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Using the anticommutation relations

{a(p, )‘)7 af (qv A/)} = {b(p, >‘)’ bl (Q7 X)} - 5>\>\’6p7q (1)

Op.q = (27")32Wp5(1) - q)
and the mode expansion of the Dirac field, derive the canonical anticommutation relations

{Qba (X7 t)? T8 (y’ t)} = i(saﬁé(x - Y)> (2)

{va(x,1), (v, 1)} = {ma(x,1), m5(y, )} = 0. 3)

Hint: Recall the spin sums 3 u(p, \)u(p, ) = v"p, +m and
Zp U(p, )\)’lj(]), >‘) = ’Yup/,l« —m.

First we need to remember the mode expansion of the Dirac fields ¢ (z) and 7(x). Those can be expressed
as:
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m(z) = it (x). (5)
Now we can express the anticommutator of (4) and (5) as:
{Va(x,t), ma(y, )} =i ) Y ({a P, ), al (g, N) b (p, Aud (g, N)et (@ =P 4
P, AN (©)
+ {bT (p7 )‘)7 b(q’ )\/)}'Ua (p, )\)’U; (q7 )\’)ei(m—qy))
Let us first rewrite the expression in terms of integrals, instead of the shortened sums for full clarity:
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Using (1), we can rewrite the anticommutator:
(om0} =1 [ 500 T na( — ) 3 (el A0, X)) ¢
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In the next step we integrate the ¢ function and since the time is equal for both fields, we can express px — qy
as wp(t —t) — p(x —y). The equation this simplifies to:

3
{Yalx,1), ma(y, 1)} =i / M > (wa e Muf (@, MePO™) 4 vq (b, A)uf(a, )ePED) - (9)
p A

Now realise, that @y° = u' (and the same goes for v). Thus the hint can be applied. Let us also introduce
a new Dirac spinor index, which we’ll arbitrarily call «:

3
{Ya(x,t),m5(y,t)} = z/ (2w521()27r)3 ((p + m)%'ygﬁeip(yfx) +(p— m)mvgﬁeip(xfy» (10)

Expressing the p,y* and changing p — —p in the second term under integration I gets us:

. d?’p i i i —x
{(Va(x,t), m5(y, 1)} = z/ EPNETGTE ((P0Y + PV + M)V + (D0Vorr — DY — M)7g) €PO™ (1)
P

Here we can simplify the integrand. And now again realising pp = wp and constructing a J-function for the
Dirac spinor indices, we arrive at the final expression:

a3 ,
(u(x,8), mo(y, )} = i / W#)B(saﬂezpmx) — ibsd(x — ) (12)

We have thus proved (2). Proving (3) follows the same approach, but the resulting anticommutators of a, af
and b, bt are 0.

1This is, in fact, a substitution in the second ”integral”. The distributive property of the integral allows us to separate it in two
and substitute p to —p in the second integral, in order to cancel the mass-related terms. This is possible due to the integral being
over the entire real number domain R.



