
1 Problem 37
Consider the scattering process ν + e −→ ν + e (antineutrino-electron scattering) in a theory with interaction

Lagrangian
LI(ψe, ψe, ψν , ψν) = −gψνγµ(1− γ5)ψeψeγµ)(1− γ5)ψν , (1)

where ψν is a Dirac fermion field describing neutrino with zero mass, and ψe is a Dirac fermion field describing
electron with mass m. In order g1, calculate the (spin summed) transition probability

∑
spins

∣∣Tfi∣∣2 in the C.M. frame.

The following spinors are used:

• u(pe): Incoming electron

• v(pνe): Incoming antineutrino

• u(qe): Outgoing electron

• v(qνe): Outgoing antineutrino

First, we’ll write Tfi (from the Lagrangian):

Tfi = −(ig)v(pνe)γµ(1− γ5)u(pe)u(qe)γµ(1− γ5)v(qνe) (2)

To express T ?fi, let’s first compute the first half:

{v(pνe)γµ(1− γ5)u(pe)}† = u†(pe)(1− γ5)†γ†
µv

†(pνe) =
{
γ0γ0 = 1 ∧ γ0v = v† ∧ (γ0,5)† = γ0,5

}
=

= u†(pe)(1− γ5)γ0γ0γ
†
µγ0v(pνe) =

{
γ0γ

†
µγ0 = γµ ∧ (1− γ5)γ0 = γ0(1 + γ5)

}
=

= u†(pe)γ0(1 + γ5)γµv(pνe) =
{
u†γ0 = u

}
=

= u(pe)(1 + γ5)γµv(pνe) = u(pe)γµ(1− γ5)v(pνe)

(3)

If we do the second part of T ?fi similarly, we get

T ?fi = (ig)u(pe)γα(1− γ5)v(pνe)v(qνe)γα(1− γ5)u(qe) (4)

We can now compute the transition probability:∣∣Tfi∣∣2 = g2[v(pνe)γµ(1− γ5)u(pe)u(qe)γµ(1− γ5)v(qνe)][u(pe)γα(1− γ5)v(pνe)v(qνe)γα(1− γ5)u(qe)] =
= g2[v(pνe)γµ(1− γ5)u(pe)u(pe)γα(1− γ5)v(pνe)][u(qe)γµ(1− γ5)v(qνe)v(qνe)γα(1− γ5)u(qe)] =
= g2IJ

(5)

If we use the trace identity on the first square bracket, we get:

I = v(pνe)γµ(1− γ5)u(pe)u(pe)γα(1− γ5)v(pνe) =
{
u(...)u = Tr[uu(...)]

}
=

= Tr[v(pνe)v(pνe)γµ(1− γ5)u(pe)u(pe)γα(1− γ5)]
(6)

∑
spins

I =
∑
spins

Tr[v(pνe)v(pνe)γµ(1− γ5)u(pe)u(pe)γα(1− γ5)] =
{ ∑

spins
uu = �p+m

}
=

= Tr[�pνeγµ(1− γ5)(�pe +m)γα(1− γ5)] =

= Tr[�pνeγµ(1− γ5)�peγα(1− γ5)] +mTr[�pνeγµ(1− γ5)γα(1− γ5)] =
{
�pe = pσe γσ

}
=

= Tr[�pνeγµ�pe(1 + γ5)γα(1− γ5)] +mTr[�pνeγµγα(1 + γ5)(1− γ5)] =
{

(1 + γ5)(1− γ5) = 0
}

=

= Tr[�pνeγµ�peγα(1− γ5)(1− γ5)] = Tr[�pνeγµ�peγα(1− γ5)2] = Tr[�pνeγµ�peγα2(1− γ5)] =
= 2pσνe

pτeTr[γσγµγτγα(1− γ5)] = 2pσνe
pτe (Tr[γσγµγτγα]− Tr[γσγµγτγαγ5]) =

= 2pσνe
pτe [4(gσµgτα − gστgµα + gσαgµτ ) + 4iεσµτα] =

= 8(pνe,µpe,α − pνe,τp
τ
egµα + pνe,αpe,µ + ipσνe

pτeεσµτα)

(7)
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If we compute J similarly, we get (imaginary terms cancel out):∑
spins

∣∣Tfi∣∣2 = 64(pνe,µpe,α − pνe,τp
τ
egµα + pνe,αpe,µ + ipσνe

pτeεσµτα)(qµe qανe
− qτe qνe,τg

µα + qαe q
µ
νe

+ iqe,νqνe,βε
νµβα) =

= 64(pνe,µpe,αq
µ
e q
α
νe
− pνe,µpe,αq

τ
e qνe,τg

µα + pνe,µpe,αq
α
e q

µ
νe
−

− pνe,τp
τ
egµαq

µ
e q
α
νe

+ pνe,τp
τ
egµαq

τ
e qνe,τg

µα − pνe,τp
τ
egµαq

α
e q

µ
νe

+

+ pνe,αpe,µq
µ
e q
α
νe
− pνe,αpe,µq

τ
e qνe,τg

µα + pνe,αpe,µq
α
e q

µ
νe
− pσνe

pτeεσµταqe,νqνe,βε
νµβα) =

= 64[(pνeqe)(peqνe)− (pνepe)(qeqνe) + (pνeqνe)(peqe)−
− (pνepe)(qeqνe) + 4(pνepe)(qeqνe)− (pνepe)(qeqνe)+
+ (pνeqνe)(peqe)− (pνepe)(qeqνe) + (pνeqe)(peqνe)− pσνe

pτeqe,νqνe,βεσµταε
νµβα)

(8)
Generally, the product of Levi-Civita symbols looks like this:

εαβγκεµνρσ = −

∣∣∣∣∣∣∣∣∣
δαµ δαν δαρ δασ
δβµ δβν δβρ δβσ
δγµ δγν δγρ δγσ
δκµ δκν δκρ δκσ

∣∣∣∣∣∣∣∣∣ (9)

Therefore (by using determinant rules) we get

εσµταε
νµβα = −

∣∣∣∣∣∣∣∣∣
δνσ δνµ δντ δνα
δµσ δµµ δµτ δµα
δβσ δβµ δβτ δβα
δασ δαµ δατ δαα

∣∣∣∣∣∣∣∣∣ = −

∣∣∣∣∣∣∣
δνσ δνµ δντ
δµσ δµµ δµτ
δβσ δβµ δβτ

∣∣∣∣∣∣∣ = −2
∣∣∣∣∣δνσ δντ
δβσ δβτ

∣∣∣∣∣ = −2(δνσδβτ − δβσδντ ) (10)

Plugging the result in, we get∑
spins

∣∣Tfi∣∣2 = 64[2(pνeqe)(peqνe) + 2(pνeqνe)(peqe) + pσνe
pτeqe,νqνe,β2(δνσδβτ − δβσδντ )] =

= 64[2(pνeqe)(peqνe) + 2(pνeqνe)(peqe) + 2pννe
pβe qe,νqνe,β − 2pβνe

pνeqe,νqνe,β ] =

= 64[2(pνeqe)(peqνe) + 2(pνeqνe)(peqe) + 2(pνeqe)(peqνe)− 2(pνeqνe)(peqe)] =
= 256g2(pνeqe)(peqνe)

(11)

We express the solution in the Mandelstam variable u:

u = (pνe − qe)
2 = q2

e + p2
νe
− 2pe · pνe = m2 − 2pe · pνe (12)

pνe · qe = −1
2(u−m2) = pe · qνe

(13)

∑
spins

∣∣Tfi∣∣2 = 64g2(u−m2)2
(14)
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