusif A =g
(nllg,H]|n) = (nlipln) = 0,

orwhen A =p
(n|[p,H]|n) = —iw(n|g|n) = 0.
Consequently
2(n|H|n) = 2|lp|n)[llwg|n) || =2 20ApAq = hw.

So, uncertainty relation prohibits (n|H|n) = w, to be smaller that
hw/2. Eigenvalue w, = hw/2 represents the so-called zero mode of
H (in this specific case we call it also zero-mode fluctuation or ground
state fluctuation).

It is now straightforward to generalize this procedure to N degrees of
freedom. We introduce N Hermitian operators ¢;(t),i = 1,...,N in the
Heisenberg picture and N conjugate momenta p;(¢). The dynamics is
again given by the 2N classical equations of motion

oH
{pi,H}pp = 50 =~ P
qi
OH .
{qf/H}PB = 6_2471'/ [ 1/-~-/]V' (942)
Di

Again, our goal is to find the matrix elements of p; and g¢; (or their
functions), at arbitrary times provided that at initial time, say r = 0
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It should be stressed that (9.46) are
not field equations, since there are no
sources; rather, they impose constraints
on the electric and magnetic fields.

9 Some useful background from quantum mechanics and classical

they satisfy the restrictions

[p:(0), ¢;(0)] = —isy;,
[pi(0),p;(0)] =0,
[4i(0),4;(0)] = 0. (9.43)

By employing Dirac’s quantization condition we can from (9.42) write
Heisenberg equations of motion in the form

i[H,pi(1)],

i[H,qi(t)] . (9.44)

pi(?)

Gi(t)

9.2 Classical fields

A field is a quantity defined at every point of space x and time . While
classical particle mechanics deals with a finite number of generalized
coordinates ¢;(¢), indexed by a discrete label “i”, in field theory we
are interested in the dynamics of fields ¢,(x, 1), where both “a” and
“x” are considered as labels. We are thus dealing with a system with
an infinite (uncountably infinite) number of degrees of freedom — at

least one for each point x in space.

Notice, that the concept of position has been relegated from a dynami-
cal variable in particle mechanics (so called wave mechanics or first
quantization) to a mere label in field theory.

» Example — Electromagnetic field
E(x,t) and B(x,t), both of these fields are 3 spatial (or euclidean)
vectors — 3 dimensional vector fields. In covariant treatment of elec-
tromagnetism one introduces instead of E and B electromagnetic
potential A* E, B — A¥(x,t) = (¢,A) (u=0,...,3), where A" is
a vector in spacetime — 4 dimensional vector field. Connection
between E, B and A" is done by the Maxwell relation

E = —V¢—E;—?, B = VxA. (9.45)

These defining relations directly imply sourceless Maxwell equa-
tions (so called Bianchi identities)
V-B =0, VXE =—a—B. (9.46)
ot
To proceed we start again with Lagrangian. This is not only convenient
starting point for a covariant treatment but it also allows to formu-
late constructively a field-theoretical systems solely on the basis of
required/expected symmetries. Besides, for simple systems the La-
grangian formalism also provides a straightforward passage to Hamil-
tonian (i.e., canonical) formalism via Legendre transformation.

In the Lagrangian formalism, the dynamics is governed by a La-
grangian, which is a function of ¢;(x, 1), #(x, 1) and V¢;(x, 1). We change



our Lagrangian (L) to Lagrangian density (£), i.e.

La )~ [ ExL0x,0),9,0105,0) ©0.47)
In principle, we could consider also higher derivative terms (or even

non-local interactions), but in all systems, studied in this course, the
Lagrangian will be of the form given above. The action is

15 7]
/ dt 'L = / dl/dSXL(¢i,0y¢i)
f n

/ d*x L($i, 0,u¢i) - (9.48)

9]
1l

More on Lagrangian in field theory

In particle mechanics L depends on ¢; and ¢;, but not ¢;. In field
theory we similarly restrict the Lagrangian £ to ¢; and ¢;. In princi-
ple, there is nothing to stop £ from depending on V¢, V¢, V3¢, ...

In cases when we require Lorentz invariance, we will consider
only dependence of £ on V¢ (this is not needed in non-relativistic
context). We will also not consider £ explicitly dependent on x*.

Since we strive for a self-contained theory we do not consider
Lagrange densities with external fields (i.e. fields that do not have
their dynamics described within the Lagrangian itself).

Corresponding equations of motion are obtained via the principle of
stationary action (Hamilton’s principle)

4 oL 7y
55 = / dtx [a_(m bt 5 ¢i)o<d,1¢i>]
4 Ta) 9+ (g0
/ d'x [«M, (6(0 o) 4t U\ g )| O

We can now neglect the surface term due to condition that d¢; = 0 on
the surface. By the fundamental lemma of calculus of variations this leads
to the Euler-Lagrange equations of motion for fields ¢;
oL ) oL
—| - — = 0. 9.50
(a6 - 54 %0
Let us now list a couple of illustrative field systems.

» Example I — Klein-Gordon field
Consider Lagrangian for a real scalar field ¢(z, x) in the form

1 1
_ Zouv 2242
L = > 0,90, ¢ 2m ¢

_ 1-2_1 2_122
= 3¢ 2(V¢) Sme (9.51)

9.2 Classical fields
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For equation of motion we need

oL _
o

0L

— = = 9y = (¢,-V¢). 52
o =M= @Ve. 0%

2
-m-¢,

By using the Euler-Lagrange equation we arrive at the equation
of the motion

-V +mp =0 o O¢ +m?p =0. (9.53)

This is nothing but the Klein-Gordon equation. In this time, how-
ever for a classical field and not for the wave function.

Example II — First order field Lagrangian

As a second example we consider Lagrangian with a complex
field that is linear in time derivative (rather than quadratic),
namely

L= %(WJ, — YY) - VVY - myty . (9.54)
For equation of motion we need

0L i, oL i oL
g = 2 M B 3 Gvgr - VY (9.55)

The corresponding Euler-Lagrange equation thus implies equa-
tion of motion

0y 2

s = -V + my . (9.56)

Note that this equation looks like Schrodinger equation, but it
is not. Its interpretation is very different and besides the field y
is a classical field with no probabilistic interpretation a la wave
function.

Example III —Maxwell equations
Consider a Lagrangian of the form

L= —%((’),,AV)((')"AV) + %(a,,A”)z. (9.57)

The minus sign in front of the gradient term ensures that the
kinetic term for A; is positive. Note, also that £ has no kinetic
term (Ag)? for A, so that Ag can not correspond to a physical
degree of freedom. For equation of motion we need to compute

oL
= —0"A + 9"(9,A"), 9.58
) (G,47) (9.58)

which yields the dynamical equation in the form

0L
/|

— = - ll V— v Il E llv = . .
6(6,1Av)) 8, (0" A — ' A") = §,F 0. (9.59)

Here we have defined the field strength tensor F* = (9#A” —
0V AH,



By identifying now A* with electromagnetic potential and using
the relations for electric and magnetic fields

0A

E = -VA"- —,
ot

B = VxA, (9.60)

we can check that (9.59) is equivalent to the first set of Maxwell
equations, i.e.

E
V.-E =0, % = VxB. (9.61)

Indeed, for instance

V-E

HEF = {E* = -9, A - GpA* = 9% A® — 8 AF}

80K AY — 5,.8°AF = &, (akAO - aOA") - 0. (9.62)
The second series of Maxwell equations, i.e.,

OB
V.B=0, — =-VxE, (9.63)
ot
do not correspond to field equations. These merely impose con-
straints on the electric and magnetic fields. In fact they are equiv-
alent to Bianchi identity

C())/FO/,B + aaFBy + aﬁFya =0, (964)
which is a simple identity implied by the structure of F,, .

It can also be checked that the Lagrangian (9.57) is (upto 4-
divergence) identical to the Lagrangian

I - —%F’“’FHV . (9.65)

9.2 Classical fields
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Exercises: Some useful background from quantum me-
chanics and classical field theory

Variational calculus

Recall that for a function of n variables
f:IRn_>]R ’ (ul,...,un)Hf(ul,...,un),

the partial derivative, with respect to the k-th variable, is defined

a
B_f = ]1m (f(ul, e U1, UL +€ruk+1r"'Iun)_f(ulf""un))
Lk
= hm (f(u,+851k) f(uz)
£-0
A functional

F:M->R , ¢—>F[p] , ¢:x ¢(x),

attributes a number to each function ¢ € M (for us, typically, ¢(x) will be fields
defined on the Minkowski spacetime). In analogy with the partial derivative, the
functional (or variational) derivative of a functional F, with respect to variations at a
spacetime point x, is formally defined as

oF

5p(x0) &m0 g(F [6()+ £8(- = x0)l - FI$(-)]) .

Then, for a variation of the functional F we may write

F = Flo+5¢]-Flg] = /W‘S‘”(")d"

This should be compared with the differential of a function f, i.e.
of
df = ——duy .
f 1; Buy, Lk

While, df is a linear function in coordinate increments, § F is a linear functional in
field (or function) increments.

Exercise 9.1 Using the definition (9.2), calculate the functional derivative for

the functional:

_OF
o¢(x )

1) Flg] = / FIB()dx.
2) Flg] = ¢(x).
3) Flg] = exp ( /f(x>¢<x>d4x),

In point 3), calculate the functional derivative also using a generalization of the
composite function differentiation theorem, and the result of 1).

We note the following properties of functional derivatives:

oG
D S )(a<x>F[¢]+G[¢]) a0 WO) oL
o oG
2) 5¢<x>( [91619]) = 5= )G[«s] Flol5grs
3) ——F(Gl]) = F(Glp)——r— , f:R-R.

6¢(x ) 6¢(x )



Exercise 9.2 Derive the field-theoretic Euler-Lagrange equations for the action

Slg] = / L), Bud(x), x) '

[Hint: Calculate mz?(i 5 and set equal to zero.]

oS

Exercise 9.3 Calculate the functional derivative o)

for the entropy functional

S[w] = —k/w(x)lnw(x)dx.

Exercise 9.4 Derive (one half of) the vacuum Maxwell equations from the action
1 . p
SlAul = -5 /FWF’”’ d*x,  Fuy = 9uAy —0Ay,
where Fy,, is the Faraday tensor (i.e. the electromagnetic tensor), and A, is the four-
potential of the electromagnetic field. Show that the second half of the Maxwell

equations is a (trivial) consequence of the definition of F;,,.

[Hint: Use the Euler-Lagrange equations 8, (%) - % =0]

Lagrangian and Hamiltonian formalism of classical field theory

Exercise 9.5 Consider a one-dimensional infinite chain of masses m, connected via
springs with spring constant «. The Lagrangian of this system is

m K
L@n qn) = )\ 54n = ) 5@ =an)?,  neZ,
n n

where g,, denotes the displacement of the n-th mass point from its equilibrium
position.

Write for this system the Euler-Lagrange equations of motion. Moreover, derive the
Hamiltonian, and write the Hamilton’s canonical equations. (Make use of the Poisson
brackets.)

Exercise 9.6 We introduce the displacement field ¢(na,t) = g, (t), where a is the
distance between two neighbouring equilibrium positions. In the (continuum) limit
a — 0, with the density p = m/a and the tension T’ = «a kept fixed, the Lagrangian
in the previous exercise takes the form

L[¢(x), $(x)]

/ L(6(x), 6(x), By d(x) dx,

L(¢,0:¢,0xp)

L3 - L(oco)
L@ - 5 0x07,
where £ is the Lagrangian density corresponding to the “continuum” Lagrangian L.

Show that the (variational) Euler-Lagrange equations for a continuum Lagrangian
L[¢, $] reduce to field-theoretic Euler-Lagrange equations for the corresponding
Lagrangian density £(¢, 3; ¢, 0x¢). Find these equations for the system (a string)
described above.

From now on, let us consider (up to) three spatial dimensions. In the continuum
limit, the canonical momentum field is defined

SL oL
Sp(x) 8¢’

n(x) =

9.2 Classical fields
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and the Hamiltonian reads

H[$(x), 7(x)] / 2(x)b(x) dx — LIp(x), dx)]

/ Hp(x), n(x), 8;0(x)) P,
with
Hip7,0,0) = 7000 — L(b, 010, 5;9),

the corresponding Hamiltonian density.

Exercise 9.7 Calculate the canonical momentum field 7, the Hamiltonian density H,
and the continuum Hamiltonian H for the string described in the previous exercise.

The field-theoretic Poisson bracket of two functionals F[¢(x), 7(x)] and G[¢(x), 7(x)]

is defined as
[ s (OF G 6G SF
(r.o) = [ (6¢<x> 57 6¢<x>«szr<x))'

Exercise 9.8 Calculate the Poisson brackets between functionals

Fyl¢,n] = ¢(y) and Gyl¢, 7] = n(x).

Exercise 9.9 Consider the Lagrangian density of a one-component real Klein-Gordon
field ¢(x),

1 1
L, 0u9) = 50,0)0"$) = 5m*¢?,  x = (x°,x),

and derive the corresponding Euler-Lagrange equation. Show that the same equation
is obtained by passing to the Hamiltonian formalism, and combining the ensuing
(field-theoretic) Hamilton’s canonical equations.

[Hint: Use the Poisson-bracket formulation
b(t,y) = {o(t,y),HY,  #@t,y) = {x(t,y), H},

of the canonical equations.]

Classical energy-momentum tensor

Suppose the Lagrangian density £ does not explicitly depend on the spacetime
point x. For the field multiplet ®(x) = {¢,(x)}"_; we can write

9L

P ~ oL
@L(q)r(x)zau(ﬁr(x)) S av¢raf¢r + 6y(av¢r)mz

oL 9 ( oL )
Agr) M \0(Ouer))’
where the second equation is the Euler-Lagrange equations of motion. Subtracting
the left-hand side from the right, we find the continuity equations
AL

A Ho —_SH
0T, =0, T = dr g — SIL,

where T}, is the (canonical) energy-momentum tensor. Note that TO0 = H is the
Hamiltonian density of the field.

Writing 8, T", = 8,T°, + 8;T?,, and integrating (for a fixed time r) over the space
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R3, we find
Bz/dsxTOV = —/d3xa,-T"V = —/dZZiTiV =0,
that is, the total four-momentum of the field
P, = /d3xTOV,

is constant in time, P” = (H, P).

Exercise 9.10 Show that the energy-momentum tensor of a one-component Klein—
Gordon field reads

1
Tuv = upOvp = guv5(9p9 ¢ — m?¢?). (9.66)

In particular, find the energy density T, and the momentum density T[}( .

Exercise 9.11 Find the canonical energy-momentum tensor T}Ecvan) of the electromag-
netic field with Lagrangian density (9.65). Note that it is not symmetric in u < v,
and show that it can be augmented by the term (8, A,,)F,{ without affecting the
continuity equations, thus arriving at

( 1
7-}[53’“\) = FupFe + Zgqup(er(r/

the symmetric energy-momentum tensor of the electromagnetic field.
[Hint: Use the electromagnetic Lagrangian of Eq. (9.65).]

Generally covariant form of an action S[¢, | = / L(o, 6u¢)d4x is

S[¢r/guv] = /L(‘ﬁr/au‘ﬁr/guv)ﬁd‘lxl 8 = det(g,,,,).

The Hilbert energy-momentum tensor is defined as

T(H) _ 2 oS
T g o
Exercise 9.12 Show that
H oL
T - i

[Hint: Analyse partial derivatives ag‘% of the determinant det(g,,,,) = [det(g#¥)]™1.]

Exercise 9.13 Calculate the Hilbert energy-momentum tensor for:
a) the Klein—Gordon field
b) the electromagnetic field.

Normal modes

Exercise 9.14 Consider the Lagrangian of an infinite chain from Exercise 9.5, and
solve the equations of motion by the method of modes. Show that the general solution
reads

n
@ —i -k i -k
qn(t) - /E dk [ake i(wpt-kan) + azet(wkt an) i

\/%\/1 —cos(ka),

where ay € C are constant amplitudes. Perform the continuum limit a — 0.

Wi
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Quantum field theory preliminaries

Exercise 9.15 Show that (for a > 0)

/+°° 8(x2 - a®)¢(x)dx = #(@) + _(b(—a).
- 2a

o 2a

[Hint: Rewrite as two integrals /0+00, and substitute x2 = y.]

Exercise 9.16 For a generic function g(x), if x; denote all the points of g at which
g(x;) = 0 (and provided g’(x;) # 0), then

6(x —x;)

8(e) = 2 o

Show that this formula correctly reproduces the results:
a) é(ax) = o(x)
b) 5(x2 —a?) = %6@ —a) + ﬁé(x +a).

We also note that for a multidimensional §-function, and a constant matrix A

1
S(A(x —xq)) = |de—HA|6(x_x0)'

Exercise 9.17 Show that the expression

20p69(p~q), wp =p2+m?,

is Lorentz invariant.

[Hint: Consider boosts along the x3-axis.]

Exercise 9.18 Show that for ladder operators @ and af, [a, dT] =1, and a ‘vacuum’
state |0), for which (0)0 =1, and 4 |0) = 0, the following identity holds:

0]a™(@"y™ 10y = n!'Spm, (¥n,m eNp).

[Hint: Show (and use) the identity e@algead’ _ 44 a,Va € R.]



Quantization of Scalar Field -1

We will be particularly interested in relativistic field theories. We have
seen that for relativistic (scalar) field theories, equations of motion, i.e.
Euler-Lagrange equations read

,J( 0L )— oL _ . (10.1)

Noud0)) — 991
Should this equation be covariant under Lorentz transformations, £
must transform as scalar density (of weight 1), i.e.

L(x) = L), 80:(x) 5 Lo(x) = [detL] LLx).  (102)

Let us construct the simplest free (real-field) scalar theory with maxi-
mally second time derivative in equation of motion.

The simplest £ that is a scalar density and has bounded from below
potential energy is

L= S0 (089(00) — 2 P(). (103)

Proof of the fact that £ is a scalar density is quite simple. First we
realize that

6(x) 5 o = #(L )
Bud(x) B (LY, 0,6(L 7). (10.4)
Thus
8y B(x)3, S
B L0, 6L L Gpa (L 0L 7L

= 3, ¢(L™ x)0sp (L™ x)m?? . (10.5)

In addition, the term ¢*(x) transforms simply as ¢?(x) L $2(L™'x).
Since |detL| = 1, the Lagrangian (10.2) is a scalar density. Conse-
quently, the action functional is a Lorentz scalar.

As before, the link between the Lagrangian formalism and canonical
quantum theory is established via Hamiltonian formalism. To this end,
we start by defining the conjugate momentum n(x) to field ¢(x) as

oL _ N
9(x)  5h(x)
This should not be confused with total (conserved) momentum, which
will be defined shortly.

a(x) = (10.6)

In general, a scalar density of weight w
would transform as

L) 5 Lr(x) = |detL]” £L(L 7).
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The Hamiltonian density is then given by
H(r(x), (x)) = H(x) = 7(x)d(x) - L(x), (10.7)

where, as in classical mechanics, we eliminate ¢(x) in favour of 7(x)
everywhere in H(x). The Hamiltonian is then the simply

H = / dBxH(x). (10.8)

Quantization starts by identifying commutators via Poisson brackets.
In particular, we know that

i
—= 107, 05] = Ot - (10.9)

Poisson brackets in field theory

For two functions f and g that depend on phase-space and time
variables their Poisson bracket {f, g} pp is another function that
depends on phase space and time.

Given two functions f(p;, g;,t) and g(p;, gi, t) with generalized mo-
menta py, ..., pn, generalized positions ¢, . .., gy and time 7, the
Poisson bracket takes the form

N
_ df 9g _ 9f dg
AR ; [5611' dpi  0pidqi |’

Here it is implicit that time arguments are both in functions f, g
and phase-space variables identical. As a particular case one has

{qx, pi}PB = Ok .

Passage to continuous degrees of freedom — i.e. fields, is obtained
by formally replacing

qi(t) — ¢alx,t), pi(t) — nu(x,1),
| 5 a_ 5
dg;(1) §da(x,1)"  Api(r) oma(x,1)’

3 —>Z/d3x.

i=1 a

With this the Poisson brackets between two functionals A and B
defined on the field phase space read

0A OB 0A OB
60a(x) 07a(x)  67a(x) 5u(x) ]’

(4,0, 50, 0e = 3, [ x|

(time variable is the same on both sides and is customarily omitted).
In particular, for canonical field variables we obtain

{¢a(x), 1 (¥)}tp = Sapd(y —x).



So, that in the Shrodinger picture the canonical commutation relation
becomes [¢(x), n(x")] = id(x — x7).

In the second step, we construct Hamiltonian

H

/ L [r()dx) - L0)]

/ Brxa(x)(x) - L. (10.10)
Since in our case (x) = ¢(x), we get

H = % / Ex [r(x)? + (Vox))* + mPp(x)*] . (10.11)
At this stage we can pass to the Heisenberg picture

d(x) — d(x,1) = ¢(x) = eHp(x)e . (10.12)

(we assume that Heisenberg and Schrodinger picture coincide at the
reference time 7y = 0). Similarly for 7 (x)

n(x) — m(x) = eMr(x)e . (10.13)
In Heisenberg picture this provides, among others, the equal-time
commutation relations

[(b(xrt)rﬂ(x’rt)] ié(x_xl)r

[¢(x, 1), p(x",1)]

[n(x,1),7x(x’,0)] = 0. (10.14)

Equations of motion for Heisenberg picture fields are then dictated by
the Heisenberg-Hamilton relations. The first of these relations is

$(x) = i[H,¢(x)] =i /dsx' [H(x',1), ¢(x,1)] . (10.15)
To this end we need to evaluate [H(x’,t), #(x,1)]. One has

[H(x',1), ¢(x,1)]

[n2(x’, )+ (V(x, 0+ m2e2(x’, 1), d(x, t)]

NI—= NI

[7*(x’, 1), ¢(x,1)]
1
= a0, 6(x,1)]

+ 3 (0, 00x, Dl (e, )
= —in(x’,)6(x-x"). (10.16)
Thus

[H, ¢(x,1)] = —i/d3x’7r(x',t)6(x—x') = —in(x,?), (10.17)
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Starting with Schrodinger picture is
merely historical coincidence. One could
use Dirac’s quantization prescription to
set up Heisenberg picture directly with-
out going via Schrodinger picture.
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which leads to
o(x, 1) = —i(in(x,t)) = n(x,1). (10.18)
Similarly, the second relation reads
n(x,t) = i[Hn(x,t)] = i/d3x’[“H(x’,z),7r(x,t)]. (10.19)

To evaluate this we need

[H, 1), 7(x,1)] |(va(x, 07 m(x, 1)

N =

+ %mz [$2(x’, 1), m(x,1)]
= iV(x,NV'S(x —x')
+im?¢(x’,1)6(x —x), (10.20)
and hence

[H,m(x,1)]

i / Ex’ [Vox', OV'8(x —x") + m*¢(x’,1)5(x — x”)]

i[-V2p(x, 1) + m*¢(x,1)] . (10.21)

This leads to the second equation of motion of the form
#(x, 1) = V2¢(x,1)—m>(x,1). (10.22)
Recall that ¢(x,t) = n(x, ), then
B(x,1) = #(x,1) = V2p(x,1) — m>d(x,1). (10.23)

This is an equation of motion for the Heisenberg field, which can be
cast into more familiar form

¢ -V =-m¢ o 9,0+ m¢=0. (10.24)
Which can be succinctly rewritten as

(D + m2)¢ - 0. (10.25)

Momentum operator and energy momentum tensor

Our Hamiltonian reads

H

/ L [r()d(x) - L]

f dBxd?(x, 1) - L(x,1). (10.26)



With this the Heisenberg field obeys the evolution equation ¢(x, ¢) =
e ¢(x,0)e~"H!, which can be equivalently rewritten as

d(x,t—1) = e H p(x, 1)’ . (10.27)

We can now ask question:“How does operator P, that is responsible
for spatial translations, look like?” If we translate the physical system
by a spatial displacement a, then ¢(x, 1) — ¢(x —a, ). Idea is that the
momentum operator P should be the generator of these translations.
In other words, we require that

ePap(x,1)e” P = ¢(x —a,r). (10.28)
Let a be infinitesimal, then we can write (10.28) as
d(x, 1) + i[P-a,¢(x,1)] + O@d?). (10.29)
On the other hand, according to Taylor’s expansion
dx—a,1) = ¢p(x,1) — a-Ve(x,1) + O(d?). (10.30)
This implies that
i[P-a,¢d(x,t)] = —a-Vo(x,1). (10.31)
Since a is arbitrary, we have
i[PX, p(x,0)] = -Vig(x,1). (10.32)

To construct P¥, we observe that

[r(x", )V p(x",1), ¢(x,1)] [m(x’, 1), p(x,1)]| V;d(x", 1)

= —id(x-x" )V, o(x",1), (10.33)
and so we can choose
Pk = - / Bx'm(x’, OV p(x’,1). (10.34)
Indeed, in this case

[P, o(x,1)] = - / &' [x(x, OVid(x', 1), o(x, 1)

:(—1)(—i)/d3x’6(x—x')Vk¢(x',t) = iVio(x,1). (10.35)

This is precisely what we have required for P*. Relation (10.34) thus
fixes P* modulo additive c-number (this point will be discussed shortly).

By using the fact that Vy = 0y = -0%,(k = 1,2,3) we can write
Pk = / Bxn(x, )0 p(x,1). (10.36)

In addition, we can check that P¥ is independent of ¢ and so it repre-
sents a conserved quantity. To see this let us consider the commutator
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The sign in the generator is dictated by
the presumed covariant form

e_’-Pl‘“”qﬁ(x,t)e’-Pl‘“” = ¢(x—a).
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[H, P]. Recalling that

H=/d3x

we can directly write

- / dPxd3x’

1 ’ 2 1 2420 1
FTO 0P + 0 0)

1 2 1 2 1 2,2
77 (x,1) + 2(Vrzﬁ(x,t)) +omd (x,1)

. (10.37)

[H, P]

n(x, 0% p(x, 1), (%nz(x’, N+

/ EPx’ [H,n(x",0] 8% o(x, 1) + m(x’, 1) [H, 8% ¢(x, t)]

/ d3x (—iﬁ(x,z)akqb(x,z)) +7(x, 0% [H, d(x, 1)]
~—— —
—in(x,t)

= - / &P’ [(V'V'¢(x',t)—m2¢(x',t)) Ok p(x’, 1)
+7(x’, 00 *n(x’, t)]

= —i/d3xVV¢(x,l)Vk¢(x,t) + surface terms

- / Px {—%vk [vl¢(x,t>v/¢<x,r>]}

surface term

= 0. (10.38)

Thus, for a field that at each fixed t and |x| — co goes quickly to zero,
the commutator of [H, P] = 0.

Let us now set P° = H, then we can combine the above results for H
and P to a single 4-vector

Pt = (PO, P) = / BxT%(x), (10.39)
where the tensor

™ = 0"¢0"¢ — " L($(x), §(x)). (10.40)

It is easy to see that such 7#¥ provides a correct 4-momentum. In fact,
from (10.40) we have that

7% = %°¢ - £ = 0,00,¢—L = né—L = H, (10.41)

and
% = %% ¢ = —¢Vid = —nVio. (10.42)

This consistently implies both H = P? and P*. In addition, from the
equation of motion it follows that

8,T" = 0. (10.43)
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[H, P]. Recalling that

H=/d3x

we can directly write

- / dPxd3x’

1 ’ 2 1 2420 1
FTO 02 + 0 0)

1 2 1 2 1 2,2
77 (x,1)+ 2(V¢(x,t)) +omd (x,1)

. (337

[H, P]

n(x, 0% ¢(x, 1), (%nz(x’, N+

/ EPx’ [H,n(x",0] 8% o(x’, 1) + m(x’, 1) [H, 8% ¢(x, t)]

/ d3x (—ifr(x, No*p(x, z)) 1+ 7(x, 0% [H, d(x, 1)]
~—— —
—in(x,t)

= - / &P’ [(V'V'¢(x',t)—m2¢(x’,t)) Ok e(x’, 1)
+a(x’, 08 %n(x’, t)]

= —i/d3xVV¢(x,l)Vk¢(x,t) + surface terms

- / Px {—%vk [vlqs(x,t)v/qﬁ(x,r)]}

surface term

-0 (3.38)

Thus, for a field that at each fixed t and |x| — oo goes quickly to zero,
the commutator of [H, P] = 0.

Let us now set P° = H, then we can combine the above results for H
and P to a single 4-vector

Pt = (P, P) = / BxT%(x), (3.39)
where the tensor

™ = 9M¢d" ¢ — " L((x), §(x)). (3.40)

It is easy to see that such 7#¥ provides a correct 4-momentum. In fact,
from (3.40) we have that

T = 9°68° - £ = 6,00, —L = n—L = H, (3.41)

and
% = %% ¢ = —¢Vid = —nVio. (3.42)

This consistently implies both H = P? and P*. In addition, from the
equation of motion it follows that

8,T" = 0. (3.43)



Indeed, by using the explicit form for £ given by (3.3) we have
o = 0, |000%6 — (310,07 - 3074?)|

= (8,019) ¢ + 3¢, 0" ¢ — (3" 0" d +m>$pd” ¢
N——_——
-m2¢

= —m*¢d" ¢ + m*¢d" ¢ = 0, (3.44)
Let us finally observe that (3.39) can be rewritten in explicitly covariant

manner, so that ensuing P# will be a genuine 4-vector. In particular,
we can write (3.39) as

Pt = (P°,P) = / dVn, T (x). (3.45)

Here, the measure dV is over the space-like slice (of the 4D spacetime)
that is orthogonal to the unit time-like vector n*. We claim that P#
transforms covariantly under a change of n*, i.e.,, P¥ is a genuine
Lorentzian 4-vector. To see this, we write

/ dBxT%(x)

/ d*x6(xo) T (x) = / d*x [%9(;@] T% (x)

/ d%%@(ngxa)wﬂ(x). (3.46)

Here, ng = (1,0,0,0) is a time-like unit vector that is manifestly orthog-
onal to the space-like slice over which we integrate. Now, we relabel x*

. ’ . L
in (3.46) to x # and take the Lorentz transformation x* — x* = L* x.
With this we can write

/ d4x’—ai,v 0(ng x,) T (x")

s 0 1.
= / d4x|detL|LV”0?9(ng,gLf’ﬁxﬁ)LT’ny' ST (L71Y)

X

d(ng,o LY xﬁ)
[ty = oL )

L’,‘5/d4xn('r6(n’x)T°'5(x)

LY / dvnl, T7%(x), (3.47)

with n), = L* ,ng,, (which equivalently means that n”” = (L™!)” 1) S0,
that finally

Pi(ng) = PM(Ln') = L", / AV TP (x) = Lo Po(n').  (348)

Thus, the 4-vector P# defined by (3.45) transforms as a true relativistic
4-vector under a change of the space-like slice over which we integrate.
The order 2 (and type (2, 0)) tensor T#”(x) is called energy-momentum

29

Here ng denotes time-like 4-vector or-
thogonal to space-like slice over which
we integrate. Note that space-like prop-
erty of vectors is preserved under proper
Lorentz transformations.
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tensor and in this particular case it satisfies the symmetry condition
T = T,
Particle interpretation

Let us now Fourier decompose ¢(x) as

o) = [ e, (3.49)
With this we get
o) =0 = [ dpe G -mtidp) = 0
=  (P*-m)é(p) = 0. (3.50)
Solution of this equation has the generic form
F(P)s(p* = m?)

8(po +p* +m?) .
24/p%+m?

—_————
wp

é(p)

Olpo —Np? +m?) (3.51)

= flp) N

f(p)

Here f(p) is an arbitrary function that is not zero at p? = m2. Eq. (3.50)
implies that that ¢(x) can be written in the form

4
o) = / %e‘fﬂxu(p)a(powp) + 150 - wp)]

3
/ d_P [e—iwptg+ipr(wp’p) + eiwpto+ipr(_wp,p)]
2w
3
= [SE1 0 + e (352
2wy

Here we have set g(p) = f(—wp, —p). So we can finally rewrite it as

d3 —ipx ipx
$(x) = m (a(p)e PX 4 b(p)e'? ) (3.53)
where
alp) = @Y f(p), bp) = 2n)g(p). (3.54)

By requiring that ¢ is Hermitian (in order to have Hermitian Hamilto-
nian), we have that b(p) = a(p), which gives

d3p

—2 Ta(p)e™P* + a'(p)e'P¥] . .
B [P d ] 355)

$(x) =



Similarly for conjugate field momentum 7(x) = ¢(x), we obtain

3 X .
x() = ¢r) = f 9P Ciw)a(p)e P + iwpa (p)e™]

(27)32w,
i d3p —ipx T ipx
= 3] @y [a(p)e - d'(p)e'™*] . (3.56)

At this stage we recall that the canonical commutation relations read

[¢(xrt)/¢.(yrt)] = ié(x_y)
[n(x,1),n(y,1)] = 0. (3.57)

[¢(x, 1), 7(y,1)]
[¢(x, 1), ¢(y,1)]

From these one can compute commutation relations for a(p) and a(p).

It is not difficult to see that the following holds
la(p), a" ("] = @m)*2wp6(p - p')
[a(p), a(p)] = [a'(p),a'(P)] = 0. (358)

The consistency check can be done as follows. First, we define the

notation
> e
> 2n)32w,
Sppr = (21)°2wpd(p = p'). (3.59)
With these, we have, for instance

> oo f(2) = f(p),
5

|aw), a" ()| = Gy (3.60)

In addition, the field operators acquire succinct forms
o) = > (a(p)e-fpx +at (p)efPX) (3.61)
P

and

2(x) = ¢(x) = Z(—iw,,)(a(p)e-fpx - aT(p)e"PX) . (3.62)
p
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The measure in the integral (3.55) is man-
ifestly Lorentz invariant. Indeed

d3p B d*p
r32wp — (n)t

278(p* - mHo(p").
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It is normally tedious to do this compu-
tation in its full length. But we can take
advantage that H is time independent
and drop all time-dependent terms be-
cause these must cancel anyway.

Now we set x = (¢, x) and y = (t,y) and assume validity of (3.58). With
this convention we can write

[¢(x), 7(y)]

> (i) [a(pre?, (—al(p e |
pp’

+(—itp) [aT (p)eiPx, a(p')e-iﬂ’y]

Z [(iwp)eip(x—y) + (iwp)e—ip(x—y)]
p

3 .
d_l’y’ 20p ip-y)
@2n) 2w,

i5(x - y). (3.63)

Similarly, it can be checked that

[¢(x), ¢(»)] = [x(x),x(y)] = 0. (3.64)

One can alternatively start from ¢, 7 and commutation relations (3.57)
and prove (3.58). This is a bit lengthier but a straightforward exer-
cise.

Energy — Hamiltonian

Hamiltonian can be written in the form

H = / d3x 1712(x) + 1(V¢(x))2 + m2¢? . (3.65)
2 2 _
N—_——— N———— H3

Hy Hy

Let us now compute the respective terms explicitly in terms of mode
operators a and a':

1
/d3x Eﬂ'z

= %Z(_iwp)(_iwp’)‘/d% [a(p)a(pr)e-i(mpf)x
pp’

Hy

—a(p)a (e PP 1 gt (pyat (p')el @Y — at(p)a(pf)e«p—p')x]
= 3 D wpup) [ap)a' ()25 - )
pp’
— d'(pa(p)2r 5 (p - p')]
- }L;wp la(p)a'(p) + a'(pa(p)] - (3.66)

We stress that this result represents only time independent contribution
to Hy. Similarly we can compute time independent contributions to H,



and Hz, namely
1 3 2
= 3 / Px (V)
= 3 Y ip') [ Exlaa’ (e 0+l pralpe
pp’

= 23 r S p - plap)a () + ' (platp)
=

- 3 > L (atpra () + ' ()] 6.67)
= 12 [aph )+ )] (3.69)
p
which finally gives

H=H +H + Hy = %pr (e’ @) + a'Paw) . (3.69)
14

Spatial momentum
Spatial momentum can be written as
- / dBx7(x)Ve(x). (3.70)

Analogous calculation as for H gives
1
P =230l () + a'(plap)] (3.71)
2

which does not suffer with vacuum divergences. Together with H, we
can form four-vector

= %;pﬂ lap)a'(p) + a'(p)ap)] - (3.72)

Particle interpretation
Similarly as in linear harmonic oscillator, the physical states of our

quantum system are excitations over a ground state, which we identify
with the vacuum state |0). Here |0) satisfies a(p)|0) = 0 for all p.

Ground state and excited states

The fact that the ground state must be annihilated by a(p) can be
easily understood via similar reasoning as done for linear harmonic
oscillator.

33

We could rewrite this as
¥ 1
2 wp |a'Pap)+ 55pp |,
P

which mimics the linear harmonic oscil-
lator, though now we have sum of in-
finitely many of them and the contribu-
tion from %wp Spp diverges.



and Hz, namely
1 3 2
H = 5 d’x(V¢)

1 o -
= 3 Y (ip)-ip") [ Exlatp)a’ (e al (plap e
rp’

= 2 p e p - palp)a (p') + ' (pa(p)]
pp’

1 2
=22 20, (e ®)+ ' @rap)] (3.67)
1 2
Hy = > ; 20, 4@ )+ (prap)] (3.68)
which finally gives

H=H +H + Hy = %pr (apa’ @) + a"(Pap)) - (3.69)
14

Spatial momentum

Spatial momentum can be written as

P=- / dBx7(x)Ve(x). (3.70)
Analogous calculation as for H gives
1
P = Egl’ [a(p)a’(p) + a'(Patp)] , (3.71)

which does not suffer with vacuum divergences. Together with H, we
can form four-vector

Pr= 53 [ap)a'p) + ' (plaip)] 672
p

Particle interpretation
Similarly as in linear harmonic oscillator, the physical states of our

quantum system are excitations over a ground state, which we identify
with the vacuum state |0). Here |0) satisfies a(p) |0) = 0 for all p.

Ground state and excited states

The fact that the ground state must be annihilated by a(p) can be
easily understood via similar reasoning as done for linear harmonic
oscillator.

33

We could rewrite this as

1
Z wp (af(p)a(p) + E(Spp ,
r
which mimics the linear harmonic oscil-
lator, though now we have sum of in-
finitely many of them and the contribu-
tion from %wp Spp diverges.
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This equation implies that also the state a”(p;)|ex) is an eigenstate
of the Hamiltonian. On the other hand, since this is true for any
positive integer n, we can always choose a sufficiently large » that
will ensure that the ensuing eigenvalue of a™(px)|ax) is negative.
This cannot be, however, right since H is positive definite operator.
The only way out of this paradox is that ax is a positive integer.

Typical states are:

> |p) = a'(p) |0y — single-particle state, it creates excitation with
energy wp, and momenta p (as will be seen shortly).

In linear harmonic oscillator, |1) = af|0) creates excited state
with energy w — here no momentum is included, thus one can-
not really speak about particle.

> |p1,p2) = a'(p1)a’(p,) |0) — two-particle state, it creates two ex-
citations, one with energy w,, and momenta p,, second with
energy wp, and momenta p, (again the momentum parts will be
seen shortly).

In linear harmonic oscillator,

TaT
12) = % 10y, (3.73)

creates 2 excited states above |0) with energy w + w = 2w.

» Three and higher particle states can be constructed in the same way.

To bolster our particle interpretation we can construct a particle number
operator

— d’p T B ;
M= / 22w, (Pap) = ), a'(plalp), (3.74)

p

which satisfies

Na' @) = >la'(@p)ap), a (p)]

£
= > d@)lap)d @)l = d'p). (375
- yprer
6ppr
So, that
Na'(p) = a'N+d'(p) = a'(p)(N+1). (3.76)

Operator N thus counts particles (or excitations) in a given state. In-
deed, for instance

N10) = > a'(pa(p)|0) = 0, (3.77)

p
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Clearly an analogue of the energy-level op-
erator in linear harmonic oscillator. There
N =da'a.
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Vacuum energy is relevant only for the
gravitational field. If we neglect gravity
then the presence of vacuum energy can-
not be detected in usual experiments that
are based only on transformations be-
tween excited states.

so for vacuum, N = 0. Similarly,
Nlp) = Na'(p)|0) = a'(p)N+D)|0) = a'(P)[0) = |p), (3.78)
|p) is an eigenstate of N with N = 1. Analogously
Nipi,p2) = Na'(pa'(py)10) = a'(p)(N +1)a’(py) |0)

a'(pa’(p)(N +2)10) = 21p1,p2) , (3.79)

|p1p2) is a 2-particle eigenstate of N and similarly for higher excited
states. By the same token we could proceed to higher particle states.

Note on vacuum energy

In the Hamiltonian (3.69) we have seen that

1 1
5 (ap)a' @)+ ' (plap) = a'(Pla(p) + Sy
Since 8pp = (27r3)2wp6(0), we can observe that the (momentum)

density of the ground state energy diverges. To understand the
structure of this divergence let us first realize that

(2n)36(0) = / dexe* P,y = / dBx = v,

this diverges is in the infinite volume limit. Then,

1
E(Spp = energy density -V,

which implies that the ground state energy reads

1
By = Eprdpp’
)4
_lf & (27)*2w,5(0)
T 2J) @nR2w, T P

1 d3p
= = [ =L w,V.
2 / @rp?
Here w,V is the density of energy with given p in the entire space.
This is divergent because for each frequency (momentum) there
are infinitely many particles whose number is proportional to the
volume of the space. Because the divergent factor V is related to

small momenta, the corresponding divergence is called infrared or
IR divergence.

Naively one could assume that the (spatial) density of the ground
state energy could be finite. Unfortunately even this quantity is
divergent:

Ey 1 d®p

voeV T2 (277)3wp



So, the vacuum energy density diverges at |p| — co. This so-called
UV divergence arises because the “oscillators” with large momentum
have very large zero-point energy 1/2w, = |p|/2.

Let us now compare the ground state issue with the one in the
linear harmonic oscillator (LHO):

» LHO

e wis p independent —no UV divergence
o there is only 1 or finite number of oscillators in volume
V —no IR divergence

» QFT

o frequency wp, depends on p which changes smoothly
over R3. For large |p| we have that wp, = |p|, which
implies UV divergence

e in a given volume V, there is a large number (« V) of
oscillators with fixed frequencies — IR divergence

Typically one wishes to ensure that vacuum has 0 energy and momen-
tum. So, we subtract the ground state energy and define the Hamilto-
nian to be original Hamiltonian minus ground state energy. We wish
to set P* = 3, p*a’(p)a(p). Now P*|0) = 0.

P |p)

D pa (p)a(p))a’(p)10) = Y p [a'(p")ap’),a'(p)] 10)
p’ r’

> pa (p) [ap"),a' ()] 10) = " pa’ (p")3prp 10)
>

I’

p'a'(p)10) = p"Ip).

(3.80)

This means that |p) is an eigenstate of P# with eigenvalue p*.

For two particle states:

P 1p1,p2) > @ (pha(p))at (pr)a' (p2) 10)
.

> [a' @)ap’),a'(pr)a’(p2)] 10)
£

> pa ) [ap),a'(p1)a' (p2)] 10)
2

2, Pa @) [a" (), +a (P1)yp,] 10)
-

(P} +Py)a’(pr)a’ (p,)10)
W + ) 1, p2) -

(3.81)

This means that |py, p2) is an eigenstate of P# with (p + p}) as eigen-
value. Similalry, for higher particle states. This once more justifies the
usage of the particle picture description.
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This change does not destroy the signifi-
cance of the previous calculations with
p#, since only commutators were in-
volved. Adjustment by a c-number does
not affect commutators.

The subtraction of the vacuum energy
does not, however, remove the vacuum
fluctuations of the quantum field. This
can be evaluated from the so-called cor-
relation function

Ol ¢lx,1)p(y,1)10) .

Similarly as subtraction of vacuum en-
ergy in LHO does not remove fluctuation
inp orx.
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Compare with LHO n-th excited state:

In) =

(@h”
!

V!

0Y .

Occupation number representation — 1st bite

In case we have n,, particles with the momenta p1, np, particles with
the momenta p;, etc., it is customary to write the corresponding 3; n, -
particle state as

(ap,)" (ap,)">
Vip:! \np,!
This way of representing momentum eigenstates of free fields is known

as the occupation number representation. For instance, in the occu-
pation number representation we would have for a 2-particle state

10y .

|np1/npzl"'> = |{np}> =

lppiy =10 0 ... 1 ...0... 1 0..). (3.82)
N—— —— SN—— SN——
pP1 )23 Pi pPj

» occupation number representation takes into account automati-
cally symmetric exchange of particles (bosonic indistinguishabil-
ity) as no labeling of particles is present in the state description,

» occupation number basis is an orthonormal basis on the Hilbert
space Hy for each fixed N = 3, np,,

» normalization to 1 is intuitive (n,, ...n,, ... |n;l,1 . n'pk oy =1,
only when n’ = n for all p;.

The Hilbert space can be combined in the so called Fock space
W:Wo@?{l@?{z...:@‘}{NEZ@?{N,
N=0 N=0

Here, the Hilbert space Hj only contains one element, the vacuum
|0y =10,0,0,...0...).

Note that because [N, H] = 0, we can place ourselves in the N-particle
sector and stay there. This is, of course, the characteristic property of
a free theory. Since, interactions generally create and destroy particles,
they allow to move between different particle sectors of the Fock
space.

Exercises: Some useful background from quantum me-
chanics and classical field theory

Quantum-field-theoretical formulation of many-body quantum mechanics

Let us consider a system of n indistinguishable bosonic particles described by the
non-relativistic Schrodinger equation

iho (X1, ..., Xn,t) = Hp(xq,...,xpn,t),

n
>
p=1

with external (one-body) potential V (x). This is know as n-particle Schrédinger equa-

h2
— Ay
2m

p T V&),



Exercise 3.1 Argue that one may identify

At T

S _ .
|x1,...x,)° = Ay .- Ay, |0),

-

by showing that

1 R SN R
— Olax, cdgyay,oooay 10y = Sy, xnlyy, .y ,)S

(For simplicity consider only cases n = 1 and 2.)

Exercise 3.2 Show that the second-quantized Schrodinger equation reduces to the
n-particle Schrodinger equation when multiplied from the left by
1

—= (0l ... ax, .

Vnl

Exercise 3.3 What are the equal-time commutation relations of the quantum fields ¢
and ¢, and what dynamical equation do these fields satisfy?

- Two-body interaction
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Show that
— (0l ax,, -- -ﬁxlﬁint () = Hinep(x1,...,%n,t),

Val

and hence that the second-quantized Schrédinger equation

ihd; (1)) = (H + Hing) l0(1)) ,

describes a non-relativistic quantum-mechanical system of an arbitrary (but fixed)
number of pairwise-interacting indistinguishable bosons.

— Fermionic systems

Exercise 3.4 Show that the second-quantized Schrodinger equation

ihdy ly(t)) = H (@),

leads to an n-particle (fermionic) Schrédinger equation

n

, n?
inop(x1, ..., %n,t) = HP(X1,...,Xn,t), H = Zl[—mAxp +V(xp)| -
e

[Hint: Evaluate (and use) the commutator [b P El Ey 11



