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Preface

Should authors feel compelled to justify the writing of yet another lecture notes on
Quantum Field Theory? In an overpopulated world, should parents feel compelled
to justify bringing forth yet another child? Perhaps not! But an act of creation is also
an act of love, and a love story can always be happily shared. These notes originated
from a series of lectures on Quantum Filed Theory delivered at the Faculty of Nuclear
Science and Physical Engineering, Czech Technical University in Prague, over the
period from 2019 to 2020. During the writing, I have attempted to maintain a cohesive
self-contained content. The material is discussed in sufficient detail to enable the
students to follow every step, but some crucial theoretical aspects are not covered
such as the non-perturbative aspects of Yang-Mills gauge theories or quantum field
theory of gravity. Still it is hoped that these notes will serve as a useful introduction to
Quantum Field Theory.

A working knowledge of basic quantum mechanics and related mathematical for-
malisms, e.g., Hilbert spaces and operators, is required to understand the contents
of these lecture notes. Nevertheless, I have attempted to recall necessary definitions
throughout the chapters and the numerous notes.

I would like to express my gratitude to Doctors V. Zatloukal and J. Kniap for their
diligent reading of the manuscript and constructive criticisms. Also special thanks go
to M. Blasone, G. Vitiello and H. Kleinert for teaching me non-perturbative techniques,
as well as to the students of QFT I and II courses for their patience and their numerous
suggestions. Finally these notes would not have seen the light of day had it not been
for the heroic efforts of three modern day scribes and illuminators, Georgy Ponimatkin,
David Grund and Diana Maria Krupova to whom I am deeply grateful.

Books

There are many books on Quantum Field Theory, most are rather long. All those listed
below are worth looking at. They provide a wealth of a complemental material for
these lecture notes.

» E.M. Peskin and D.V Schroeder, An Introduction to Quantum Field Theory, (Addison-
Wesley Publishing Co., 1996).

Provides a good introduction with an extensive discussion of gauge theories



including QCD and various applications.

M. Srednicky, Quantum Field Theory, (Cambridge University Press, 2007).
Represents a comprehensive modern book organised by considering spin-0, spin-
12 and spin-1 fields in turn.

S. Weinberg, The Quantum Theory of Fields, vol. I Foundations and vol. II Modern
Applications, (Cambridge University Press, 1995,1996).

Written by a Nobel Laureate, contains lots of details which are not covered else-
where, perhaps a little idiosyncratic and less introductory than the above.

Z. Zinn-Justin, Quantum Field Theory and Critical Phenomenam, (Oxford University
Press, 2002).

Book devotes a large fraction to applications to critical phenomena in statistical
physics but covers gauge theories at some length as well, not really an introduc-
tory book.

C. Itzykson and J.-B. Zuber, Quantum Field Theory, (McGraw-Hill International
Book Co., 1980).

At one time the standard book, containing a lot of detailed calculations but the
treatment of non abelian gauge theories is a bit cursory and somewhat dated.
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Quantum Field Theory 2

1.1 Noether’s Theorem Continued

Apart from the method used in the previous chapter there exists yet
another quick way to conserved currents — the so-called Noether’s
method (1918).

Consider the global symmetry transformation

$(x) = ¢'(x) = $(x) +£6p(x) = $(x) + (i T)VP(x),  (L.1)

which leaves the Lagrangian density £ invariant, i.e. 6£ = 0. Here
¢(x) is an arbitrary field in our theory and ¢ is a constant infinitesimal
parameter.

We promote now ¢ to be a small x-dependent parameter, so we con-
sider instead a general transformation

¢ — ¢'(x) = $(x)+e(x)5¢(x). (1.2)

Generally, we call the transformations whose parameter ¢ is constant
(not dependent on a position in spacetime) global, whereas the trans-
formation with x-dependent parameter &(x) are called local.

Lagrange density (and hence action §) is not invariant under such
transitions for general £(x), since the symmetry we are considering
is only global symmetry. Since then action would be invariant for
constant ¢, its variation is proportional to the derivative of £(x) and so
it can be written in a general form

§S = / dAx [~ (x)]0%(x). (1.3)

for some current J,. The current defined in this way is always con-
served if the equations of motion are obeyed. The sign of the current is
just a convention.

Indeed, when the equations of motion are obeyed, the action is sta-
tionary under any variation and in particular under variation given by
(1.2). Thus, when the equations of motion are obeyed, i.e. when 6§ =0
in (1.3) is zero for any parameters £(x) from which follows that

0,J% = 0. (1.4)

As a simple exercise, we will show that for usual charged scalar fields
this gives the same current as we have obtained in the last semester.
Here the Lagrangian equals

L = 0,0°0"p—m*¢* ¢ = —¢*(0* + m*)g, (1.5)
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where the second identity is valid modulo irrelevant four-divergence
term. This describes two non-hermitian particles such as 7* which are
not their own antiparticles.

We have already seen in the previous chapter that the Lagrangian can
be equivalently rewritten in terms of two real fields ¢ and ¢, that are
related to ¢ via the relation

1

‘/E(qbl +ig). (1.6)

¢:

Ensuing action equals to
S 1
S = —;/dAX (§¢l(62+m2)¢l) = —/d4x(¢*(82 +m2)¢). (17)

In this case, the Lagrangian is invariant under ¢ — €¢'@¢(x). To get
Noether current, we promote ¢ — a(x). For infinitesimal parameter,
one then obtains ¢(x) — ¢(x) +i(x)¢(x), which implies

oS

= [ e (00 + a0 (@ 4 1000 + 000000~
- 6 W0 + )]

= - [ e a0, (1.8)
where we have neglected pieces linear in a(x) because such term must

ultimately sum up to zero due to invariance under global symmetry.
Continuing and integrating by part we get

oS

- / d*xg* (x) [i(0*@(x))p(x) + 2, a(x)* $(x) + ia(x)d*¢(x)]

- / d*x [2i(8" ()0 $(x) e = i (¢" (x)$(x))Fucr]

—i / d*x [¢"(x)3 $(x) = $(x)0" ¢" (x)] Bua(x)

= —/d4x]"(x)(9,,a(x), (1.9)

where we have identified the conserved current. This result agrees
with our earlier result Eq. (2?).

Noether Charge for Dirac Field

Let us now consider free Dirac field, then the Lagrangian is equal to

L = Y(iy" 0, —my . (1.10)
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This is invariant under transformation
Y- dY = () +iay(x),
Yoo Y = y(x)—iay(x), (1.11)

where « is a global constant. As before we take @ — a(x), which
yields

6L (1= ia()(iy* 3 = m)(1 + i@ — g (iyH 9, —myy
= Y(ir"d)ila(x)y) = gy ydalx)
= —JH(x)0ua(x), (1.12)

where the parts linear in a(x) were neglected. From this we get the
equation for the Dirac current

3 JH (x) = 0,(yy*y) = 0. (1.13)

In the first quantization, we arrived at the same expression for Dirac’s
probability current. Now we see that it does not reflect a conservation
of probability but a conservation of the charge Q (which can be either
positive or negative) and has a form

0 = / dPx JO(x). (1.14)

As we know from the former discussion, this charge is time-independent
and relativistically invariant.

Up to now, we considered a “semi-classical level” in which the vari-
ables were not considered as operators. On the quantized level the
operator that generates the corresponding transformation is

0 = / Bxvyd . (1.15)
It is easy to see that (at a given time 1)

000, = [ &x|Fwtaim] = -bm, a1

where we used

|70t 0y 0| = alehg (w0000},

{Ja/ 'ﬁy(y)}, y?yﬁlllﬁ('x)

— Y0 Yyad (X = y)p(x)
—0py0(x — y)Wp(x)

~5(x — Yy (). (1.17)

Thus we obtain the following equations (the second one could be

Strictly speaking, one should consider
operators in the normal-ordered form,
but since they differ only by a complex
number (infinity), it is not important
when we compute commutation rela-
tions.

Let us Remind two relevant identities:
[AB,C] = A{B,C}-{A,C}B,

{Ya(x), s} =700 - ).
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Before Q is applied there is apparently
nothing that would distinguish states
b'(p)10) and @’ (p) |0) as they both de-
scribe a particle with the same momentum
and helicity.

So, for compact groups with Hermitian
charges the symmetry is implemented
via unitary transformation as it should
be in Quantum Mechanics.

computed similarly)

J(x)(0-1),
V()0 +1). (1.18)

O (x)
Ov(x)

It can be easily seen that (1.18) is equivalent to the following relations

Oap) = ap)Q-1),
0bi(p) = Bi(p)Q-1),
Qd\(p) = ay(p)Q+1),
0ba(p) = ba(p)(@+1). (1.19)

Note that since 0 |0) = 0, it follows from the second and the third
equation (considering |p, 1) = Bfl(p) |0) = a)(p)10)) that

06 (p) 10y = Bi(p)(Q - 1)[0) = =b\(p)[0) = —|p, ) ,
0al(p)10y = al(p)(Q +1)[0) = @' (p) [0) = |p, A) , (1.20)

Olp, )
Olp, )

which clearly demonstrates the concept of particles and antiparticles
with opposite charges.

Moreover, it can be easily shown that the transformation of the Dirac
field (1.11) can be rewritten in terms of the conserved charge. In partic-
ular

yo— dy = eyl
U - ey = (e_i“leei“Q)Tyo = e_[“QEeiaQ. (1.21)
To prove this it suffices to prove the identity to the lowest order.
LHS: ¢ =~ ¢ + iay + 0(a?),
RHS : e_i“Qwei“Q ~ (1 = iQa)(1 + iQa)
=y - ia [Q,(//] + 0@ = ¢ + iay + 0(?).

Group composition law will then take the infinitesimal transformation
to the full one.

In fact, the result (1.21)-(1.21) is very general. One can show that if
¢ — Ty,

is the symmetry of the Lagrangian £, then it can be equivalently
rewritten in terms of Noether charges Q as

ot ¢ = e—iaQ P eia/QA'



1.2 Space-time symmetries

1.2 Space-time symmetries

So far we have dealt with internal symmetries, i.e. symmetries that act
on internal indices of fields. Noether theorem is, however, versatile
enough to identify conserved quantities related to space-time symme-
tries, i.e., symmetries that act directly on space-time “indices” rather
than internal field indices.

Translationally invariant systems

Consider a system whose Lagrangian density is invariant (up to a
4-divergence) under the rigid space-time translation. So, particularly
it is invariant under infinitesimal transformations

o) = P +at) = (M) + dOup(x), (1.22)

where we used the Taylor expansion to the first order in a*.

Since we deal with continuous x instead of discrete index “i”, the
Lagrangian density can after transformation differ from the orlgmal
one by 4-divergence and still provide the same equations of motion.
On the other hand, when we dealt with internal symmetries, we did not
encounter x-derivatives in symmetry transformations (with constant
group parameters) as everything was done at the same point. So, in
fact, in contrast to previous case now 6 £ = d,(Ca*) = a*0,,C where C
is some function.

We can derive the consequence of this by adopting the same strategy
as before, i.e., we promote a* to be position dependent.

oS

/ A3 [ L6 +add, 36 + add) - L(d,06)]

[\ Gpwan s 5y
P 9 3
- / d4x{[_£a¢ a(a£¢)a ( ”¢)] [a(a£¢)a”¢] 6"av}
u
/d4x [((ZlL)a“ + (629£¢)a ¢) ua”
g7

0L
(3. ¢)

B,u(a”d, ¢)]

/d4x [(aﬂzaﬂ)—wﬂaﬂ +( d ¢)a a ] . (1.23)
In case when a* would be a constant then the term (9,.£)a* would not
contribute to ¢S and could be omitted. For x-dependent a* such a term
must be kept. On the other hand, the term (9,La") can be omitted
because its surface contribution can be majorized by an analogous
contribution coming from a constant ¢ (that was irrelevant in the
first place). So, if we assume that the field ¢ satisfies the equations of

5
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As an example, check that for the Dirac
field we get the energy-momentum ten-
sor introduced earlier.

motion, then

0 =6

4 0L v _
/demmwaﬂ%“ L%M]

4 oL )_ )
/dx“m%@m¢ o

If we define the canonical (or Noether) energy-momentum tensor by

dua” . (1.24)

oL
T, = ——d,¢ — Ln,, 1.25
. 3Gud) ¢ n (1.25)

then the invariance of the action under local translation induces the
conservation of the tensor as

8,T", = 0. (1.26)

We see that 7°) = T% is just usual definition of the energy density (the
hamiltonian density ). Other components have interpretation

T, = T = —T;y (wherei=1,2,3) is the energy flux,
T = -T 01. (wherei =1,2,3) is the momentum density. (1.27)

For a real scalar field we find that the (doubly covariant) tensor 7},, =
NuaT?, is symmetric since

Ty = 0u¢0,¢ — L. (1.28)

Summary and Noether procedures

In case of internal symmetries, we consider transformation of a type
$(x) = ¢'(x) = T (), (1.29)

where the generators satisfy the commutation relations [T;, 7;] =
i fijxTk. These induce conserved currents J{“’ and charges of a form

0 = [@xsw,
where [Q;, Q;| = ifijkQx, i.e., Qi’s satisfy the same algebra as T;’s.
The transformation (1.29) can be equivalently rewritten as
eia'T¢(x) — e_iaiQi¢(x)eiaiQi .

On the other hand, space-time symmetries, such as translational in-
variance, represent transformations of the type

(") = ¢'(x) = ¢(x" +a”),

induce conservation of the energy-momentum tensor 7#” and en-
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suing conserved vector “charge”
P’ = / dBx1(x),

which is equal to the total momentum of the system. Again, the
transformation can be written as

d(x+a) = &V p(x)e P

1.3 Relativistically Invariant Commutation
Relations

Let us consider first
i) = [6(x),60)],
A1) = 96,1, 60)],
L A1) = —ildx,0,00)]. (1.30)

When xg = t = 0 we recover the equal time commutation relations,
i.e.

A(x,0) = —i[¢(x,0),¢(0)] = 0, (1.31)

2 A Dl = ~il(x,0),6(0)] = ~i(-o(x) = ~ox).  (132)

Which means that A(x)|;~g and A(x)|;—o = —6(x). These can be consid-
ered as initial conditions for A(x). What equation satisfies A(x)? Since

O+md)p(x) = 0 = (B*>+mAkx) = 0, (1.33)

the solution is

. d3 —ipx ipx
AR) = i f m [f()eP* + h(p)eiP¥]

=i ) [f @) + h(p)et] (1.34)
P
We fix f and & by applying initial conditions on
4 —ipx ipx
5000 = —;wp [£(P)e™P* = h(p)e'™™] (1.35)

and

dp?

A(x,0) —i —(27r)32a)p

[f(p)e'P* + h(p)e™P*]

. d3p ipx
= —Z/M [f(p) + ]’l(pp)] e'’r, (136)
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5 P
p*=m*
qu, /

wp, >0

w, <0

Figure 1.1: Positive and negative energy
mass shells.

This then implies that
£®) + h(pp) = 0. (1.37)
where p, = (p°, —p). Thus
0 d3 ipx —ipx
A Dl = - m [FP)e”* = h(p)e P~ ] wp
= —6(x). (1.38)

Employing the property of Fourier transforms we get

SU) = o)l = 1. (139)

Together with (1.37) this gives that f(p) = 1 and h(p,) = h(p) = -1 and
hence the general form of A(x) reads

. d3p —ipx ipx
A(X) = —Z/M [@ P —ep ] . (140)

Note that A(x) is relativistically invariant, i.e. A(x) = A(L™'x) for
any Lorentz transformation L that maps each mass shell to itself,
see Fig. 1.1. This can be shown as follows. First we see that the 4-
dimensional momentum measure is Lorentz invariant, indeed

d*p’ = d*p|detL|, (1.41)

here p’ = Lp. The §-function 6(p*> — m?) is also Lorentz invariant on the
mass shell, because §(p”? — m?) = 6(p? — m?). Finally, by defining

1, p°>0
e(po) = {_1 0<0” (1.42)

we can easily see that also £(py) is invariant under orthochronous Lorentz
transformations L. Indeed, we know that the defining property of the
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Lorentz transformation implies that

(L00)2 =y (LOI.)2 +1, (1.43)

4

which gives

(L00)2 > (Lol.)2 . (1.44)

L

Similarly, by using the dispersion relation
(P°)? = Z pr+m?, (1.45)

one obtains

P > .k (1.46)
Putting all of these together we get
) 2
(£5°) > D202 = ILPIp P = (Z(Lo,apf) .4
iJ i

where the last inequality follows from the Schwarz inequality. Eq. (1.47)

yields
Z ( LO[) pi

4

IL%p° > . (1.48)

Now, p| = pOLO0 + > piLOl., which means that the sign of pj is fully
determined by the p’LY term. If LY, > 1 (i.e. we consider only or-
thochronous Lorentz transformations), the signs of pj and py are the
same and hence our &(py) is Lorentz invariant under such transforma-
tions.

Consequently
d*pe(po)s(p? —m?), (1.49)

is Lorentz invariant. Let us further realize that

[ dtpetostp? -n)-
1
= [ @*petnrg— [500-wp) + Stpo+p)] -
Wp
d4
= /2—” [6(p0 — wp) = 6(po+wp)] -+ . (1.50)
Wp
With this we see that A(x) acquires the form

4t 4
Ax) = —i / #s(po)d(ﬁ—mz)e_’“. (1.51)

By Lorentz transforming this expression we obtain

d*p
(2n)t

AL ) = —i e(po)d(p? — m2)e PL X (1.52)

9
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Figure 1.2: Contour of integration in
Eq. (1.54)

Im py

But (p, L™'x) = p"L™'x = p"L"x = (Lp)"x = (Lp, x). Here we have
used the fact that L € SO(3, 1). This leads to (taking p” = Lp)

4 7
AL'x) = —i / g 753 e(ph)d(p* —mPe PF = A(x). (1.53)

There exists yet another alternative representation for A(x) given by

d4p e—ipx
y (27r)4 p2 —-m2’

/d4p = /d?’p‘/ydpo. (1.55)

and vy represents the integration contour depicted on Fig. 1.2. With this

Ax) = — (1.54)

where

—lp t
/dp (p° - wp)(PO +wp) = 2ni(R1 + Ry). (1.56)

Where the last step follows from the Cauchy theorem and

R e—iwpt R eiwpt 157
1 = ZLL)I, 7 2 = - pr . ( . )
This leads to the
dBp 1 T , )
- _ . _ = | ,iwpt+ipx _ iwpt+ipx
A(x) (27i) / @) 200, (e e )
dBp 1 :
- _ —pr_ ipx
(2 )/ Q2n)t 2wy ¢ )
_ d3P ( —ipx _ ipx) (1 58)
= —i @r P2, e e . .

The c-numbered commutator [#(x), ¢(0)] is known as the Pauli—Jordan
commutation function.

Representation (1.58) implies yet another technically convenient repre-
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sentation of A(x) namely

3
Ax) = —) / & v sin (xowp) - (1.59)
w
This can be explicitly Fourier transformed with the result

Ax) = [%e(m)&(ﬁ) - Zrijxiz’@u% (m«/ﬁ)
2

where x? = x3 — x? and J; is the Bessel function of the first kind. In the
neighborhood of the light cone (i.e. x*> ~ 0) we get

, (1.60)

2
Ax) = [%a(xo)é(ﬁ) - ;n—ﬂs(xo)®(x2) . 1.61)

In particular, for space-like separation (i.e., x> < 0) we get A(x) = 0.
This is called microcausality, i.e.

[¢(x)/ (15()’)] = 0/ Vx, Y, (x - )’)2 < 0. (162)

So, free fields and any local observables constructed from such fields
commute at space-like separated intervals. Consequently, they can be
observed/measured independently without influencing each other.
Note also that for causality purposes it was indeed enough to study

only [¢(x), #(0)], since
[p(x), (0] = e P [(x), p(y)]e’ " = [p(x - ), $(0)].  (1.63)

Here, the first identity holds because [¢(x), #(y)] is a c-number.

It should perhaps be stressed that microcausality does not preclude
such non-local quantum effects as quantum correlations and ensuing
entanglement, which result from non-local state (vacuum state) that
enters in their definition.

It can be shown, that microcausality holds for all known relativistic
fields (with anticommutators in case of fermionic fields).

The Feynman Propagator

The basic building block of the perturbative treatment of scattering
problems in particle physics is the so-called Feynman propagator
Ar(x), which is defined as

iAp(x—y) = (0| T [¢(x)¢(»)]10) , (1.64)

where the time ordering (or time ordered product) T(- - - ) means

p(x)p(y), 10 >0
T = . 1.65
[B(0)] {¢(y)¢(x), e (1.65)

A~ 1y +006%)
for ly| < 1.

11
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For x° > 0 we can write

iAp(x) = (0] ¢(x)¢(0)]0)
= Z (0] [a(p)e™P~ +a+(p)eipx] [a(p/)e—ipO +at(p/)eip()] 10)
.

= ) (Ola(p)a’(p') 0} &P

p.r’

= )0l [a(p),a’(p)] 10) e7P*
pr’

= Ze*fm, (1.66)
p

and similarly for x° < 0 we get

iAp(x) = ZefPX. (1.67)

p

Thus, generally we can express Feynman propagator as

iAp(x) = Z [O(x0)e ¥ + O(=x")e'P¥] . (1.68)
p

First term in the sum propagates a particle with positive energy for-
ward in time, while the second one propagates a particle with negative
energy backward in time.

There exists a number of useful representations of Ar(x). One very
convenient and manifestly Lorentz invariant representation of Ar(x)
is

) d4p e—ipx
Q2r)* p?2 —m? +ie

1 d3p ip-x de e~ tPoxo
z/]Rs (2n)3 e’? /]R@m (1.69)

—,———
A

iAF(x)

In the complex po-plane the pole situation looks like:

(p0 - ,/wf, - is)(p0 + a)IZ, —ig)

e

V) - (o, —ie)

e
~ (po-wp+ 5= po+wp = 5—)
wp 2w,
N—— ——
=ig’ =ig’

[po — (wp —i")] [po + (wp —ig")] . (1.70)

So, the integrand has two poles located at pg = w, —ig’ and pg =
—-wp +ig’, cf. Fig 1.3. When xp > 0, one can close the contour from
below by a circle with infinite radius. Indeed, note that in this case the
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Im py
2 e~ o
W, — 1€ > —wp + i€

U

(,>< Re po
[o02 e mo iy il
wy — 1€ ~ wy — i€

timelike integral in (1.69) over the lover circle is zero. Indeed

/ 0 . - eixoRei‘/’
dppA = {p° = Re'¥} = lim iR/ dpe ——M
J S/ (P2~ () —ie)
- . e—ino(cos<p + ising)
= lim iR/ dy e'? - . 1.71
R—00 0 4 R2¢e%ip — (a)f, —ig) ( )
This implies that
- . e—ino COS(peRX[) sing) -
lim R / depe'? - < lim R/ de|...|
R—00 0 R2621‘p — (0)2 - 18) R—00 0
Rxo sing
= lim R de =0, 1.72
RS0 / ¥ R + bounded (172

which shows that f dpo A = 0. Consequently, for the p'-integral with

AY
xo > 0 we can write

dpo e~ iPoxo
o (27) (p°)? - (w3 - ie)
_ dpo e tPoxo
< @01 (07— (wp — i) (P + (wp — i)
e—i(w,,—ia’)xo &0 e—iwpxo
= —i 1.73
! 2(wp —ig’) - 2w, ( )
Here we used the Cauchy integral formula:
1
f(xo) = 5= }5 ERPAC (1.74)
2mi Z— X0

where f(z) has no pole inside of the closed curve. Thus

d3p e—iw,,xo—ipxo .
A = = TPx, 1.75
iAF(X)|xo>0 o @ 2w, ;e (L.75)

Similarly for xyp < 0 we can close the pp-integral with a large upper
circle . With this we get that

iAF(Dlxg<0 = )P (1.76)

p

Figure 1.3: Pole structure of the inte-
grand in (1.69).
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Hence
iNp(x) = Z [O(x0)e™™P* + O(-xp)e'P¥] . (1.77)
p
Should we have started directly from the form (1.77) we could ar-
rive at the integral representation (1.69) by employing the following
representation of ® function

O(x) = 2ll / dr (1.78)

T—1&

Let us now see that Ap(x) really corresponds to Green’s function. To
this end we consider

O +m)Ap(x) = =i +m?) 0 T[¢(x)¢(0)] [0) . (1.79)

To do this computation it suffices to concentrate only on the 7. . ]
product part. In this case

2
i a(i 7 V2 + m? | [O(x0)$(x)$(0) + O(~x0)(0)(x)]
L ][00V 4 me()0)
6()(0)2 0 X

+ O(-x0)p(0)(-V3 + m*)p(x)| . (1.80)
Rewriting the expressing for —id?[---1/0(x")? as
- z— [6(x0)p(x)$(0) — 6 (x0)$(0)b(x)
+ O(10) 5 ()0(0) + @(—m)«»(@%m]
= —i [6(x0) [$(x), ¢<0)]

+ ®(xo) I 0)2¢(x)¢(0)+®( xo)¢(0) e 0)2¢(X) (1.81)
Thus
—i(@+mA)T[p()$0)] = —6(x) — i®x0) (O +m?)$(x)$(0)
— i0(=x0)$(0)(0 + m*)¢(x)
= —5(x). (1.82)
Which means that
(O+m*)Ap(x) = —6(x). (1.83)

Alternatively, we can prove this directly from the integral representa-
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tion of the Feynman propagator:

4 —ipx
ety [ L
2m)* (p?2 —m? +ig)

B d4p (P2 _ mZ) e—ipx
2m)* (p2 —m? +ie)

=6(x). (1.84)

=i(@+m?) (0] T[¢(x)$(0)] |0)

The fact that this is indeed equal to the Dirac delta function follows
from the properties of generalized functions. To that end we use
Sokhotski formula

1
X +ie

= P% — indé(x), (1.85)

which should be understood in the sense that for any Schwartz test
function g one has the scalar product identity

1 1
() = (Pre) - im0 (150
x+ie x
By using the fact that
1 1
x. = xP— —inxd(x) = xP— (1.87)
x+ie x x

we have

( x. ,g) = lim (/ dx£g+/ dxfg) =(1,2. (1.88)
X +1e a—0\,J_ X a X

(o8]

Finally we employ the identity for Fourier transforms

(Flfl g = (f, FlgD, (1.89)
and write
p2_m2
(¢[m /g) = (L71g)) = (6,2), (1.90)

which confirms the results (1.84).

One can also calculate the momentum integral in (1.69) explicitly.
The actual result splits into 3 parts. Light-like part (i.e., when x? =
0) that has a simple form 6(x?)/(4r), time-like part (i.e., when x? >
0) is a combination of Bessel functions J;(mVx2) and ¥;(mVx2), and
finally space-like part ( corresponding to x> < 0) is proportional to the
modified Bessel function of 2nd kind K;(mV-x2). In the neighborhood
of the light cone the solution can be expanded as

i im?

+

2
_t M o2
st ganhl - 6. (19D

Ar() = 1-6() -

4n
So, Ar(x) penetrates also behind the light cone. We will see that Ag(x)
basically corresponds to an amplitude of probability that a particle start-
ing at x = (0,0) will end up at the point x = (xo, x). In this respect there
is a non-zero probability that a quantum particle might evolve into a

15
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space-like separated regions.

Let us consider the part of the solution with x> < 0 more in detail. This
has the explicit form

im_ Ki(m~-x?)

A = 1.92
F(x) FP N (1.92)
For large V—x2 = |x| the latter has the expansion
1 m
A = - ¥+ o : 1.93
PO = 3\ ¢ L+ 01D (199)

Thus for large |x| the behavior is dominated by the exponential part.

Ix]

Note that when we reintroduce % and ¢ then e ! — =5 ¥l = ¢7 1,
So a typical distance over which a particle can appreciably "tunel"
behind light-cone is . = -, which is a Compton wave length. We
have seen that this was a reason for existence of anti particles.

Notes on microcausality

Despite the microcausality, there are nontrivial correlations even at
space-like distances. This is due to vacuum that can mediate such
correlations.

Dirac Field

Recall that we require to use anti-commutation relations for Fermi
field instead of commuting ones. We therefore define the time ordering
(time ordered product) for ,(x) and Eﬁ(x) to be

Ya(XWp(y) X0 > ¥

@) . (1.94)
“Yg(Wal(x) X0 <o

Tl (T = {

We will see in the following that this definition will also be consistent
with other requirements, e.g., it will allow us to get a correct Green’s
function for Dirac equation.

We define the corresponding Feynman propagator to be

i{Sr(x)}ap = (O T[Ya (x5 ()]10) . (1.95)

It will be this object that will be a basic building block in the per-
turbative treatment of scattering matrix. Again, it will correspond to
the Green function (this time for Dirac equation) with correct pole
avoidance prescription.

If we follow through the same type of argument as for scalar field we
find that

Cl4p (P + m)rtﬁ
Q2r)* p2—m? +ie

~i (0 T () 5(»)110) - (1.96)

{SF(x)}ap e P
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Let us recall some relevant steps in the proof. For xy > 0 we get

{SF(x)}ap

= =i )" > (Ol [a(p, Vutalp, Ve P~ + b’ (p, Avalp, Ve~

p.p LU
x [b(p, X We(p’, A)e PO + a* (p’, AYug(p’, 1')e'P°] |0)

Here we note that only first and fourth term in the sum are relevant.
Continuing we get

{(Se(as = =i ) D Ollalp,),a (P, A)]1[0) tta(p, Viip(p, e~

p.p A

= =i ) a(p, Ditg(p, e

|22

= Z(Ja +m)gpeP¥ . (1.97)
p,A
Similarly we can repeat this procedure for xo < 0. Finally we get that

Sp(x) = =i ) [@(x0)(p + m)eP* - O(=x0)(p - m)eP*] . (1.98)

p
On the other hand,

d'p  (p+m)
Q2m)* p?2 —m? +ie

_ [ 9 (p+m) .
- (27)* [po — (wp —ig")][po + (wp —ig")]

e—ipx

-iPx - (1.99)

By closing our contour down (see Fig. (1.4)) we get for xo > 0 that the
integral above is equal to

3
—i d p (F + m) eipx—iwl,xo
(2n)3 2w

= i ZW’ +m)e P (1.100)

p

This coincides with Eq. (1.98). Similar reasoning can be done for xy < 0.

Im py

vy
—Wp 1€

(.

(—>< Re po

-
wp — i€

close down

To show that Sr(x) is Green’s function of Dirac equation, let us con-

Figure 1.4: Way of closing the contour in
integral (1.99) for the case xp > 0.



18 1 Quantum Field Theory 2

sider

d4p @ B m)(gﬁ + Wl) e—ipx
Q2m)t p2-m?+ie

4 2_ 2
/ d 14 p-—m le—[px
Q2m)t p?2 —m? +ie

(id —m)Sp(x)

d*p
2n)*

le=P* = §(x)1. (1.101)

Another representation of Sg(x)

One often alternatively writes Sg(x) in yet another form. Take
[p—(m=zie)][p+(m+ie) =p* —m? F2iem +&°.

Then by inverting this relation

1
p2—m?F2iem +¢&

[p+(mxie)] [p-(mzie)] ™" =

5

By denoting &’ = 2iem and neglecting &> we get that

1

AT AT ;
[p+(mzie)] " [p-(m=xie)] p—2 P
Thus finally
(p+m) o1 il
m (¢+m)(¢+(m—ls)) (ﬁ—m+18)
1 ie
= = & :
p-—m—ic  p?-m?+ie’
and hence

d4 P e ipx
Sp(x) = [ o~ —77.
Qo)tp-m+ic

It can be shown that this again corresponds to the transitional am-

plitude and again there is a non-zero contribution from x? < 0 with
effective penetration distance of the order of A..

1.4 Interacting Fields

So far we have dealt with non-interacting particles that were repre-
sented through free fields. To include interactions among particles we
must introduce interaction terms into the Lagrangian.

As a test bed for further applications we start with Hermitian (i.e.
uncharged) field Lagrangian. If the field is free we have

1 1
Ly = E(agb)z - §m2¢2. (1.102)



The interaction is introduced by making the substitution L — £ =
Lr + Ly, and requiring this quantity to be the Lorentz density (so that
the ensuing equations of the motion are relativistically invariant). Here
the term L; is the so-called interaction Lagrangian. The simplest form
of L; that keeps L to be Lorentz density is the form where £; is a local
function of fields. Among these, the polynomial functions are the sim-
plest ones. Let us thus consider particularly (and phenomenologically)
important case

8

£ o v, (1.103)

Lr = ¢3_E

The presence of the £; in the Lagrangian density means that ¢ no
longer obeys the Klein-Gordon equation. If we construct the field n(x)
conjugate to ¢(x) from the usual prescription 7(x) = %, then for

_ L5 Lwer - L -
L= 56~ (VP - 5mie? - V(9), (1.104)

we get m = ¢, which is formally identical with the free-field case.
Canonical commutation relation is
[¢(x), 7(x)] = [p(x), $(x)] = i6(x —x"), (1.105)

where x = (x*,x) and x’ = (1%, x’). Recall that Hamilton density is
defined as

H(x) = n(x)d(x) — L(x). (1.106)
Thus, if we substitute £L(x) given in (1.104) we get

H o= 20~ | 3720~ 3 (V) = 2m ()| + V(g)

- Lol 2012200+ S g3+ Lot
= S0+ SV + 5P + 500 + L)
= Ho(x) + Hi(x) = Ho(x) — Li(x). (1.107)
Here
1, 1 2 1 50
Ho(x) = s7°(x) + 5(V(x)” + Zm ¢™(x), (1.108)
and A
Hi(x) = S8°) + 78 = ~Li(). (1.109)
At any given time ¢ the H = Hy + H; and we can calculate them using
mo= [ dxr,
H = / A3 xH; (x). (1.110)

The Heisenberg equations of motion for ¢(x) is given by the Euler—
Lagrange equation (check directly via Heisenberg equations of motion)

1.4 Interacting Fields
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0L ) 0L
0 -— =0, (1.111)
a (aam a¢
which gives us
U 2 8 2 A 3 _
0,(0"¢) + m™¢ + Eqﬁ + §¢ = 0. (1.112)
*
v
76
The extra term g—; in the equation of motion prevents the solutions

from being free-field solutions.

1.5 Perturbation theory

We will make split H = Hy + H; at a reference time t = 0

Hy = / &x [1n2<o,x> + 2ve0, 007 + Em2e20,x)|
2 2 2
A
HI = /d3x [%(ﬁS(O/x) + Z¢4(O/x)]

/ dBxV((0,x)). (1.113)

In order to discuss how to deal with such an interacting system we
introduce yet another technical concept.

Interaction (Dirac’s) Picture

We know that in the Schrodinger picture

SO = H W) (1114

If HS is time independent (no external time dependent fields/sources),
then

W(t)s = e [w(0))s - (1.115)

On the quantum level the full information about the interaction is most
naturally encoded in fields in the Heisenberg picture. On the other
hand, the passage to the perturbation calculus is most easily done via
interaction (or Dirac’s) picture. Let us thus first introduce the interaction
picture.

If HS = Hj + VS is the full Hamiltonian (and its free and interaction
parts, respectively) in Schrodinger picture, we define interaction pic-
ture by the relation

W), = ¢ ), (1.116)

which can be equivalently rewritten as |y/(¢)) g = e~iH [ (1))



In the other words we peel off the free-theory Schrodinger time evolu-
tion so as to be able to concentrate on the effect of the interactions only.
The corresponding equation of the motion for |y(z)); can be directly
obtained from the defining relation (1.116), indeed

d iH,St,. d
i W) = —Ho® () + e W(0)s)

= —HS [y (t)); + €™M0 (HyS + VS)e % 1y (1)),
= Vi), = Hily @), (1.117)

where
H = H 1, Sq-it®t (1.118)

is the interaction part of the Hamiltonian in the interaction picture,

which (in contrast to its Schrodinger picture counterpart) is gener-
ally time dependent. Note, that for a time-independent H;5, the time
dependence of Hj is that of a free Heisenberg field. Equation (1.118)
provides the defining relation between interaction and Schrodinger
picture. So, in general

Al = (HGTAS il (1.119)

This relation should be compared with the usual relation between
Heisenberg and Schrodinger picture where
AH = (HS1pS miH1 (1.120)

i.e., where the time evolution is implemented via full Hamiltonian.

Note

In the interaction picture the evolution of quantum states is dictated
by the interaction while the evolution of operators via free part of
Hamiltonian. This last statement can be also phrased in terms of
the equation of motion for H;. In particular

d—= 7S .S
i—H; _ elHo IHOSHISe iHp >t
dt
car S .S .S _iHS
+ elHo IHISe iHy elHo H[)Se iHp°t
N—————
=1

—ﬁoﬁl +ﬁlﬁ0 = [EI}HO]-

So, finally we have that £ H; = —i[H; Ho], which indeed shows
that evolution of operators is via free-field Hamiltonian. We as-
sumed that H;S is time independent and HyS = Ho! = Hy.

We now come back to the equation for states. If at r = #; we have that
| (t1)); = |¥i), then one can observe from (1.117) that

Wy = ) + 5 [ aEE W, (1.121)

n
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Here we use a bit clumsy notation Hi,
which stand for even clumsier H ,’ . For
other operators in the interaction picture
we stick to the usual notation, e.g. Al
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In mathematics the integral equation This an integral equation for [4(¢));. Indeed, Eq. (1.121) clearly satisfies
(1.121) is known as the Voltera integral
equation of the second kind.

o) = o wey,, with e, = ). 1122)

Let us attempt to solve this equation iteratively

0" approx. () = 1¢i)
. 11—
1**approx. [ (t)),; = |l//i>+7/ dr'Hi(t") |v;)
n
d L
2"%approx. W)y, = i) + 7/ dt’Hy(t') )
n

t t
v [ar [ v w)
(l) n n

We can thus generally write

(@), = UEL) i), (1.123)
where
U(t;t[)=1+Z(—i)"/ dt1/ dtz.../ dr’" Hi(t") ... Hi(:").
" L ' l (1.124)

In the integration region (! > 1> > 2. ..) to put (1.124) into a manage-
able form one can use Dyson trick that is based on the time-ordering
product.

To this end, we define T[H;(t')H;(t?) - - - ], which is the usual product
of operators but organized so that the operators with higher time
argument are more in left, or in other words, the product is such that
time arguments of involved operators are in descending order from
left to right.

Now, from mathematical analysis it is known that the following inte-
gral identity works for c-numbered functions f()

t ! I&
/ dtl/ dtZ/ dt3.../
T T T T

:% Ttdtl‘[tdtzltdt3...[tdt"f(tl)...f(tn).

Since behind the symbol “7” all operators H; (') commute, we can
write

I® _an t t t -
U(t,tl-):1+z(nl') /dtlf dtz.../ dt" T[H; (") ---]. (1.125)
n=0 . t; ti ti

In the absence of the time ordering one could naively write

"o

dr" £t ... f(e")

UG t) = ¢ @) (1.126)



but this is wrong! In fact correctly we have
Ut) =T [e_i ki d"”’(")} ) (1.127)

where this time-ordered exponential should be understood as “ex-
pand and apply on each monomial separately” as explicitly given in
(1.125).

Note

Note the difference between

b
e/a diA) eA(tn=tb)At+A(tn_1)At+...+A(t1=ta)At,

and

T [efab drA(z)] ~ A=) LAt 1)AL A1) JA(t1=ta)AL ,

wheret, > t,_1 > ... > .

Only when all operators A(z) at different times commute then both
expressions are identical.

Note that U(¢; 1) satisfies the composition law (assuming #; < t, < 1)

112 305 11t 077
T ArH )G [ dUH ()

T |e’ i T |e

=
T[e,.frzdtHI(t)

1 (02 7
L dt’H,(r’)}

Ut;1)U(t2;11) - (1.128)
This is composition rule should be expected on the consistency ground

since U(t; 1) is evolution operator. The operator U(t; 1) is called Dyson
operator and the ensuing representation (1.124) is known as Dyson series.

Interacting fields
Scattering processes are described in terms of transitions between an

initial state of free particles far in the distant past and final state of free
particles far in the remote future.

Cluster decomposition property

Assumption that a studied interacting system can be described in
terms of free fields in asymptotic times is called the cluster decompo-
sition property.

Formally, we are thus interested in the limits 1 — +co and tj — —o0
and therefore the operator

S=T e-f/-fdfﬁm] - T[ef/-fdff'“)] . (1.129)

1.5 Perturbation theory 23

Name Dyson series is frequently used in
yet another connection, namely in the
connection with the mass renormaliza-
tion.
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So, in particular, in the interaction pic-
ture we have (82 + m?)¢p! (x) = 0 where
¢'(x) = Zpla(p)e™P +a’(p)e'PX].

We shall shortly see that this evolution operator will be of key practical
importance. From our construction

H = - / dBxL(r). (1.130)

Consider that the interaction part of the Lagrangian has classically the
form

L= 200 - Lo, (1.131)

Let us assume that quantization is first performed via Schrodinger
picture. We can then easily pass to the interaction picture via the usual
relation

o'(x) = ¢ (t,x) = eHo'gS(0,x)e  Ho!

eHat g1 (0, x)eHo 1, (1.132)

Here we have assumed that Schrodinger and interaction pictures co-
incide at the reference time ¢ = 0. So, in particular at t = 0 we have

— A
H;(0) = / d’x (%(¢I)3(O,x) + Z(¢’)4(0,x) + ) (1.133)
This structure remains the same for all times. Indeed

ﬁ](t) eiHO’tﬁI(O)efiHO’t

/de (%((ﬁl)s(t,x) + %(¢1)4(t,x) + ) (1.134)

As already mentioned, the fields that appear in the interaction-picture
are free fields controlled by Hy. Recall, that for any operator Q

QI(IZ) — eiHOI(tzftl)QI(tl)efiHO’(tzftl) , (1135)
or infinitesimally
.dO!(t
le—t() = [Q'();: Hy], (1.136)

which is nothing but that free-field equation of motion. Moreover, the
canonical commutation relations also hold in the interaction picture.
Indeed, by introducing the conjugated momenta

I/ (x) = (0, x)e ot = oHIIS (0, x)e Mol (1.137)

we might directly write

[6' (0, x); 11 (1;x")] = is(x—x'),
[¢'(,x)¢'(;x)] = [M'@x);0(5x)] =0,
n'@,x) = ¢'¢x).

These relations are, of course, simple consequence of the fact that the
interaction picture fields are connected via unitary transformation
with Schroédinger (and also Heisenberg) picture fields.



Note

Let the interaction and Heisenberg pictures coincide at some refer-
ence time #p. We can use their respective evolution equations

¢I(t/ x) = eiHJ(t_tO)(ﬁI(to, x)e_iHoI(f—to) ,
¢t (,x) = MUTgH (1, x)e ),
and the fact that ¢ (1o, x) = ¢/ (o, x) to obtain that

¢I(t, x) = eiH[{(z—to)e—iH(t—to)(pH(t,x)eiH(t—to)e—iHOI(t—to)

A(t, 10) ™ (2, x) A7 (t, 19) . (1.138)

Here A(t, ty) is clearly unitary (i.e., A(z, 1) = A™1(, 19)).

Representation (1.138) for A(z,#y) is quite inconvenient for practical
purposes as it mixes two distinct representations. In addition, for
perturbation purposes it is convenient to work directly with the inter-
action picture. Fortunately, it is not difficult to find the form of A(z, #o)
directly in the interaction picture. To this end we again assume that
1y is the time when both Heisenberg and interaction picture coincide,
so that A(fy, t0) = 1. We know that the correspond Heisenberg field
equations in respective pictures read

0
5,876 x) = i[H", 1), 6" (1, x)],

0 .
5.9 x) = i[Hg(",1"), ¢! ¢, x)] (1.139)
In the following we will also need the simple identity, namely

d d
AA71 = ]_ — (EA) A71 = —AEA71 . (1140)

Let us now take the derivative of ¢/ and use the former identities. This
gives
0

a [APAT] = AgHATT + A(PH)A™ + ApH (A1)

9 1
E‘b (t/x)
= AATY AN +iA[H(p®, 1), " | AT
+ A(ATTP AN (AT

= ANl +i[H! (o7, 1), 1] + ¢! A(ATD)

N———
—AA-L
= [AAT +iH (4", 117),¢']. (1.141)
N—— —
H!-H]+H]

This should be compared with (1.139). In fact, since (1.141) holds for
any interaction-picture operator (not necessarily only for ¢/(z, x)), we

1.5 Perturbation theory
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inevitably have that
AN +i(H' - HY) = cnumber = A=-iH/A+cA,

(c is some c-numbered time-dependent function). The previous line
can thus be equivalently rewritten as

la[\((;t, t()) — I:HI(I) + lC] A([’ tO) . (1142)

Note that this is the same type of equation we had for states in the
interaction picture. So, by using the boundary condition A(f, fp) = 1,
we can equivalently rewrite (1.142) as the Volterra integral equation

t
A(t, 1) =1—i/ dri (Hy +ic)A(ty, 10)

Iy

-7 [e—i ft; dr (ﬁ] (T)-H'C(T)):| A(lo, tO)
———
1

= e D%y [e_ifto ‘””‘““))] . (1.143)

Because both A(z, 7)) (by its very definition) and T|...| are unitary

operators, we have that ‘e/ "d” = 1. Consequently, such a phase factor
will not contribute to normalized matrix elements of A (this point will
be further justified later), and we will discard it in the following con-

siderations. So, we might finally write that A(z, #p) = U(t, 1p).

Note

It is not difficult to generalize A(z,#) by allowing its second ar-
gument to take on other values than the “reference time” 7y. The
correct form is quite natural

A ) = T[e b amio], (1 <), (1.144)

Let us check that this is the correct prescription. First, A(z,¢’) satis-
fies the same differential equation as A(z, 1), i.e.

ol _
i—A(t,t') = HiA@, 1),
i5 A1) = HIAG, 1)

but now with the initial condition A = 1 for ¢ = ¢’. In addition, it
can be seen that

Al 1)) = eiH[{ (t—to)e—iH(t—t’)e—iHO’ (t'—tp)

A, 1) AN, 1) . (1.145)



Since we require (as usual in quantum mechanics) that scalar product
should be the same in whatever picture/representation we work, we
have for any operator A(f, x) and any pair of states [) and [y”)

(W) Au(t,x) l¥yy) Wl AN, 10)Ar(t, )N, 10) W7y

= W) Agle, ) () - (1.146)
This implies that
AN, )N 10) [m) = Iy (0)
e lyn) = AN 10) (1) - (1.147)

Where A is a phase factor with [1] = 1.
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These representations of A are known as
Dyson representations. The time ordered
exponential is known as Dyson expan-
sion.

At,n) = T [e_iffg dTH_I(T)] =T [ei ff:) deaxL_I(T”x)]
_ ei(r—zo)HO’ e it—t0)H , (1.149)
A(t, l‘,) - T [e—i/ti dTH_[(T)] =T [ei/ti d‘rd3x£_1(‘r,x)]

. I . syl
el(t—tg)HO e—z(t—z’)He—zHO (GET))

A, 1) AN, 19) . (1.150)

Let us now assume that we can adiabatically switch off the interaction
att — —oo so that in the remote past H; = 0 and hence ¢;(t,x) =
@u(t, x) for t — —oo. This allows us to identify #y with —co.

The field ¢y (z, x) contains the information about the interaction, since
it evolves over time with the full Hamiltonian. In order to describe
the "in" and "out" field operator we can now make the following
identifications

I — —oco: ¢in(x/t) = ¢I(xrt) = ¢H(x/t)r
1= 400 $ou(x,1) = pu(x,1). (1.151)

Furthermore, since the fields ¢; evolve over time with the free Hamil-
tonian Hy, they always act in the basis of “in” state vectors, such that
din(x,t) = ¢r(x,1), —oco<t<+00. (1.152)

Note, when ¢; and ¢y coincide at different times, say times té or tg,
they are related via different unitary transformation, namely

60(,x) = Al i)pu(t, AT 1),
¢’,5 (t,x) = A, )$u(t, )N (1, 15). (1.153)

Here we use a temporal notation ¢;°(t, x) to denote different bound-
ary values for ¢;’s, see Fig. 1.5. So, in particular, from the relation
¢7°(x,1) = A(t, —o0)dp (x,1)AT (2, —o0) follows that

$in(x,1) = A(t,—00)pr (x, NAT (1, —00). (1.154)

As we lett — oo we can use the identification (1.151) to write

¢in(x/ 00) = A(OO, —00) ¢0ut(x/ OO) A+(OO, —OO) . (1155)
———— ———
S St

Note that ¢;, (as any free field) allows to define corresponding set
of creation and annihilation operators a;,(p), a;fn(p) and the vacuum
state |0);,, (ain(p) 10);, = 0). Similarly, from ¢,,,; we have creation and
annihilation operators aou: (p), alm(p) and the vacuum state |0),,;. In
addition, from the relation

in 0167, 10%in = our (01 85,1 10 pur = in(01S43,,,ST10)in,  (1.156)
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we see that [0)our = ST|0);n. By taking into account also the fact that
(1.155) implies

ain(p) = Saou(p)S,
al (p) = Sa,(p)s", (1.157)
we can immediately write
al, 10 = 1P)in = S P)S'S10)0ur = SIP)our ,  (1158)

and similarly for multi-particle states

|P1/P2/ .. '>in =S |P1/P2/ .. '>0ut . (1159)

We can denote this in a schematic way as
|i>in = S |i>()ut 7 (1160)

(i stands for initial-state particle configuration and f for the final-state
particle configuration). Here the S-operator is better known under
the name S-matrix, and it allows for unitary transformation that con-
nects in-fields with out-fields. In particular, the rate for |p1, p2);, —
|p3, P4, - . )ou, transition, is obtained from the matrix element

out {f1Din = out{P3,P1,P5,-..1P1, P2Yin - (1.161)
By noting that
Dowr = S 1 ins Dour = STin (1.162)
we also have

S1Pour = 1ins Slour = 10in (1.163)
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Figure 1.5: Transformation between
Heisenberg and interaction pictures and
connection with ¢;, and ¢, fields.
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This is known as Dyson’s formula for
S-matrix

Figure 1.6: Schematic representation of
the scaterring process |p1,p2)in —

|P3, P4, D5, - - Dour-

Try to fill the gaps and generalize the
present analysis also to non-Hermitian
(i.e, charged) scalar fields. Do you find
any substantial difference?

which in Dirac’s notation is equivalent to

out (SfI = in (fl, our (Sil = in (il . (1.164)

The matrix element

out<f|i>in = out <f| STS |i>in = out <Sf| S |i>in
in FIS1Yin = our (FISST1iin = our (f1S1STi)

out <f| S |i>uut 4 (1165)

Sy

is known as scattering transition amplitude. Generally, one can write the
S-matrix in the Dyson expansion form as (cf. Eq. (1.155))

exp{i [: dr /}R3 dx Ly (p(x), (9;1¢(X))}

exp{i ./]124 d*x L1 (¢(x), 8,,¢(x))}] : (1.166)

95
Il

T

T

S-matrix contains all physical information for any scattering process
in the theory described by given Lagrangian, since any transition
amplitude can be computed from it.

Recall, that the key assumption in our description of scattering pro-
cesses was the adiabatic hypothesis, i.e. the assumption that one can
switch off the interaction slowly for large positive and large negative
times without changing the physics. For many purposes this is in-
deed a sensible assumption. However, we will see a bit later (when
discussing renormalization) that this description is too simplistic.

Final upshot of this discussion is that in order to describe any realistic
scattering, e.g., the scattering process |p1, p2)i, — |P3, P4, D5, - - -our

p1

P2

we must compute the transition amplitude

out{P3, P4, D5, - - \P1, P2)in = in{P3, P4, D5, --1S|1P1, P2)in - (1.167)

Advantage of this form is that fields entering in § are the interaction-
picture (i.e. free) fields that coincide with ¢ att — —co. So, the entire
S matrix is phrased in terms of free fields, and hence in the terms of
creation and annihilation operators a;."n (p) and a;n(p), respectively.



Time ordered product and Wick’s theorem

To compute the S-matrix, we need to know how to systematically
compute time ordered products of free fields.

Let us begin with 2 free fields. In this case

T[p(x)p()] = 0(x" = y)p(x)p(y) + 00° = xDp(p(x),  (1.168)

where

$(x) = > [aple P +a' (p)e'™] = ¢Px) + ¢Ox).  (1.169)

p

For x* > y% we can write

T[p)¢(»] = ¢0)P(y) = ¢ M) + ¢ (y)
+ ¢TI + #7000 )
= ¢M@WP ) + #7000 + ¢ (1))
+ (090800 - 0008 IW) + 470w
= o0 + [6700,670)] . (1.170)
Since

69, 690] = Y [ape i, a'(p)e |
2

D e PP = N (1.171)
pp’ p
one can write

TP =: 9(P() : + )P, (1.172)
p

Similarly, for x* < y° one can easily show that

T[¢(x)p(»)] = ¢(¥)p(x) =: ¢(xX)p(y) : + Zeip(x’y>. (1.173)
p

By combining (1.172) and (1.173) together we obtain

T [¢(x)¢(y)] Ch(0)P(y) : +0(x" —y0) Z e~ iPx-Y)
P

+60(y° - x%) Z Py
P

Cp(x)p(y) 1 +iAR(x—y), (1.174)

The later implies, as a byproduct, that the vacuum expectation value
of the corresponding time ordered product is

OIT [¢(x)¢(N]10) = (O] : p(x)B(y) : |0) + iAp(x=y),  (1.175)

1.5 Perturbation theory
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Here we use an abbreviated
notation ¢(x1)...¢(xn) =1...n.

Since the vacuum expectation value of the normal ordered product is
zero, we have

OIT [¢(x), ¢(V110) = iAp(x—y). (1.176)
Similarly, for 3 free fields it can be checked that
T [¢p(x1)p(x2)p(x3)] = : d(x1)d(x2)(x3) = + P(x1)iAF (x2 = x3)
+ P(x2)iAp(x3 —x1) + P(x3)iAp(x1 — X2), (1.177)
and for 4 free fields one obtains

T [¢(x1)p(x2)d(x3)p(xa)] = : ¢(x1)(x2)$(x3)P(xg) :

+ 1 9(x1)@(x2) 1 iAR(x3 — xg4) + 1 P(x1)P(x3) : iAF(x2 — X4)

+ AR (X1 — X2)iAF(x3 — x4) + iAF (X1 — X3)iAF (X2 — X4)
+ iAF(x1 - )C4)iAF()C2 - )C3) . (1.178)

The Feynman propagator iAr(x — y) is often referred to as the contrac-
tion of the fields ¢(x) and ¢(y) and it is sometimes denoted as

—
e p(x) o 9(y) .= AR =) L. (1.179)

The so-called Wick’s theorem allows us to rephrase the time ordered
product of N free fields in terms of normal ordering and field contrac-
tions, namely

T[123...N] =:123...N: + :123...(N—-2) : iAp(xn — xN-1)
+ "all other terms with 1 contraction"
+ :123...(N—-4) : [iAp(xy — xn-1)iAp(xN—2 — XN—-3)
+IAF(xn — XN-2)iAF(XN-1 = XN-3)
+ IAp(xN = XN-3)iAF (XNn-1 = XN-2)]

+ "all other terms with 2 contractions "

+ "till all contractions are exhausted" .

Note that if N is odd then there is at least one normal ordered field
product in each term. Therefore, for N odd

OIT [¢(x1) ... ¢(xn)]]0) = 0. (1.180)

One can prove Wick’s theorem by induction, but this is tedious and
unenlightening. It is more instructive to prove the following theo-
rem
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Theorem — Generating functional for Wick’s theorem

Let J(x) be a c-number function, then

T [exp (—i/d4xJ(x)¢(x))} =:exp (—i/d4xl(x)¢(x)) :

1
xexp (-3 [ @' a0 OITE0001110)10)

=:exp (—i/d4xJ(x)¢(x)) :

i

X exp (_E / d*x d*y J(x)Ap(x - y)J(y)) : (1.181)

Before we prove this theorem, let us begin with a small comment. The Real J(x) ensures that the generating
. . . . functional in (1.181) is unitary. On the
compact relation (1.181) clearly connects time ordering with normal N _
. - . . other hand, purely imaginary J(x) =
ordering and contractions, so it should reproduce the afforested Wick iK (x) allows to better organize terms in
theorem. To see this, let us replace J(x) with iK(x), expand out left and the expansion.
right hand side and compare coefficients. For instance, let us restrict

ourselves to the second order in K, then

1
|1+ / K@P) + 5 f dx dyKDKG)P0) + ...

1
=:1+ / d*xK(x)p(x) + 5 / dxt d*yK(x)K(y)p(x)d(y) + ... :

% (1 * %/d4Xd4yK(X)K(y) OIT [¢(x)¢(»)]10) + ) ,

implies that
1
: / d*xd'y K(x)K()T [$(0)8()]

- %/ d*xd*y K(K(y) [ ¢(08() : + O T [p(0)e()]10)] , (1.182)

which in turn implies that
One can proceed similarly also for higher

T[o(x)¢()] =: p(X)d(y) : +iAr(x—y). (1.183) ~ ordesink.

This coincides with Eq. (1.174).

Let us now prove the above theorem. We first recall the Baker-Campbell-
Hausdorff (BCH) formula

eAeE — eA+B’+ %[A,B]I (1.184)

which holds for any pair of operators A and B provided that A, B
commute with their commutator [4, B].

In our case the role of A, B will be played by free fields ¢(x), ().
Since they commute to c-number (Pauli-Jordan function), the as-
sumption will be satisfied. Consider ¢, > #,-14 > --- > #; and set
X(t) = [dPxJ(x)$(x). With this we can break up the time-ordered
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product in an approximate way as

Recall that operators after T symbol be- T [e—ifdfx(l)] ~ e_iAIX(tn—l)e_iAtX(tn) o e—iAtX(tl)
have as commuting operators.

= NI X)) = 3(ArP B [X(0).X(1)] (1.185)

where on the second line we used (1.184). Taking the limit as Ar — dt,
the expression (1.185) turns to

T lemi[d*x @) | — =i [d*xI(0)¢(x) = 5 [ dixd*yT ()T ()[¢(x),¢()]10(x0-¥0)

= o [ d*x J(x)p(x)
x o3 [ dixdy J()I () [(x) ()] 0(x0-y0) (1.186)
On the last identity we used the fact that the term with commutator

is a c-numbered function and hence it can be factored out from the
exponential.

Eq. (1.186) is a nice result in itself, but it is not yet what we need. We
now note that

Cemi[dNIWex) . i [ AT (09O () i [ dixT ()¢ (x)
= i [dXI)P)

x o1 dxdyIIe[¢0 6D )] (1.187)

The BCH formula was employed in the second identity. By combining
both (1.186) and (1.187) we obtain

T e—ifd4x1(x)¢(x)] = e—i/d4xf(x)¢(X) .

X e% /d4Xd4nyJy{[¢£c7)/¢>(y+)]_H(XO_)’O)[¢xr¢y]}. (1188)

The expression [(ﬁ&_), (y+)] —0(x0 — yo) [#x, #y] is a cnumber and hence

it can be conveniently evaluated by taking a vacuum expectation value

from it, i.e.
In passing from 1st to 2nd line we em- 1l [ ;’), ¢(y+)] —0(x0 — yo) [¢x, ¢y] |0)
ployed the fact that ¢ ~a' and ¢§,+) ~
a. Thus, the only surviving part of the _ (+) (=)
first commutator is ¢, = —(0[ ¢y " ¢x " 10) = 6(x0 = y0) (O] $x ¢y |0) + 6(x0 = y0) (0] $y ¢ |0)
= —(0[¢y¢x 10) - 1 = 6(xo — y0) (0] px by [0) + 6(x0 - yo) (O] Py ¢ [0)
——

= 6(x0=yo) + 0(yo—x0)

= —0(yo — x0) (0] ¢y« |0) — 8(x0 — y0) (O] px by |0)
= —(0IT [pxpy| 10) = —iAp(x—y). (1.189)

If we now compare (1.188) with (1.189) we obtain the desired generat-
ing functional for Wick’s theorem.

An important implication of the previous “operatorial” version of
Wick’s theorem is the weaker version of Wick’s theorem for vacuum



expectation values (also known as Wick’s theorem). Note that

<0| T e—ifd“x](x)é(x) |0> — <0| . e—ifd4xj(x)<;3(x) . |0>

1
X e 3 [dxd IR OTIsemI0) (1 190)
Again expansions in K (J = iK) provide important relation between

(OIT[12...N]|0y and (0| T [ij]|0) = iAr(x; — x;). Wick’s theorem in the
form (1.190) will be particularly important in what follows.

For instance, to fourth order in K we get the identity

4
0 O[T [e=/ k<0 | o)
6K)’4 6Ky3 6Ky2 6Ky1 K=0
4
- 0 %/d4Xd4nyKy <0|T[¢xr¢y]|o> . (1191)
6Ky46Ky36KYZ6KY1 K=0

The simplest way to compute the derivatives is to expand each ex-
ponent and keep only the fourth order in K since no other term can
contribute. The left hand side of (1.191) thus reduces to

st 1

— [ d*x...d*xKy, .. Ky, O|T 0
6Ky46Ky36Ky2(SKyl 4 X1 X4 Kxq X4< | [¢X1¢X2¢X3¢X4]| )

= (0| Ty, ¢y, Py, $y,110) . (1.192)

Here we have used the fact that (0| T'[¢x, ¢x, @x,dx, ] |0) is a symmetric
function of its arguments.

The right hand side of (1.191) can be then written as

&t 11
6Ky, 0Ky 0Ky, 6Ky, 42!

X (O T [fx,0x,] 10) O T [fr;x,] 10) . (1.193)

/d4X1 ... d4X4 Ky ... Ky,

So, for instance, the first functional derivative gives

- d4X1...d4X4le ...Kx4
X (01T [¢x,6x,] 10) OIT [$x3¢x,] 10)

d*xod* x3d* x4 Ky Ky Ky (01T [y, by | 10) (O T [y b, ] 10)

5/

8

+ % / d*x1d*x3d* x4 Ky Ky Ky O T [§xy 63, ] 10) €OI T [f, 6, ] 10)
. % / A x1d xad x5 Ky Ky Ky O1T [, 6x,] 10) O T [y, 65, ] 10)
. % / 1 d xad v Ky Ky Koy O1 T [y 85, 10) 01T [64,65,] 10) -

By proceeding with remaining 3 functional derivatives we arrive at

1.5 Perturbation theory
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7A14(T1 — .7,‘2>

r

T2

T3 K Ty

iAF(.Tg — .'L'/l)

Z1 X9

>

T3 Ty

T T2

]

T3 Tq

three following types of terms

(OIT [fy, ¢y, ] 10) OI T [y, by, ] 10) , (1.194)
(OIT [y, by, ] 10) OI T [y, by, ] 10) , (1.195)
(OIT [$y,8y,] 10 COI T [y,5] 10) - (1.19)

Since T [py, ¢y, | = T [¢y, by, |, each term of the form (1.194), (1.195) and
(1.196) will be generated with the multiplicity of 8.

So, finally we obtain that

(01T [1234] |0) (01T [12]10) (0| T [34] |0)

+

(01T [13]10) (0| T [24] |0)

+

(0| T'[14]10) (0| T'[23]0) . (1.197)

Graphically one can represent (0|7 [1234] |0) from the Wick’s expan-
sion (1.197) as:

More generally, for any even N we get
OIT[1...N]|0) = (0]T[12]]0)(0|T [34]|0)...(0|T [(N —1)N]|0)
+ “all other distinct contractions” . (1.198)

Let us recall that for N odd this would be zero. Formula (1.198) will be
a basis of a perturbation evaluation of the S-matrix elements.

At this stage it is interesting to ask how many distinct terms (i.e., dis-
tinct products of iAr’s) can be generated in Wick’s expansion from
a generic (0|7 [1...N]10). Let us set N = 2M with M being a gen-
eral positive integer. Using again an abbreviated notation (x1 ... xop),
the result will be composed of 1st pairing that will comprise N -1
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contractions, 2nd pairing that will comprise N — 3 contractions, etc.

Schematically
(1 )X oo X ... Xopg) (2M - 1) contractions,
(1) (ox)) (X3 ... Koo X ... Xopg) (2M - 3) contractions,

(1.199)
which together yields the total number of

M -1)x(2M -3)x(2M -5)x ---x (2M — (2M - 1))

2M X 2M - 1) x(2M -2)x (2M = 3) X --- X (2M — (2M - 1))
2M X2(M - 1) x2(M —2) X -+ - X 2

@M)!

of contractions.

As an exercise, try to find explicitly all 15 terms in the Wick’s expansion
of (0] T [123456] |0).

1.6 Green functions — Gell-Mann and Low
formula

Experimentalists are typically interested in matrix elements of the
S matrix, e.g. in (p3,P4,-..1S|p1,p2);,- From these elements one can
compute directly differential cross-sections in scattering experiments
as we will see in Chapter 1.19. Such computations are typically done
perturbatively in terms of the so-called Feynman diagrams. There
exists a very efficient way to the perturbative treatment (and ensuing
Feynman diagrams) that is based on the vacuum expectation value of
the time-ordered products of Heisenberg fields ¢x(x), i.e.

(X1...%p)

OIT [¢u(x1)pn(x2) ... du(xu)][0) . (1.201)

T(xl/-XZr ceey xn)

Let us now recall that the Heisenberg field ¢ (x, 1) is related to the in
field ¢;,(x, ) by [cf. Eq. (1.155)]

¢u(x,1) = A1, 10)pin(x, A(t, 10), (1.202)

where g — —c0.

However, at the moment we only know how to compute

TO(XLXZ/ e /-xn) = <.x1 . xn>0

in€OIT [@in(x1)Bin(x2) - - . ¢in(xn)]10)ir , (1.203)

where |0);, is the ground state of the free Hamiltonian Hp.

E.g. for M = 2 we see that the number of
terms is equal to 4!/(4 - 2!) = 3, in accor-
dance with our previous result (1.197).

6!

M=3= — =15.
233!

These expressions are also known as gen-
eralized Green functions, full n-point Green
functions or correlators. Here, |0) is a true
ground state of the interacting system.
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Now, from Eq. (1.145) we can recall that A(t, ;) satisfies the composi-
tion law

Al 1) = M, 3)A(t3,12) = A, 13)A (12, 13) - (1.204)
So, if we take points x;, where j = 1,...,n satisfying x{ > x) > xJ >

-+ > x9 (i.e. they are time ordered), then

dr(x1)oH(x2) ... pH(xp)
= A(t1,10) L pin(x1)A(t1, 10)A(t2, 10) " bin(x2) - - . Pin(Xn)Altn, 1)
= A(t, 10) At 1) pin(x1)A(t1, 12)bin(X2) - ..

X... A(tnfl/ tn)¢in(xn)A(tn/ _I)A(_t/ t())
= AT | pin(x1)$in(x2) . . . pin(xn) €Xp (i /_ Zl(x)d4x)]1\(_t)/ (1.205)

0

» > —t. We have also

where A(£t) = A(xt,—c0)and t > x? > xg > >x
used that

A, ) =T [exp (i / " Z,(x)d4x)] , (1.206)

involves ¢;,(x,7) for times 7 € [f,#1]. We now chose times r and
—t from (1.206) so that they correspond to times where interaction
switches off. In other words, we assume that we adiabatically evolve
the non-interacting vacuum state into the true |0) by taking H = Hy +
n(t)V withn(r) = 0att = tc0oand p = 1 at 7 € [—¢,¢]. At the end of
computations the limit # — co will be taken.

Now we want to take vacuum expectation value of the time ordered
product (1.205). By denoting the is the ground state of the full Hamil-
tonian H as |Q) (this is more conventional notation that |0)) we have

QIT (¢ (x1)dr(x2) - . . pr (x2)]1Q)

= toligloc <Q| A(t/ tO)_lT [¢in(xl)/ ¢in(x2) <o ¢in(xn)

X

exp (i / t Zl(x)d4x)] A(=1,10) |Q) . (1.207)

In order to bring (1.207) to a manageable form we need to convert
the ground state |Q) to the ground state |0);,. How these two ground
states are connected? We have already seen (cf. Eq. (1.147)) that

At, 1) A1, 10) [ (1))

A(t, =00) A7 (1, =00) [ (1)) 1, (1.208)

[Wrr)
=  |YH)

with [A_| = 1. This implies, in particular, that
Q) = At, ~0) A7 (1,~00) |0}, - (1.209)

Note that since both |Q) and |0);, are time independent, the term
A(t, —0)A~1(1, —00) must also be ¢ independent (or time-dependent
part should be annihilated by |0);,). In the following we will denote
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A(t, —c0) with positive t as 1, (f, —o0) and with —¢ as A_(—t, —c0).

Let us be more specific here and find this relation more explicitly. Take

e”H110),, = B Q) (QI0Y;, + Ze_iE"t|”><n 10}in - (1.210)
n#0

States |n) are energy eigenstates of the full Hamiltonian H. We will
further assume that the overlap (Q|0);, # 0. This is justified in the
sense that we would like to use perturbation theory and hence |0);,

should not be “too far” from |Q2). Also, we know that Ey = (Q| H |Q).

Since E, > Ej for Vn # 0, we can get rid of all n # 0 terms by sending
t — oo(1 —ig), where 0 < & < 1. Then, the exponential factor e£n?
dies slowest for n = 0. From (1.210) follows that

. -1 . 0);
(e—ont <Q |0>m) e—lHt |O>in — |Q> + Z e—l(En—EO)l% |n> , (1211)
n#0 mn

from which we can directly read

Q) = lim (e—iEO' (Q|O)in)_le_iH’ |0>in]. (1.212)

t—oo(l-ig)

Note that the previous result holds even when we shift time ¢ by an
arbitrary constant 7

@ = Jim e N
t—oo(l-e N— —
110);,

. -1
lim (e-lE0<f0-<-’>> <Q|o>m) A=, 1) 0%, | . (1.213)

t—oo(l-ig)

A-(=t,19)

Apart from the c-number phase factor A_(—¢, 1), this expression tells
us that we can get |Q2) by simply evolving |0);, from time — to time 7y
with the operator A. In similar way we can express (Q| as

. -1
@= Tim a0l G (0 00)) L (1214)
t

—oo(l-ig

A+(t,00)

Let us recall that |¢(z));,, states includ-
ing the vacuum state |0);,, evolve w.r.t
free Hamiltonian and Hj |0);,, = 0.
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So the n-point full Green function has the form
QIT[¢n(x1)¢n(x2) . . . dr(xn)] 1)

= lim_(QIATN @ 0)T [¢in(x1) .- $in(n)

X exp (i/tzl(x)d4x)] A(-t,19) |Q)

= lim  lim )/l+(t,to)/l—(—t,to)m<0|T[¢m(X1)--~¢in(xn)

tp——00 t—oo(l-ie

X exp (i / t Z,(x)d4x)] 0),,, - (1.215)
In addition [cf. Eq. (1.150)]

1=(QlQ) = lm )A+(r,ro)ﬂ_<—z,to)in<0|A(r,ro)A‘l(—r,m|0>,-n

t—oo(l-ie

lim (1 01, 10) O] AL, =1) [0}, - (1:216)
t—oo(l-ie

Note that we did not need to invoke the large 7 limit, since the RHS is
explicitly 7 independent (see definitions of 1, (¢, fp) and A_(—1, #p)). For
large (but finite) ¢ we can thus write

1
in(Ol A(t, =1) 0},

A (8, t0)A_(—t,19) =~ (1.217)

With this we finally obtain
QTP (x1) . .. ¢r(xa)] 1€)
I g0 dunts)exp (i [, Zidx) | 100
im
t—oo(l-ie) (0| T [exp (i /_tt zj(x)d4x)] 10);,,

= (XX...Xn). (1.218)

This is the so-called Gell-Mann—Low formula for the full n-point Green
function. So far this expression is exact, but it is ideally suited for
perturbative calculations, since we work with free fields and hence we
can use a full power of Wick’s theorem which (as we already know)
boils down to products of iAg.

1.7 Functional Integral Approach

Gell-Mann-Low formula provides a useful starting point for introduc-
ing functional integral. There are basically two distinct ways how to
arrive at functional integrals:

1. Formulate the so-called path integrals in QM - these represent
Green’s function for Schrodinger equation and at the same time
correspond to transition amplitude (x’,#|x, t). One then formally
passes to field theory in much the same way as we did when
passing from QM to QFT. In this formulation it can be shown
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that for a Klein—Gordon particle (x*, 7’|x*,7) o« Ap(x’ — x) and
similarly also for Dirac’s particle (r represents a proper time that
parametrizes particle’s wordline).

2. One can use the relation for generating function (1.190), i.e.

10)

[T [exp (—i / d4xj(x)¢(x))

= exp |- [ ddyI0I0) O TI0000) 0|, 1219)

which encapsulates Wick’s theorem.

In this lecture, we will use the second approach because it brings us to
functional integrals faster.

Generating Functional for Full Green’s Functions

Consider a full n-point Green’s function
QIT[¢r(x1) - .. pu(xa)] Q) = (x1x2... Xn) . (1.220)

Due to the permutation symmetry of (x1x; ... x,) one can conveniently
combine the entire hierarchy {(x1x2 ... x,),n € IN} into one generating
functional

Z[J] Z[O]Z;—”' /IR 4 nd4xiJ(x1)...J(xn)(x1x2...xn)
n=0 """ "=l

Z[0]{Q| T [exp (i / d*x J(x)¢H(x))} Q) . (1.221)

Here Z[0] is the J-independent normalization constant to be fixed
shortly. The c-number function J(x) is the so-called Schwinger source
term. With the help of Gell-Mann-Low formula this can be rewritten
in terms of free fields as (for simplicity we omit limits and we set

|0> = |0>in and ¢(x) = ¢ln(x))

| T [ei/d4xfl(¢)+l(x)¢(x)] |0)

= — . 1.222
Z[0] o|T [eifd4x£1(¢)] |0) ( )

At this point we set Z[0] = (0| T [eifd4xf’(¢)] |0) so that
Z17) = (|T [t/ Tr@me] o) (1.223)

It follows from the very definition of Z[J] that (x;x...x,) can be
obtained when we n times functionally differentiate Z[J] with respect
to J(x), in particular

1 (=is"Z[J]
[0] 6J(x1)...0J(xn)

(1.224)

(X1x2... %) = .
" Z J=0
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The result can also be equivalently writ-

ten as
1 e%‘sign(a) _ [i
lal a

Figure 1.7: Contour y used in the eval-
uation of the Fresnel integral (1.228) for
a>0)

Note

Generating functional Z[J] is an analogue of the moment generating
function (or characteristic function) used in mathematical statistics.

Now, Z[J] in the form given by (1.223) can be formally rewritten as

Z[J] = exp

N " .0 i [ dx J(x)p(x)
l/R4d xLI( zéj(x))] <0|T[e / 10y. (1.225)

Now, the “overbar” from £; was removed since we do not need to em-
phasize anymore that it is an operator in the interaction representation.
In deriving (1.225) we used an analog of the formula

f (—idi;) P = f(p)e™*P, (1.226)

that is used, e.g. in theory of Fourier transforms. By employing the

generating functional for Wick theorem in (1.190) with J — -J, we
obtain

Z[J] = exp{i/}R4 d*x L, (_i_éJ(ix))}

i

X eXP{—E / d4y1d4y2J(y1)J(yz)AF(y1—yz)}. (1.227)

The Functional Integral and Its Measure

In order to establish contact with functional integrals, let us consider
the Fresnel integral (a € R)

dx 4 1| leiT’r a>0
.d o a
—explizx“) = in (1.228)
R V2n p(2 ) \/%e_T a<0.
a

Proof of this identity is as follows. We first extend x into C and evaluate
the integral L ¢ dz for a > 0, where the contour y is depicted on
Fig. 1.7.

40@

Aoo

Since ¢ is an analytic function, it follows from the Cauchy integral
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theorem that

. 9 -2 a2
0 = /ezaz dz = / 9% dr + / % 7
Y - =

+ /eiazzdz + / ez (1.229)
/ v

First notice that

/4
/eiazzdz - lim R/ d¢iei¢eaR2(ic032¢—sin2¢)
= 0

R—+00
iaz?
= e'**dz
4

= / ¢4 dz = 0, (1.230)
4

/4
< lim R / dpeaR>sin20) _
0

R—+00

and similarly for /[ /%<’ dz. The integral // ¢'%% dz can be evaluated
as follows (consider a > 0 first):

/ ¢ dr = {z ="y, dz = dz'ei”/4}
Ve
ei7r/4 /—oo dzle—az’z _ {a S O} _ —ei”/4 (z)l/z
) a

. 1/2
= - / dze-97 = inld (f) ) (1.231)
J a

So, by plugging these results to (1.229) we obtain

/+meiaxzdx = {a>0} = "/ (E)l/z
- a

0o

teo d.x ca 2

a1
ST = {g>0) = LA (1.232)
—00 V27T \/E

For the case a < 0 we would need to chose a different contour, namely

the one where the diagonal line would nor run under the angle 7 /4
but - /4.

So, from the Fresnel integral (1.228) we have the following N-dimensional
generalization

N , N
* i Pr -
| |dcl-ex — E Cnpmcm| = | | 27 pimsign(i)/4
["" i=1 F (2 ) i1 VIl

A
det (g)

-1/2
det (%) . (1.233)

-1/2
en]7r/4

Here A is real, symmetric (hence diagonalizable) N x N matrix with
eigenvalues {1;,i =1, .., N}.
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A(x,y) is some symmetric function or
operator in x and y.

This can be, in a sense, viewed as a simi-
larity transformation where v, formally
represents a unitary matrix with one dis-
crete and one continuous index.

Note

Formula (1.233) has sense only if A has no zero modes. Case with
zero modes must be treated independently and it is related to the
concept of the so-called collective coordinates.

The index n = va sign(4;) is referred to as the Morse or Maslov index.
The later is mostly important in the context of transition amplitudes
in QM. For typical applications in QFT (as, e.g. computation of Green
functions or S-matrix elements) it is not important as we will see.

In order to establish the connection to fields, let us first observe that any
real function ¢(x) can be expanded in term of some real orthonormal
basis {v,(x),n € N}, ¢(x) = 3, chva(x), with ¢,’s being real expansion
coefficients.

So, in particular, we can write

[ sty oa, 000 = 3 colnmen, (1.234)
with
P = [ dhsdtyin(0ACe ) (1.235)

Since both A(x, y) and A, ,, are symmetric, they are diagonalizable, i.e.
there exist polar bases {u,(x);n € N, x € R} and {uﬁ,’,'); n,m € N} such
that

[ atvac ) = au, (1.236)
DAl = auufy, (1.237)
k
where u,(x) and ui") are related as
W = / d*xun(x)vi(x), (1.238)
tn(x) = D vie(). (1.239)
k

Relations (1.236)-(1.239) are simple consequences of the orthonormality
condition

/ d*xvp(X)Wm(x) = Spm, (1.240)

and the completeness relation

D va(x)va(y) = 6(x - ). (1.241)

n

Discretize now points in the spacetime, so that the spacetime is spanned
by N points x; — so-called Minkowski lattice. Then any {¢(x;);i € N}
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can be expanded into N base functions v,(x;) only. In fact

+00 N
$(x) = > cava(x) = B(x1) = D cuvalx). (1.242)
n=1 n=1

The last equation provides a system of N independent equations for N
unknown ¢,. Consequently {¢(x;);i € N} is uniquely determined by
its expansion modes ¢, and vice versa. With this we can formulate the
integral measure as

N N
— 1 N = 1; (N)
D¢ = lim ];[das(xl) = lim ]Jdcnu P (1.243)

with the Jacobian

vi(x1) vi(x2)
va(x1) va(x2)
JN) = det|l . . . (1.244)

Vi (Xn)

The identity in Eq. (1.243) should be understood in the weak sense,
namely that the limit N — oo stands in front of the corresponding
multiple integral.

Note that, due to the orthonormality of the base system, we have that
JN) — 1 in the large N limit (also known as continuity limit or long
wave limit).

Truncation of the base system elements changes the infinite dimen-
sional matrix to N x N matrix AM).

Recalling identity (1.233), we might define the functional integral over
¢ as

/ Dgexp (é / d*xd'y p(x)A(x, y)¢(y))
N i
/ 1;[ dc;exp (E nZ‘m anﬁff’,,lcm)
AN
det (7)

where on the last line we have included the Maslov index into N,
which by itself is an infinite constant.

= lim |JN)]
N—>+o0

-1/2

= lim JM| = N’|det(A(x, y)| V2, (1.245)

N —+o00

Recall that both A and A have identical
spectrum.
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At this point we might note the following identity
N'|det(Ar(x, y)[*exp (—% / d4xd4y1(x>AF<x,y>J<y))
= / wexp(% / d*xd'yp(x) [Ar(x, )™ ¢(y))

X exp (—é/d‘ixd‘iyj(x)Ap(x, y)J(y)) . (1.246)

Here Ap(x,y) = —i{0|T[¢(x)¢(y)]|0). At this point we use translational
invariance of D¢, i.e.

D =D(p+g) ~ ]f[ d(p(xi) + g(x)) (1.247)

note that g(x) is an arbitrary but fixed function (hence g(x;) is a constant
while ¢(x;) changes). This implies that (1.246) can be further written
a

S
Jooew (5 [ dxatvio s Ganaaie e+ @el)

i

X exp (_E / d4xd4yJ(x)AF(x,y)J(y))
- [Doexp 5 [ sty o non]
X exp (i / d4xJ(x)¢(x)). (1.248)
What is A7!(x, y)? We know that it is defined so that
/ AP (3, AR y) = S(x- ).
Since (O + m?),Ap(x,y) = —6(x —y) implies that

/ 26— )0 + m2)Ar(z,y) = ~6(x—y),

we see that A7l(x,z) = =6(z - x)(O + m?),. With this we can further
rewrite (1.248) as

/ Do exp(é / d*x é(x) [— (D+m2)] B(x) +i / d4xJ(x)¢(x))
= / D¢ exp (iSo[¢]+i / d4xJ(x)¢(x)).

Here Sp is the action for a free scalar field. Let us put now everything
together and rewrite the generator of Green functions in the following
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way:

Z[J]

[ R : 4
. 4 . tf 4 d*x J(x)p(x)
exp 71 /R4d x.&( léj(x))‘ (OlT[e R |0)
1

[ ] 1 4 4
= expli [ d&* —i -1 [d*xd*yJ.dy OIT[¢(x)p(»)]10)
P 71'/R4 xLI( léj(x)) e

_ [ 4 . 5 \]
= exp »l/RALd x.£1( lé](x))_

[ D¢ exp (iSo[¢] +if d4xJ(x)¢(x))
8 N’|detAp|'?

= exp [i ‘/R4 d4x.£1 (_l%(x))]

[ D¢ exp (iSo[¢] i d4xJ(x)¢(x))
X
[ D¢ exp (iSol4])

[ D¢ exp (iS[gb] +if d4xJ(x)¢(x))
= , (1.249)
[ Do exp (iSol])

where S[¢] = Sol¢] + [ d*xL(¢) is the full action of an interacting
scalar field theory. The corresponding full n-point Green function is
[cf. Gell-Mann-Low formula]

olr [¢(x1) . ¢(x,,)ef/d4xfz(¢>] 10)

T [ei/d4x2,(¢)] 10)

(X1...%p) =

1 (=i)y*o"
~ Z[0] 6J(x1). . .§J(x,,)Z[J]

J=0

1 [ D d(x1)...¢0m)exp (iS[¢] +i [ dix J(x)¢(x))

= . (1.250
Z[0] [ Dgexp (iSo[¢)) (.20
J=0
In particular, for n = 0 we get
1 [ Dg S9!
Q) =(1) =1 = 2101 [ D ool (1.251)
which implies that
D o B(x) €S9
(1. ) = D9 #0x1) . $0n)e™0 (1.252)

/ D¢ eiS[‘/’]

This is the so-called functional-integral representation of the n-point
Green function.

So far we have considered only real scalar fields. Extension to complex
scalar fields (charged scalar particles) is obtained by means of an

47
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analog of Fresnel integral, namely

/dZ dZ i |Z|2 _ ‘/d‘Xdyei%X2+L“y2
2mi b

— i 2 iz 51gn(a) i §sign(a)
fal \ial €
a a
— lz_|eigsign(a) = ﬁl (1.253)
a

where we have employed the complex measure
dz" ANdz = (dx —idy) A(dx +idy) = 2idx Ady, (1.254)

(we use the notation of differential forms). This can also be alternatively
obtained from the usual (real analysis) change of variables

0(z%, 2)
o(x,y)

but in the complex calculus the absolute value refers only to the sign
+, not the complex i factor.

dz*dz = dxdy = 2idxdy, (1.255)

By neglecting Morse index we have (set a/2 — a)

1 ; 1
—dr*dz e = = (1.256)
2ri la|
More generally
/dZ*dZ eia|z|2+ib*z+ibz* — /dZ*dZ eia(z+b/a)(z*+b*/a)*i\blz/a
2mi 2mi
1 |bf?
= — —i— . 1.257
i exp( i— (1.257)

From these Fresnel integrals we obtain

dz;dz
[ l}exp lZ TAjz; +ibizi +ibiZ} ]

/ [dz*le]exp [i(z* + b* A7) Ay (z + A7b))

X exp [—lbj(A_l)lij]

oAb, / 1—[ [dz dz;

Since A;; is Hermitian, there exists an unitary similarity transforma-

exp [iziAijz] . (1.258)
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tion that diagonalizes A, so that we can write [cf. Eq. (1.257)]

N
o 1
/ n[—_dz;‘dzi
oo L 2mi
i=1

exp [iz; Ajjz]

o0 1
- / H[—_dci*dci] J exp(i/li|cl~|2). (1.259)
—o0 14 27 —_——
=1

(det A)1

Here we have used the fact that the Jacobian of any unitary matrix is 1.
Thus we obtain that Eq. (1.258) is equal to

(det A)Le"ATE (1.260)

As an exercise, following the same route as for Hermitian scalar fields,
show that

/ DPD* exp [iSO (¢, o] +i / d*xp(x)J* (x) +1i / d4x¢*(x)J(x)]

=N’ [det(D + mz)]_l exp

- / d*xd*yJ* (x)G(x, y)](y)], (1.261)

where G(x,y) = 0| T [¢(x), ¢T(y)] |0y = iAr(x,y), and thus finally

ZJ,J] _ /fo’@‘f’*eis[‘b"b*] +i[dixgd* +i [ d*xg]
z10l [ DD eiSI0.47]

) (1.262)

which implies

_ fD¢D¢*¢(X1) o p(xp) eiSle.¢7]
[ DpDg*eiSlee'] :

(X1 x) (1.263)

Similar identity holds for the correlator of ¢* fields or mixed correlator
of ¢ and ¢* fields.

Note — The Feynman-Matthews-Salam formula

Previous relations can be generalized to any functional or function
of fields, e.g.

@t [F[dul]i0) = N[ DoFlgles?,

and similarly for

QIT[G [$}, ¢u]]1Q) = N/ DDF G[", $le'S14 9!

Here N’ contains all constant factors,
Fresnel measure and determinant.
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So, we consider a single real scalar field
at this stage.

1.8 Perturbative calculus

As a toy model we will discuss the case with
P!
Ly = —Eqs‘* . (1.264)

We have seen that in order to compute (xy, ..., x,) we need to know

the normalized generating functional Z [J] /Z [0]. Indeed

(5pem) = 1 (=)"6"Z[J]
Lol = 7101 67(x1) - 60 (xn)

(1.265)

J=0

Let us call the normalized generating functional as Z [J], then

_exp [i [dizz (—i%@)] exp [~ [ dxd*y () (AR (x, y)]

Z[j] = - :
(ditto )],

The only way how to treat exp (i / d4x£1) is via power series expan-

sion in the coupling constant 4, i.e. via perturbation theory. In particular,

for the numerator we can write

A s\ 4 2
1—15/(—1(5]&)) d*z+0(2°)

To order 1°, we have just the free-particle generating functional Z [J].
To order A, we proceed as follows. We compute first the single func-
tional derivative

exp [—%/d4xd4yj(x)AF(x,y)J(y) .

(—i)%(z) exp —% / d*xd*y J(x)Ap(x —y)J(y)]

= —/d4xA(z—x)J(x)exp

_% / d4xd4y./(x)AF(X - y)f(y)] .

Similarly we continue further with higher functional derivatives. For
the second functional derivative we have

(_,-L)Zex [_i / d*xd*y J(x)AF(x - y)J( )]
5] P72 PR

2 i
/d4xAF(z—x)J(x)] }exp [—E/JXAF(x—y)Jy}.

For third derivative

= {lAF(O) +

3 .
) exp [—%/d4xd4nyAF(x—y)Jy]

3
/d4xAF(z—x)J(x)] }

X exp [—% / d*xd*y J(x)Ap(x - y)](y)], (1.266)

(_iéf(z)

= {3 [—iAr(0)] / d*xAp(z - x)J(x) -
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and finally for the fourth derivative

s\ i 4. 4
(_im) exp [—E‘/d xd yJ(x)AF(X—}’)J(y)]

2
= {_3 [Ar(0)] + 3iAr(0) [ / d*xAp(z - x)J(x)]

4
/d4xAp(z—x)J(x)] }

X exp [_E / d*xd*y J(x)Ap(x —y)J(y)] . (1.267)

2
+

+ 3iAx(0) [ / d*xAp(z - x)J(x)

We may write this last expression diagrammatically. Let

In Feynman rules (that will be intro-
Ap(x—y) ~ A (1.268) duced shortly) it is conventional to
X y identify line with contraction, i.e., with
iAF (x —y) rather than Ag (x —y).
represents the free propagator. In particular, Ar(0) = Ap(z,z) = Ap(z -

z) is then represented by a closed loop (bubble diagram)
AF(Z, Z) = AF(O) ~ 0. (1.269)
We also introduce the notation

/ d*xJ(X)Ap(x—2) ~ X—; (1.270)

With these we can write (1.267) as

4 .
(_i%(z)) exp [—%/d4xd4yJ(X)AF(X—}’)J()’)]

={—3oo +6i O x4 >< }exp(—%/]AFJ). (1.271)

The meeting of four lines at a point in diagrams

% andj><\<<

is clearly a consequence of the fact that £; contains the ¢* term. More-
over, the coefficients 3, 6 and 1 in Eq. (1.271) follow from rather simple
symmetry considerations:

» Factor 3 results from joining up the 2 pairs of lines in the <
diagram. In particular, pick up any line, there are 3 ways how to
connect it with remaining 3 lines. This will give us one closed
loop diagram. The second loop in the “double” bubble diagram
is obtained by connecting the remaining two lines (there is only
one way how this can be done). Altogether there are 3 ways how
to generate the OO diagram.
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» Factor 6 results from joining any two lines in the < diagram
(3 ways). This gives one bubble. The remaining two legs have
two ways how to orient themselves (which one goes left and
which one right). Altogether there are 6 ways how to generate
the *-x diagram.

These numerical factors (or better their inverses) are known as symume-
try factors. Diagram OO is known as vacuum graph or bubble diagram or
vacuum bubble diagram because it has no external lines. The meaning of
this terminology will become clearer shortly.

It is easy to write down the denominator of Z [J]. In particular

exp (i/d4x£1)exp( /d4xd4yj(x)AF(x y)J(y))]

J=0
=1- l—/( -300)d*z, (1.272)
and the complete generating functional Z [J] to order A is equal to

[ - 14,/( 300 + 6i O x + ><)d4zle 5[ 18R

- l4|/( 300)dz

. (1.273)

By employing the binomial expansion we finally obtain (again to order

7] = [ —z—/(ezx&x ><)d4z

Clearly, the order of the perturbation is given by the considered order

e [IART (1.274)

of exp [i f d*x L, (—i%)] in the Taylor expansion, while the order
n of the correlation function {x, ..., x,) follows from the number of
J(x)’s we keep in the expansion of Z [J] (or Z [J]).

Let us now consider a toy model with the self-interaction given by

Ly = —§¢3 . (1.275)

We will be interested in the second perturbation order in g. To this end
we expand Z [J] to order g% ie.

exp [—ifd‘l)C% (—i%(x))j e~5 [IARY

U1 = (ditto )],
3 ) 312
{ —if [dhx ( 6J(x)) _zé!)z [fd4 ( 6J(x)) ] }
- (ditto)[,

X exp[ 2/d4xd4y1(x)AF(x y)](y)] (1.276)



We will first consider the numerator, i.e., Z [J]

ZU] = {1—i%/d4z(—3io—x - /X\)
2
82 4 .0 3
" 2617 [/ ¢ x("éf(x)) l }

i

-5 / d4xd4yj(x)AF(x—y)J(y)] . (1.277)

X exp

On the first line of (1.277) we have used our result from 1¢* theory,
namely the fact that we know what is

3 .
) exp [—% / d*xd*y J(xX)AF(x —y)J()]| , (1.278)

(_iéf(x)

see (1.266). Let us now proceed with the remaining 3 functional deriva-

tives (—i %(Z)). In particular, we get

) s\
(" 6J(z>) (_lwm) Zl7]

= (—i%@) {—SiAFw) / d*yAr(x = y)J(y)

3
- [/d4yAF(x—y)J(y)] }e‘E/JAFJ

2
Ap(x-72)

= {—3AF(0)AF(X —z)+3i / d*yAp(x = y)J(y)
+ 3 Ap(0) / dyAr(x - 1)J() / dyAr(z = »)I()

+

3 .
/ d*yAp(x - y)J(y)] / d*yAr(z - y)J(y)} e 5 /70T (1.279)

1.8 Perturbative calculus
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We now proceed with the second variation. This gives

6 Vs )
("m)) (_’w(x)) %)

- {6 [ / d“yAF(x—y)J(y)] [Ar(x-2)P

+ 30, OAr(-2) [ dhyde-0I0)

# 31AROF [ dyartx-3I0)

_ [ / d‘*yAF(x—y)J(y)r [ [ dtyarc=»10)| st -2)
y [ [ atvaris- y)J(y)F AF(0)

+ 38O -2) [ dhyde=0I0)

2
3 [ / d4yAF(x—y>J<y>] [ / A yAr(z = )I()

Ap(x—72)

2
_ 3iAR(0) / dyAr(x = ) () [ / dyAr(z - y)f(y)]

3 2
- [ / d‘*yAF(x—y)J(y)] [ / d‘*yAF(z—y)J(y)] }

X exp [—% / d4xd4yl(x)AF(x—y)J(y)]
- {6 [ / d*yAp(x - y)J(y)] [Ap(x=2)P

+ 6AF(0)AR(x - 2) / d*yAp(z=y)J(y)

+ 310 OF [ d'yart-)I0)

2
~6i [ / d‘*yAF(x—y)J(y)] [ / A yAr(z - IO | Ar(x - 2)

3
- i( / dyAF(x—yw(y)) Ar(0)

2
— —3iAr(0) / dyAp(x —y)J(y) ( / dyAF(z—y)J(y))

3 2 i
- (/dyAF(x—y)J(y)) (/dyAF(z—y)J(y)) }ezf’AF’.



Finally, the third functional derivatives gives

S5 Vs )
("51@) (_lfﬂ(x)) Zl7]

= {~6i [Ap(x = 2)I* = 6iAp(0)AF (x — 2)AF(0)

AR O)AFO)AF(x - 2)
S 1 / dyAr(x = 1)I() / dyAr(z — Y)I0) [Ar(x - )P
2
iy [ / dhyAr(x y)J(y)] Ar(x = 2)Ap(0)
2
3 [ / d*yAr(x - y>1<y>] Ar(x = 2)AF(0)
2
- 3Ar(0)Ap(x - 2) [ / d*yAr(z - y)J(y)}
~ 6AF(0) / dyAr(x - 1)J() / d*yAr (2~ »)I()AF()
2 2
+ Bibp(x—2) [ / d‘*yAF(x—y)J(y)] [ / dyAr(z = )I(y)
3
+ 2iAr(0) [ / d4yAF(x—y)J(y)] / d*yAr(z = y)J(y)
iy / dyAr(x - )J() / AR (2~ Y)IO) [Ar(x - )P
2
— 6Ar(0)AR(x —2) [/ d*yAr(z - )’)J(Y)}
— 3Ar(0)AF(0) / d*yAr (= )I() / AR (z - ) ()
+ 1

3
/ d‘*yAF(x—y)J(y)] [ / dyAr(z— I ()| AF(0)

3
+ 3iAr(0) / d*yAr(x— ) () [ / dyAr(z —y)J(y)]

+

3
/ YA (x - y)J(y)}

3 .
/d4yAp(z - y)J(y)] } o3 [IAFT

This rather lengthy expression has quite simple diagrammatic repre-

1.8 Perturbative calculus
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sentation, namely

{—61‘ (5 - 90—0 - 18 %O —9&
X Z X Z X
—9& —9%—0O M+3i>—<
Z X V4 X Z
+ 3 x) O +3i><—x()¥ + Y y}e”M“.

Thus, at the order g2 we find the following contribution to Z [0]

—6i x @ ¢ - 90—0. (1.280)

Consequently we can write for Z [J] [cf. Eq. (1.277)]
Z[J]
2 . .
1- Zé—!p/d‘lxd‘lz (—61 x @ z —91@6—9)

Z[J] =

[1 - i:,.% (only current diagr.) — % (vacuum + current diagr.)] Zol]
- ol J].

[1 - % (only vacuum diagr.)]

Again, by expanding the denominator the vacuum diagrams will
cancel:

7] = Il - i%/d%(—&oﬁ - &)

2
8 dedbz |- 18 x—O—x - Px _ o
2(3!)2/dXdZ( 180 o i

—9%%+3i>—< + 3i O—x
X Z X Z Z
oY YY)

Types of diagrams

Zo[J]. (1.281)

Diagrams of the following types

M%YOﬁWYY Y
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are called disconnected. On the other hand, diagrams of the type

29 @ z, O_Or
X 2
are called vacuum diagrams, since they have no external lines present.

Check that for all connected (and planar) diagrams holds the for-

mula
L=1-V+1, (1.282)

where L is the number of closed loops, I is the number of internal
lines and V is the number of vertices. This is the famous Euler
formula for planar graphs. So, for instance

w = 1=1,V=1L=1,

&( = [=2,V=2,L=1,

x@z — =0, W=7 L=2.

1.9 More complicated interactions

This section is slightly more technical and can be omitted on a first read-
ing. In some cases (e.g., lower dimensional QFT systems, condense-
matter systems or exactly solvable statistical systems) the interacting
Lagrangian is complicated (not a simple polynomial), then in order to
compute Z [J] (or Z [J]) one can use the following identity

0 )
Z[J] exp [—i / d*xL; (_,-M(x))] o=k [d*xd*y I (AR (x=3)J ()

Ll a9 _ L}

e"p[z/ Ly S50 550

X exp {i / d*x [—1:,(¢(x))+J(x)¢(x)]H ) (1.283)
¢=0

The passage from the first line to second comes from the simple obser-
vation that

1) 1) o
—i—|FliJ] = F|— [ dixp(0T(x) 1.284
G( 161) [iJ] [6¢}G[¢]e oo (1.284)
which is an infinite-dimensional form of the equation
0 3 0 b

Here §/0b is a shorthand notation for a vector {9/ abi}f\i , and similarly
for §/0x.

The proof is as follows. First we prove (1.285) for a special case G(x) =
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e and F(b) = eB? . The left-hand side then reads

G(%)F(b) = "FF(b) = Fb+a) = FO,  (1286)

and for the right-hand side we get

— eﬁ~%ex(a+b) — e(x+ﬂ)(a+b)
x=0 x=0

0 x-b
F (E) G(x)e

x=0

= Bl (1.287)

which clearly coincide with the left-hand-side result. The result is then
true for any F and G as one may express F and G as a Fourier series,
which then preserves the result term by term.

To provide a simple illustration of (1.283), we consider

Z = exp(liA—li) exp [-V(x) + bx] (1.288)

20x ox

x=0

We get a perturbative expansion by expanding both exponentials. Let
us begin with the case where b = 0 and use the notation

g o0 0 0

Vivinjsein, = 77—
12,88tk axi] axiz Bxis Bxik

V(x) (1.289)

x=0

Assume further that V(0) = 0, V;(0) = 0, so that V(x) is at least quadratic.
Then we get to the second order in V

10 _,0 1 40 0 4,0
(1+2(9xA + A

0
z dx = 8dx 0Oxox E_F)

[1 - V(x) + %Vz(x) + ]

X
x=0
1.4 1 1, 1.4 2
= 1 - EAU Vij - gAij Akl Vijkl + ZAU ((9)(,.6ij ) o
1
+ EaxiA;jlaxjaxkA,;}axlv2 + o (1.290)
x=0

The fourth terms in (1.290) can further be written as

A (0v0,V?) A28, (VV))

x=0 x=0
= A @Y+ 2vv)| =0, (1291)
X =l
In the fifth term
Oy A7 Ox; 0, Ay 0, V(X)V () |x=0 , (1.292)

the contributions V;Vji; or VVji;, are zero due to conditions V|x—o =
Vl]x=0 = 0. The only non-tivial contributions are from two derivatives
acting on each V separately. There are 3 possible pairings V;;Vii, Vic Vit
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and V;;Vjx which result in

QA Vi A Vie + 2B Vi A Vi + 2A Vi AL Vi (1.293)

Factor 2 results from symmetry of VV coming from the first derivative.
In addition, the second and the third term are identical after re-indexing.

The corresponding contribution to Z is thus
Lo -1 L -1
gAij VijAkl Vi + ZAU VikAkl V}'l . (1.294)

As an exercise, show that should we have expanded (1.290) to the 3rd
order in propagator then the corresponding contribution (still to 2nd
order in V) would be

110 .00 1,08 40
___A—l__A—l__A—l_VZ
3Baxl axax axaxl ax’ W,

1 Ap-1p-1
=3 ijkAij AklAmnVlmn +

1 Al oA
3 SV A A A Vinn + ... . (1.295)

12

This can be diagrammatically represented as follows: Al.‘jl joins points
i and j and Vj;;, ., represents a vertex with n lines, for instance for

n = 6 we would have
is % ip . (1.296)

Then

1 1
+ §<}Q+ﬁ T (1.297)

These are vacuum diagrams (the third one is disconnected). If specially
Vix) =2 x?, only diagrams with V;;x # 0 survive, i.e.

DOm0
Both are of the second order and up to a different symmetry factor
they coincide with vacuum diagrams in §;¢* theory.

Similarly, for V(x) = }; xf, only diagrams with V;;x; # 0 survive, which

are represented by

This is a first order vacuum diagram for £ ¢* theory (again modulo
different symmetry factor).

For the case b # 0 (i.e., by including also external legs) we still assume

Note that both A;} and V;; are symmet-
ric in the two indices.
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that V(0) = 0 and V;(0) = 0 for Vi. Then

10 4,0 19 4,99 40
zio] = [1+:2a1 2 2 2p1 2 a1y
1] ( t e x T el axoxl ax T )

X {1 - [V(x) + bx] + %[V(x) + bx]* + } (1.298)

x=0

Now the following new terms appear

10 0
Term1: --—A"'— =
erm 2 0x 0x " lx=0 0,
110 40 1
Term2: - ~— AL 2bxv ) = 2ol 1
em 2 g gt gY@, = 2g 8y Vo |
L
= 22 (Vigbx +Vib; + Vi )| _ =0
———
=0
10 49
Term3: =~ A"l |
erm 3 2 9x ox bkxkblxl 20
]. -1 ]. -1
= A0 (bt + biey) ‘x:o = SbiBby,

where the last term is the first non-trivial contribution (apart from
already computed vacuum diagrams).

One can show that there are other higher-order terms like

1 1 Aa -
o & ~ = bibjbey B A Vinn

1 1 o oA
1 XOX ~ bl A A Ve Vipg Ay Ay, (1.299)

which we have already seen in the §¢° theory.

Full two-point Green Function

Let us now come back and proceed with the £ ¢* system. Important
p 4l Y P
quantity of interest is the full two-point Green function, i.e

627 [J]

575207 () (1.300)

(x1x2) = T(x1,x2) = (~i)?

J=0

Let us remind that to the leading order in A we have [cf. Eq. (1.274)]

Z[J]=[1—%/(6i>4%< + ><)d4x

So, the first term in (x1x2) is iAr(x1 — x2), which is the free particle
propagator. Term < contains 4 J’s and so gives no contribution to
the two-point Green function. The term 2« equals to [recall (1.267)

et /IAFT (1.301)
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and (1.271)]

—iA6i

4!
——
A/4

Ar(0) / d*xd*yd*z Ap(z - x)J(X)Ar(z = y)J(y). (1.302)

On differentiation we get

(i)

(:: O « e—%JAFJ) = (=)

0 O —iJAR
5J(x1) 6J(x1)( )] e 2!

+ (i) O x (— - x )e—QJAFJ

x1
—iAd i
= %AF(O)/d4yd4ZAF(z—x1)AF(z—y)](y)e’iJAFJ + ..., (1.303)

where the remaining terms are not important in the J — 0 limit. The
second derivative then reads

62 ;
a2 O NI
=) (5J(x2)(5J(x1)( ¢ )

= —%AF(O)/d4ZAF(1—x1)A(Z—x2)€_%JAFJ + ..., (1.304)

where “...” denotes the terms that do not contribute in the limit / — 0.
Finally, we can write the two-point Green function as

(x1,x2) = iAp(x1,x2) — %AF(O)/d4ZAF(Z_x1)AF(Z_x2) + 0(2%)

A
= e——e — — « O o + O(/lz). (1.305)
X1 X2 2 X1 X2

To order 4, this represents the effect of interaction on the free-particle
propagation.

Let us remind that the free propagator is given as

—ik(x=y)
/ o (1.306)

k2 —m? +ie

1
Arp(x-y) =
F(x—y) )
and its Fourier transform contains a pole at k> = m?. This identifies
mass of the particle as m. We will see that this is not a coincidence but
a consequence of the structure of S-matrix. Let us now see that the
effect of the interaction is to change the value of the physical mass
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away from m. Indeed, the second term in (1.305) is

.L

X1 X2

A#(0) / d*2Ar(x1 = AR (2 — 2)

_ Ar(0) e iP(x1=2)  o=iq(x2—z) i pdtqats
2m)® J p2-m?+ie g —m? +ie

Ar(0 e~ iP(x1=x2)
- F( )/ 7 6(4)(p+q) d4pd4q
P

(2n)* —m? +ig)?
Ar(0) o ip(x1—x2)
) (2F7T)4 / (p? — m? + ie)? d'p. (1.307)

So, to the leading order in A we have for z-point Green function

i e~ iP(x1-x2) é AA£(0) .
, = - d*p. 1.308
(1, x2) (2m)* ,/ p2—m?+is p2—m?+ie P )
Technical note
1 1
— = {A<<1l} = — 1-1A7'B
(A+AB) { b= A(l + AA- 1B) ( ).
With this we can rewrite (1.308)
! e a 1309
X1,x2) = - . .
(0, x2) Qnyd /pz—mz—éAF(O)/l+is P (1.309)

The Fourier transform of (xj, x2) will now possess a pole at p? equal
to

m? + %/IAF(O) = m+om? = m%, (1.310)
where 6m* = £1Ar(0). The mass mg is now identified with the physical
mass and for reasons to be explained in the chapter on renormalization

is known also as renormalized mass.

Note I.

Ar(0) is divergent. One says that Ar(0) is quadratically divergent
This is because for large p the mtegrand behaves as pi dep

dQdpp. Integral over p behaves as E p |O , which diverges quadrat-
ically. We will discuss this point more in the part dedicated to
renormalization.

Note II.

Important observation is that the renormalized mass is not the same
as the parameter m in the Lagrangian. The same will be true also
for renormalized couplings.
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4-point Green function

Let us now compute 4-point Green function to the first order in 1. We
start we the defining relation

5*Z[J]

(L
Gz, xado = (S e S T 6T (i) (1.311)

7

J=0

where to the leading order in A we know [cf. Eq. (1.301)] that

7] = [1—%/(6i>é%< + ><)d4x

The first (i.e., order /lo) termin (xq,...,x4) is

et IART (1312)

(X1,...,xa)0 = —[Ap(x1—x2)Ap(x3 —x1) + Ap(x1 — x3)Ap(x2 — Xx4)
+ Ap(x1 — x4)Afp(x2 — x3)]

ST R T I

_(: N I I N :><) (1.313)

X3 X4 X3 X4 X3 X4

The next term in Z [J] of order 4 is given by

54 [ O eﬁ'/mﬂ”
0J(x1)0J(x2)6J (x3)0J (x4)

A .
7D J=o
64
0J(x1)6J(x2)8J(x3)6J (x4)

Pl
1 Ar(0) / d*xd*yd*zAr (x = 2)Ap(y - 2)

X J()JI(x) et/ JAFJ] |J=O

= %AF(O) / d*xdd*zd*z1d*z Ap(x = 2)Ap(y - 2)

Iy Jzy o,

X Ap(z) - zg) — YA
=) e ST,

X1 X2 X1 X2 X1 X2
—il 0&0 —o

= — [ d* + + b I
8 o QL

X3 X4 X3 X4 X3 X4

X1 X X2 X1 X2
3

X . 5
. (1.314)
1 i

X3 X4 X X4 X3

Here, for instance

2

1 X2
_ / d*2AF(O)AF (1 - DAr(x2 — DAG3 — x1),

X
o
X3 X4

(1.315)

So, we have 24 terms — each diagram
represents 4 equivalent terms.
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etc.

Note

AF X) = = AF X = AF y—X 131()
(27.[)4 p2 mZ ic y

The final term in Z [J] of order A is given by

: 4 .
-id o e 5 [Iard
40 67, 00,0530y, o

—il 54 4
N A N N
41 6JX16Jx26Jx36JX4,/ Z[/ ¥Ar(z=x) (x)}

il
= I d*zd*y1d*yrd*ysdtys Ap(z — y1)AR(z - y2)

§*J(y1)J(y2)J (y3)J (ya)

X Ap(z—y3)Ap(z = ya)

Jx,005,00,0Jx,
il X1 X2

= ﬁ d*z :>< + all permutations of xy,..., x4.|. (1.317)
' X3 X4

Note

(x1,...,x4) is by its very formulation given via time ordered prod-
uct symmetric under permutation of positions xi, . . ., x4 (this can
also be directly seen from the functional integral representation
of (x1,...,x4), there ¢(x7), ..., #(x4) enter as c-numbered functions,
which clearly commute.

X1 X2 X3 X2
From this point of view diagrams :>< and :><z: are the same
X3 X4 X1 X4

and we can count them as 2. This is true for all 24 copies. So, the
previous result can be written as

i1 X1 X2 X1 X2
= [t :>< x24 = —il / &tz ><z: . (1318)
’ X3 X4 X3 X4

The same is true also for previous 3 types of diagrams - each with
multiplicity 4. So, finally we can schematically wite

(xt,...,x) = —3[] - 31'1/(141 l%l
- i/l/d4z ><l (1.319)
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The first term of order 1° does not contribute to the scattering since
propagating particles are not disturbed in their evolution (no interac-
tion is present). The numerical coefficients are easily derived by simple
combinatorics.

For instance, if we want to find the contribution to order 1", we need
to consider n-vertices. In short

n vertices of the type >< contribute to order 2" . (1.320)

For 4-point function we draw four external legs

X1 X3
———— —o
= (X1...Xx4). (1.321)
——— —o
X2 X4

In particular, the 4-point function in 1¢* theory to order A is con-
structed from following diagrammatic building blocks (so-called Feyn-
man prediagrams)

X1 X3
[ S— — e
>-< : (1.322)
[ S— — e
X2 X4

Now we should join all lines (keeping external legs) and create all
topologically distinct types of diagrams. Corresponding diagrams,
the so-called Feynman diagrams are:

_Q

) G (1.323)

Let us see how to deal with combinatorial factors (also known as
multiplicity of diagram). The general idea is the following. If we want
to build first diagram from (1.323), we start with prediagram (1.322),
where we can connect one of the legs with vertex in 4 different ways.
After that we have 3 legs remaining and 3 free legs in vertex, etc. [cf.
Fig. 1.8]

4 possible joinings 2 possible joinings
1 3 o " T3
[ /w L J -_—
X__ - .
® J ® — o
T2 4 T2 7
3 possible joinings

Hence, we can see that multiplicity of this diagram is
4.-3-2-1 = 4! = 24. (1.324)

This precisely cancel the factor 4! in the definition of 1¢*/4!. This, in
turn provides precisely the corresponding coefficient in (xg ... x) in
Eq. (1.319).

Figure 1.8: Construction of the multiplic-
ity for the first diagram in (1.323).
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Figure 1.9: Construction of the multiplic-
ity for the second diagram in (1.323).

Figure 1.10: Construction of the multi-
plicity for the third diagram in (1.323).

For the middle diagram in (1.323), we first can connect one external
line with another external line in 3 possible ways. After that there are
2 ways to connect one leg in middle vertex with remaining external
legs and there are 4 legs in the vertex. Then again, there are 3 ways to
connect remaining legs to vertex. Finally, we have 1 way to connect
remaining two lines in the middle prediagram, which builds loop, see
Fig 1.9.

oo -
r—". —0 [
A _ — _2 possible joinings
VR = LN > ’
y £, > N
*— —_— *— X _—e
T3 T \
3 possible joinings Al
take 1 leg out of 4 from vertex
[ — L J ® T
N s “A 3 possible joinings \/\\& 1 joining
>—e T . °
[ g

Thus, the multiplicity is
3.-2-4-3 =243, (1.325)

which when taken together with £ gives precisely the factor of 3 in
Eq. (1.319).

As for last diagram in (1.323), we can again start with prediagram
(1.322) and connect external legs in 3 different ways. Then, the vertex
can be connected into double bubble diagram in 3 different ways, see
Fig 1.10.

Ty T2 Ty Ty
T A
o— —_— o— _ . —_—
x - 2N x
o— —_— o— —_—
3 Ty T3

3 possible joinings

-

o,
= QX} =
o — o-—

fix one leg

there are 3 possible pairings (contractions) m

Thus this diagram has the multiplicity

-

3.3=9. (1.326)
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One can check that we have all diagrams by realizing that

[ Deo(x1)...o(xa)exp {i [ d*x (Lo-V(p))}
[ Deexp{i [d*x(Lo-V(e)}
[ Dep(x) .. plx)e™ [TV exp i [ dx (Lo))
[ Dyexp {i [ d*x(Lo)}
y [ Dyexp {-i [ d*xLo}
[ Dyexp {i [ d*xV(p)}exp {i [ d*xLo}

_ <‘P(X1) < .gj(/x;)xe;/;f d4xv>0 | 1.327)
e

(X1 ... xq4)

0
4
In particular, in 1% theory we have

<X1 . .X4)

OIT el plon) (1) [abx ) + 0D | 10)

= . (1.328)
OIT |(1-i4 [ dixg*(x)+ 0(2) | 0)
So, to order A contribute all contractions from
o7 [mn oot [ d4x<p4(x)} 0)
= [a QT o) st . 1329)
We know that there are in total % contractions [cf. Eq. (1.200)].
Since in our case M = 4, we have % = 105 contractions. On the other

hand, our 3 contributing Feynman diagrams have the multiplicity
24 +24-3+9 = 105. So, we have correct number of diagrams and
respective multiplicities.

The reason why the vacuum diagram does not appear in (x; ... xs) in
Eq. (1.319) is because it is precisely cancelled by the very same diagram
in denominator. This result is completely general and it is known as
linked cluster property. We will derive this result shortly.

4
In summary, the Feynman rules for /l‘fi—! scalar field theory in co-ordinate
space are

» Draw all topologically distinct diagrams. For given n-point Green
function with n external legs. For order 2™ use m vertices.

A line between points x and y represents propagator iAg(x — y).
A vertex with 4 lines represents a factor —il.

Integrate over z for all vertices.

>
>
>
» Introduce combinatorial factor, where necessary.

67
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Figure 1.11: Illustration of the Linked
Cluster Theorem.

Symmetry factor

Inverse of the overall pre-factor in front of each diagram is known
as a symmetry factor. For a simple monomial interaction (such those
considered so far)

_ nl@m"
= —,

where n is a number of vertices, 77 is a coupling constant factor
(e.g., 4! or 3!) and r is the multiplicity factor (i.e., the combinatorial

factor). E.g. s for left diagram in (1.323) is % =1 and for middle
diagram is —1!3(.%1!!)1 = %

Linked Cluster Theorem

We have seen that vacuum diagrams will cancel when (x; ... x,) is
perturbatively computed to the order A for /l‘f%: theory. This result is, in
fact, general and true to all orders in 1 and also true for quite general
potentials. This result is known as linked cluster theorem.

Proof: Let us illustrate the situation on the monomial interaction of
the type g% If we concentrate on n-th perturbative order of general
m-point Green function we get

(x1...x)™ = (F[x)™ = (ig)” <F[x] ( / d4z¢pk(z))n> . (1.330)
0

nl(klyn

n vertices

will contract
among themselves
(vacuum diagrams)
(p vertices)

will contract ~—_

with external legs

(n — p vertices)
m external legs

Fig. 1.11 implies that the contribution to (1.330) from vacuum diagrams
of p-th order (in coupling g) is

(—ig)” n . n—p\ n.v. . p\ V-
i Gl ([ eete] ), (el )

Here the combinatorial factor counts how many times one can select
p vertices out of n vertices. Acronym “n.v.” denotes non-vacuum dia-
grams while “v.” vacuum diagrams (i.e., diagrams without external
legs).

(1.331)

By summing over p we get perturbation expansion of the n-th order
with all possible vacuum diagrams included. The entire perturbation
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expansion thus reads

© n 1 ( lg)n " X )n—]?>n.v.<( . f )p>v.
nzo,,Z‘)(k')" (n—p)'p! <F[x] (/d ) 0 /d (@ 0
24 24 07 - iy (ra(feeoa) ) ([ eeta] )

p
p p
L] L] L] L] L] L]
L] L] L] L]
. . Figure 1.12: Equivalence between
Zn—0Zp—gand X7 Xn-p-
n n

By denoting n’ = n — p we can further write

> (—ig)" (—ig)? \" P\"
ZZ WGk pICk TP <F 1 (/ d4wk(Z)) >O <(/ d4Z“’k(Z)) >o'

Note that the summation over p precisely gives the denominator in
(x1...xm) (see, e.g., Eq. (1.327)).

Let us now illustrate the linked cluster theorem on a simple example of
the g¢?/3! theory to second order in g.

X X e—ifd‘*zv
o+ ST - 1)

s + o (O—O+(+0()

X1 X2 X1 X2

(1 +O—O+@+ O(gz))

" x1 Oﬂxz * X1 )

X1 X2

(1 +O—Q+@+O(g2))

195 go0s 3og)oSon

X1 A2

(1+0—0+E)+ o)

s & + OO0 +e0p, (1332

X1 X2 X1 X2

As an exercise, try to fill in the correct symmetry factors.
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1.10 Generating Functional for Connected
Diagrams

Before attempting to evaluate sums of Feynman diagrams we shall
perform some further formal manipulations to simplify the task of
organizing them.

As they stand, the Green functions (x1, ..., x,,) (say, for example, for
scalar theory) are cumbersome quantities to use. In fact, even when vac-
uum diagrams are removed, there are many diagrams in (x1, ..., x,)
that are disconnected.

We note here that by a disconnected diagram we mean a diagram com-
posed of two or more subdiagrams that are not linked by propagators,

e.g.
1e—0O O—ex2 o (ax)g,

X1 .AL. X3
X Q x4 > <X1XZX3X4>¢4 ’

X1 '—Q—.X3

X206—eo x4 « <x1x2x3x4)¢3 , etc.

(Here the sub-index of Green function denotes the type of considered
potential.)

On one hand side, the connected diagrams are more elementary build-
ing blogs from which one can systematically generate more compli-
cated perturbative diagrams. On other side, we will see that for scat-
tering purposes in particle physics the connected diagrams are very
important tools. To this end we will in this section isolate connected
parts of Greens functions — the so-called connected Green functions. The
first step is to break down the Feynman diagrams (and hence Green
functions) into their connected parts.

Previously in Eq. (1.221) we have seen that the generating functional
for Green functions Z[J] can be expanded as

5 ZlJ] =« i" -
211 = Zi51 = nz_o = /W ]:1[ d*x J(x1) .. J () (xix2 ... xn), (1.333)

where

[ Dp(x1). .. p(xy)eSI9]

T Doeio (1.334)

(X1%0 ... Xp) =

Disconnected Green functions arise when {x1x . .. x,,) factorises into
(typically sum) of products of Green functions.

Let (x1x2...x,)¢ = 75 denote connected Green function with » fields.
A general Green function can be written as the sum of products of con-
nected Green functions. Suppose that (x1x; . .. x,) = 7, has n; factors
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of (x1)¢ = 7, np factors of (x1x2)¢ = 75, etc.

. C
0—@‘1’1‘ ::EDTZ

X1 R./C) = Z X nq : X np
X2 {ruc} o€
‘. l with constraint T ::QD TQC
X 2k kng=n
n

The number of ways of factorizing (x1x; ... x,,) in this fashion is the
same as the number of ways of partitioning n particles with n; boxes
with one particle each, ny boxes with two particles each etc.

n!
nm!lnplng! .. (1) QHm23)s | .

n!
n ! (1)mnp ! (2N)m2ng (3 ...

To understand this result, it is illuminating to go through the following
two examples.

Example 1: In how many ways can we arrange r; balls of color 1, r;
balls of color 2, ..., ri balls of color & in a sequence of length n := r; +
rp +...r? If we number the balls 1 to n, then there are n! arrangements.
Since we ignore the numbering, any permutation of the set of #; balls
of color i, 1 <i < k, produces the same arrangement. So the answer to
the question is the multinominal coefficient (71, - rk).

Example 2: We wish to split {1,2,...,n} into by subsets of size 1, b,
subsets of size 2, ..., by subsets of size k. Here Zle ib; = n. The same
argument as used in the previous example applies. Furthermore, the
subsets of the same cardinality can be permuted among themselves
without changing the configuration. So the solution is

n!

) . 1.335
bilby!. . bl (AP (21)b2 L (k!)bx ( )
We now multiply by J(x1)...J(x,) and integrate to get
/d4x1...d4an(x1)...J(xn) x1.’7<> = ><>i<>
X2 l J(
. : .
~————
n legs

= " (x—0)"(2 N 1336
B Z n1!n2!...( ) E@ ( )

{ne}

with constraint
2k kng=n

71
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Here we use the obvious symbolic notation

x—( / d4x J(x) XH( (1.337)
H / d*xJ(x) xH( (1.338)

and similarly for more legs.

Eq. (1.336) can be further rewritten as
n! m (1 "2
3 o= S| s (o) (370
() P ninp.... .

where the symbol §-function stands for corresponding Kronecker’s &
function. With this we can write

. ZlJ "

—————
n legs

e

I’l1! nz!

{n« }

Il
Q
%

o
=
=

(1.339)

|

n legs

l’l’l

= ZE/d‘*xl...d4x,,<x1,...,xn>CJ(x1)...J(xn). (1.340)

n=1

We should note here that it is often convenient to rescale W[J] as
WI[J] = iW[J] so that

Z[J] = exp (W[J]) . (1.341)

Since Z[J] = Z[J]/Z[0], we work with normalized generating func-
tional and hence no vacuum diagrams are present in Z[J] (nor in
(x1,...,x,) Vn)). This implies that W generates connected diagrams of
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non-vacuum type —- they have at least one external leg.

Relation to Characteristic Functions

In probability theory one introduces characteristic function for any
given (multinomial) probability density function p(x).

Characteristic function is defined as the Fourier transform of p(x),
i.e.
£iSle]

_ n.. itx 4 _ i/]
w0 = [ axepx) o 211= [ Dpe bt

where the last fraction is analogous to probability density function
p(x).
Characteristic function carries all information on moments and
correlations (if they exist), e.g.,

62

(x;, %) = W¢(t)

o (0 T[p(xi)e(x;)]10)
t=0

62

" e )

J=0

Generating function of cumulants is defined as
H®) = log o(t) = IOg]E (eitx) > W[]] = log Z[]] .

Analogy with probability theory will become even stronger when
we perform the so-called Euclidezation of the functional integral.

Some examples (W[J] in action)

Let us now show how the prescription
20 = "Vl = wlJ] = -ilog Z[J], (1.342)

allows to generate connected diagrams in perturbative analysis. To
this end we will consider the 2-point and 4-point Green functions in
A¢* theory.

We have, firstly
a4 ~ 5 (_ i 52[1]) 6 (_ i 52[/])
8J(x1)dJ(x2)  6J(x) \ Z[J]16J(x2)]  6J(x) \ Z[J]6J(x2)
_ i 6Z[J] 6Z[J] i 52Z[J] (1.343)

Z2[J]6J(x1) 6J(x2)  Z[J]6J(x1)6J(x2)

73
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This would not be true e.g. for g2¢° the-
ory.

When J =0,
—i §6Z[J] _ =isZ[J] [ Dy p(x)eiSH#]
Z[J] 6]()6) J=0 6.’()6) J=0 B /DgpeiS[ga]
_ {px)e Vel B ot
- (emVlely, {V[‘P] —ﬂ/d4xz} =0,

since (p(x)e"VI#l); is (when V¢! is expanded) the vacuum expecta-
tion of the time ordered product of odd number of free fields. Alter-
natively, this can be seen by changing ¢(x) to —¢(x) in the Feynman
functional integral.

Furthermore, from (1.343), one gets

2w 1 i6°Z ,
— = - = i{x1x2),
6J(x1)6J(x2) J=0 Z[J] 6J(x1)6J(x2) J=0

(1.344)

which shows that W generates the propagator (2-point Green function)
to any order in A. This could be expected, since the propagator has no
disconnected parts.

As already suggested, this would not be the case, e.g., for g¢> theory
where we have diagrams of the type

xe—0O O—ex2 or X1e— )OO O—ex (1.345)

The expansion, however, becomes less trivial when we consider the 4-
point connected Green function. To this end, we differentiate Eq. (1.343)
twice more and set J = 0 at the end. This gives

4
0J(x1)0J(x2)0J (x3)6J (x4)

J=0

B 52 [ i 6zlJ] 6ZlJ] i 6*Z[J]

B 6J(x4)6J(x3) | Z2[J] 6J(x1) 6J(x2)  Z 6J(x1)6J(x2) =0

6 [ 2 62 6z 6z i 8Z §Z

T 6J(xy) W 6J(x3) 6J(x1) 6J(x2) * Z2 6J(x3)0J(x1) 6J(x2)
i 6Z 527 i 6Z 527

T 72 67(01) 61(02)0 1 (x3) 22 57(x3) 67 (x1)0 ) (x2)

i 83z
Z (5.]()63)6]()61)6]()(2) J=0

i 8z 67 i 6*Z 6’7
T Z2 67 (x4)8J(x1) 6J(x2)6J(x3) — Z2 6J(x4)6J(x3) 6J(x1)6J(x2)

L 4 52z i 4
Z2 5.]()63)5.]()61) 5.]()64)(5.]()62) Z 5J(X4)5J(X3)5J(XQ)5J(X1) 7=0

= 1(x4x1)(x2x3) + i{xgx3) {x1x2) +i{x3x1){(Xgx2) — i{xgx3x2%1) . (1.346)

To see that this expression contains no disconnected diagrams, let us
check it to order A. From Eq. (1.305) we know that (using Feynman
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while

+
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A
(,x) = o——= —i e o (1.347)
X1 X2 2 X1 X2
X1 X X1 X X1 x
(vx2x3x4) = + I I + :><:
*——0
X3 X4 X3 X4 X3 X4

(X1x2x3x4)]

1

3

+

2

i

4

1 4
a0 1o? loi
?.—0+.—0+.—.

3 4 2 4 2 3

3Q4 2Q4 2@3
o o o

1 2 4 3 1 4

1 2

id V permutations of

— . (1.34

4! :>< " X1, ..., X4 (24 terms) (1.348)
3 4

.V permutations of | _ :>< . (1.349)

X1, ..., X4 (24 terms)

So, the disconnected pieces cancelled, and the only terms which sur-
vived are connected pieces, which form a topology of a cross.

We will discuss diagrammatics of the perturbation expansion more in
the chapter dedicated to renormalization. Let us now make one more
observation that will be relevant at the later stage.

Let us write the 2-point connected Green function up to order 4% in

In terms of W we would have the (con-
ventional) multiplicative coefficient —i1
instead of —A.



76

1 Quantum Field Theory 2

the A¢* theory. This reads (symmetry factors omitted)

(x1x0)¢ = = o +x'%;

X1 X2 X1 X2 2
+ 00, 4 (e + .&. . (1.350
X1 X2 X1 X2 X1 X2 ( )

The organization of the perturbation series is quite straightforward.
While W[J] generates connected diagram:s, it still contains diagrams
that are reducible to two connected diagrams upon cutting an internal
line, e.g.

00O, (1.351)

X1 I’ X2

is reducible upon cutting the internal propagator. Such diagrams are
called 1P (one particle) reducible. It is clear that 1P irreducible diagrams
are more fundamental building blocks of generic diagrams since we
can construct all the connected diagrams from them. We will study the
1PI (one particle irreducible) diagrams in connection with effective action
and renormalization. We will see their role also when discussing the
Kéllén-Lehmann spectral representation of 2-point Green functions.

Loop Expansion

The loop (or loopwise) perturbation expansion, i.e., the expansion
according to the increasing number of independent loops of connected
Green functions, may be identified with an expansion in powers of 7.
To show this, let us reinsert %. The best starting point is the functional-
integral representation of the generating functional Z[J]. In particular,
when 71 = 1 we know that

h=1

Z[J] = N/@tpeXp {i/d4x [£(90,0¢)+J¢>]}

izl / Z)tpexp{%S[ga]+i / d4xJ<p}, (1.352)

where N is normalization constant. On the dimensional ground we
had to divide the action S[¢] by 7. Note also that there is no 7 factor in
front of the [d*xJy term. This is because we require that

[ Deg(x1). .. o(xa) exp {£S[el}
[ Dy exp {£Slel}
_ (—i)16" [ Dy exp {L£S[e]+i[d*xTp}
§J(x1) . ..0J(xn) [ Dy exp {£Slel}

QITlen(x1) . .. e (x)]IQ) =

(1.353)

J=0

Eq. (1.352) implies [see also Eq. (1.249)] that

Z[J] = exp % / d*x Ly (—i%(x))] ZolJ]. (1.354)
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Here we have divided the Lagrangian into free (quadratic) and inter-
action parts, £ = Lo+ Ly,

i

ZlJ] = exp (—5 / d4xd4y1<x>A(x,y>J<y>), (1.355)

where the operator A(x, y) deduces from Ly = f d4yd4x%¢xA‘1(x, V)dy.
Since A7 (x, y) = —£6(x — y)(d +m?),, we immediately get that A(x, y)
hAF(x,y), and consequently

i

ZolJ] = exp ("E / d*xd*yJ(x)hAp(x, y)J(y)) ) (1.356)

Let us now count 7 in a typical Feynman graph. For any Feynman
diagram, each propagator comes from Zy[J] and is multiplied by 7.
However, each vertex, because it appears in the combination £L; /7,
is multiplied by a factor 77!. So, for an arbitraty Feynman graph,
the total 7 has power hE+1-V (E — external line, I — internal line, V —

vertex), which is (by Eulers theorem that states L = I — (V — 1)) equal
to hE_1+L.

In particular, for a fixed number of external legs (lines), i.e. for a given
Green function each loop contributes with one 7.

Note

The minimal values of 7 occures (with fixed E) for / =0and V =1,

e.g.
% ) (1.357)

resulting in €1, Simple propagator e——e does not count as it
does not have clear concept external-internal lines.

For vacuum bubble diagrams the minimum is reached with 1 vertex
and I = 2 (with one it does not provide vacuum diagram). Then
#'=V = n”"! =  meaning minimal contributions disappear in the
limit 7 — 0. This implies that vacuum diagrams are entirely of
quantum origin.

It is interesting to observe that in theories with a single coupling
constant (e.g., g‘g—?, /l%? etc.) the loopwise expansion coincides with
expansion according to powers of coupling constants. This is because
there exist in these cases auxiliary relations between V, i.e. number of

4
vertices (i.e., power of 4, g, ...) and L. Indeed, e.g. for 1% we have

4v = E+2]

{Euler form} = E+2(L +(V -1))
= 2V=E+2L-2

E
= V= 5 +L-1 (E is event for 904) . (1.358)

77
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For fixed E, power of 1 is dictated by number of loops.
Similarly for g‘g;? where one has
3V. = E+2[I=E+2(L+(V-1))
= V=E+2L-2. (1.359)

Again for fixed E, the total power of g is equal to g¥ ~ g? = (g2).

Hence, expansion in number of L is expansion in g2.

Note

Because our conclusions are valid because of the Euler formula
(which in turn holds only for planar graphs), they are valid only
for connected Feynman diagrams. In particular, they are not valid,
e.g. for

—(0O O (1.360)
diagram, where £ = 2,1 =2,V =2and L = 2, thus2 =L #

I-(V-1)=1).

Note

All loops disappear in the limit # — 0. Diagrams that do not
disappear in this limit are known as tree or Born diagrams, e.g.

>_< (1.361)

Beyond simple scalar fields

For a scalar field multiplet we have the generating functional

. . 4
f[ " D, oiSIP1pnl+i [ d*x Ty T () (x)

Z[Jl, J2, . ;Jn] = /[ :.lzl Z)¢r] ei5[¢1""’¢”]

. (1.362)

In particular, for n = 2 it is conventional to introduce a complex field

¢ = % (p1+i¢2) and ¢* = % (P1—id2) , (1.363)

which allows us to write
S[¢l/ ¢2] - S[‘Pz 90*] s

Z[J, J* fD¢D¢*eis[¢"p*]+ifd4X(J*<p+J</>*)
s [ DeDy*eisSlen’]

(1.364)

Objects of interest are again Green functions. In order to be able to
do perturbative calculus we need to identify first the corresponding
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propagators. As before, propagators follow from the term in the action
that is quadratic in the fields.

n

Ston, a1 =D 2 / dx{or(0) |- (O+m2)| gr + L1618},
=1

St = [ dx o[- (@end) e+ Lo} 369)

Thus,

B N P
ZU] = exp [’/,e4"x£’( Shx) ‘mm)]

X exp (—% / d4xd4yZJ,(x)iA;(x, y)J,(x)), (1.366)
r=1

where

[A7(x, )] " = —s(x—y) (D + mf)x . (1.367)

Note

We recall that / [A%R(x,2)] - An(z,y)d*z = 6(x—y),

& ([O+md)Ap(x,y) = —6(x-y).

So, perturbation expansion of, e.g.,

QIT[Pr1(x1)¢H2(x2) - . . Grn(xn)] ) , (1.368)

consist of diagrams constructed from various typologically distinct
vertices.

——
L= A 42 )2 (1 Figure 1.13: n external legs should be
! 2!2!¢1( )¢2( ) joined with vertices prescribed by the

2
X
interaction Lagrangian L;. For illustra-

Zy
2 ..
' v tive purposes we sub-divided the vertex
n = — ﬁ oi(z) ¢2; (x) point (should be a single point!) into sub-
- vertices of the same field type.
x”,

1
1 Lo

Note

There are no propagators of the type (0| T[¢1(x)¢2(y)]|0) in the
Feynman diagrams. In fact these would-be propagators are zero,
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We note here that
01 T[e(x)e(y)] 10)

= (0| T¢" (x)"(»)]10) = 0.

because

OIT[¢1(x)p2()110) o (Ol ar(p)aj()[0) = O
or (0lax(p)aj(q)|0) = 0. (1.369)
Situation with complex fields is a bit more complicated. Let us recall

that complex fields are convenient if the theory is invariant under
phase transformations. For instance, the Lagrangian

pl
L=10"l* - m?lpl* - 7 1ol (1.370)

is invariant under ¢ — ¢’ = ¢/®¢ with @ being an arbitrary parameter.
In these cases

ZIJ,J] = exp

: 4 .0 )
l /m 4l (_’ 57 (x) ' 6I(x) )]
X exp (—/d4xd4yJ*(x)iAF(x,y)J(y)) , (1.371)

where Ar(x, y) now corresponds to

OIT[e(x)¢"(y)110) % 01 T[p1(x)¢1(»)]10) + % (O1 T[g2(x)¢2(¥)] 10)

d* —ip(x=y)
= (27:))4 p;_ P (1.372)

From this follows that

(I Te(x)¢"(»)110) OIT[e(y)" @(x)110) = (Ol Te(y)¢" (x)] 0)

= (0IT[¢" (x)e(]10) , (1.373)

is the same propagator as for real scalar field. Corresponding full
Green functions are obtained from Z[J, J*] as before, e.g.
2

57 ) L]

QI T[pn (1)@l (x2)]1Q) = (=i)? . (1.374)

First, to order 1 we have

*] _'3 4 —.4 62 6—2
Z[J,J]—[l 14/d x(—i) 5T ()2 5J(x)2

e[ TiART - (1.375)

To order of 1°, we have just the free particle generating functional. To
order 1 we can write

J ex
6J(2) P

[—i / d4Xd4yJ*(x)AF(x/)’)J(Y)}

= / d*xJ*(x)Ap(x, 2) exp

—i / d*xd*yAp(x, y)J*(x)J()| . (1.376)
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Then the corresponding second variation 62/6J(z)? needed in (1.375)
is

o

57 Ea (1376)

2
= [—i / d*xJ* (x0)Ar(x, z)] e[ AV ARG (1.377)
Analogously, by taking variation wrt. J*(z) we get

o

57+ Ea (1377)]

-7 [_i / Ul (IAF(, z)] [~iAp()] ™/ ArY

+

2
—i / d4xJ*(x)AF(x,z)] [—i / d*yAr(z, y)J(y)] e[ BRI (1.378)

And finally, the last variation wrt. J*(z) provides

6—2[Eq. (1.377)]

8J*(2)?
= “2[Ap(O)F /70

- 2 [ der 8e(x, AR D) [ dyI)8e e
-2 [/ d4x]*(X)AF(X,Z)] AF(O)(_,-)/ dyAp(z, ) (y)e ! Br

+

2 2
—i/d4xj*(x)AF(x,z)] [—i/d4yAF(z,y)J(y)] e_'J*AFJ.(1.379)

This result can be graphically represented (recalling Feynman rules)
as
s\ s\
—| | == —i [ J'ApJ
(7 (] ol [ 7o

R R

Arrow in the propagator indicates that the propagator is oriented in
the sense that the endpoints of the propagator line refer to independent
(different) fields ¢ and ¢*. Combinatorial factors 2 and 4 are simple
result of symmetry considerations.

Standard convention

The standard convention is that incoming arrows refer to ¢ and

81
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The combinatorial factor 1/2!, 1/3!, etc.
are only conventional and often are omit-
ted.

outgoing ones to ¢, i.e.

H—; = i/d4xJ(x)Ap(x, z)

- / d*xJ(x) (0] T[¢" ()] 0y (1.381)

As we said, a formulation in terms of complex fields (rather than real
ones) is useful if the theory is invariant under phase transformation,
ie. ¢ > ¢’ = €. In that case, every (full) Green function must
contain an equal number of ¢ and ¢~ fields (otherwise it is zero) since
in L;(g, ¢*) must be for each field ¢ also field ¢*. So, each vertex has an
equal number of incoming and outgoing lines. In forming diagrams,
the lines can be only joined if their orientation arrows match. The
orientation often corresponds to the flow of electric charge, obviously,
charge will be conserved if the number of incoming and outgoing
arrows is the same at each vertex.

1.11 Functional Integral for Fermions

In canonical quantization [, ] — {, } for fermions. This will bring vari-
ous signs modifications into Wick’s theorem. As in the boson case, we
can derive a generating relation for Wick’s theorem that will serve as
a basis for corresponding functional integral treatment. The simplest
passage to a generator for fermionic Wick’s theorem and ensuing Feyn-
man functional integral is via Grassman variables and Berezin calculus.

1.12 Grassmann variables

Grassmann variables are a set of anticommuting symbols. Name “vari-
able” is really misnomer, as Grassman variables are not really variables.
Nevertheless, terminology “Grassmann variables” is standardly used,
and so we stick to it also in this lecture. Suppose there are n Grassmann
variables. We denote them as 6;. The only properties we require is that
they are linearly independent and that

0:0, + 0,6, =0 = 6> =0. (1.382)

So, 6; are nilpotent. We combine 6; with a coefficient field (either R or
C) and form the algebra A, consisting of all sums of products of 6;. A
typical element of A, has the form

1 1
p(61,02,...,0,) = po+pib; + EP,‘jQ[@j + §pijk9,-9j0k +---, (1.383)

where p;ji... are elements of the coefficient field. We assume that they
are antisymmetric under exchange of pairs of indices. The expansion
in (1.383) clearly terminates at the (n + 1)-th term due to 91.2 =0.



Elements containing only terms with an even number of 6; factors
commute with all elements of the algebra and are called even or bosonic
elements. Those with odd numbers of 6; anticommute with one an-
other, and are known as odd or fermionic. In physics context, we will
find ourselves only adding even elements to even elements and odd el-
ements to odd elements, but this is not a mathematical requirement.

One can also mix Grassmann variables with usual variables (say x)
within one function. In such as cases, a generic element of the algebra
(say algebra A;) will be of the form

p(x,0) = po(x) + p1(x)f. (1.384)

Integrals over Grassmann variables were introduced by Berezin in
1966.

Motivation: One of the features we would like to incorporate is ana-
logue of the fact, that the integral over space is transitionally invariant,
ie.

/dx¢(x) = /a’x¢(x+c). (1.385)
R R

We define the “integral” as a linear functional taking the elements of
the algebra to elements of the coefficient field and satisfying (n = 1)

/ d6p(x, 9)

/ 48 [polx) + p1(x)6]

/ df [po(x) + p1(x)(6 + )] , (1.386)
where « is a constant. Let us define Iy = f do, I = / dog, then

/ dop(x,0) = / d0po(x) + / d00py(x) = Topo(x) + Lpy(x)

(po+ap)lo+hip:. (1.387)

Thus we see that this is satisfies if we chose Iy = 0 and I; = 1. This, in
turn, provides the following unorthodox definition:

/ 6 = 0, / 466 = 1. (1.388)

The choice I; = 1 is only conventional (could by, in principle, any
number). Number 1 is chosen so that the integral over Grassmann
variables behaves as a derivative

d
/ do = 2. (1.389)

For more variables we can use the prescription (1.383). By again requir-
ing

/dgip(xlgll"'lgn) = /dgip(-x,gl,...,ei+Q,...,0n), (1390)

1.12 Grassmann variables
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we get

/d@[ =0, /d9i0,~ =1, /d9i9j=0, for i # J- (1391)

Again, we might notice that our convention implies

0
/ db; = oo (1.392)

For example

0 0
/d92d91(9291) = ( 9291)

962 \ 96,
o 0
= 6_926_91(_0181)
0
= ——F@, = 1. 1.393
26,2 (1.393)

The same result can be achieved if we prescribe that

a 0 9 0
(9_91% = _8_9j0_6,-' (1.394)
and
d61d6; = —dbrdb . (1.395)
Another example would be
/d@zdelf(x;el,é’z) = /d92d91 (a+b,-9i + %csin,-@j)
= c/d@zdé?l (%0162—%0201)
= c/d92d919291 = c(x). (1.396)

One can also define analogue of Dirac’s é-function. In fact, by analogy
with classical calculus we want

/ d05(6)f(x,0) = f(x,0),

/d@d(@) [Hox)+ AX)E] = fo(x). (1.397)

This implies that we can choose §(¢) = 6. Note that for this repre-
sentation of §-function holds also other consistency conditions, e.g.
85() = 6% = 0 (analogue of x§(x) = 0) or more generally f(6)5(6) =
(Jo+ /10)6(6) = fo0 = f(0)6(6).

Also, note that the only term that will survive in the integral f dé:...do,
will be the one with n 6’s (all other terms will not have enough 6’s or



too much ’s to survive integration). So, that

/dﬁn...d91p(x,01,...,9n)

/d@n . d@l [[)0 +Pi9i +Pij9i9j + - +Pi1,..i,, 91'1 . 91'"]
= Eiiy...inPivia...in

n'p1o. - (1.398)

Here ¢;,,...i, is the permutation symbol (the Levi-Civita symbol). If we
now change variable of integration according to

9,’ = ainj, (1399)

then

/ db, ...do1p(x,0) = / db, ...do1p(x,0)(?), (1.400)

where (?) denotes an analog of Jacobian that we would like to ind out.

We can see that

plx,6(6)) po(x) + - +nlp1_pati ... ani, 015, - - - 0,

po(x)+---+nlp;. ,det(a)d1...6,

po(x)+---+nlp1 n&i..i,01...0,. (1.401)

Consequently, we can write
/ db, ...do1p(x,00)) = n'pi_,det(a). (1.402)
On the other hand, from (1.401)
/ db, ...dop(x,0) = nlp1_,, (1.403)
so that (?) = [det(a)]"!, or in other words
/ db, ...do p(x,0) = / do, ...do1p(x,0(0)) [det(a)]™' . (1.404)

Consequently, we have the following relation for differentials

db,...do, = [det(@)] ' db,...do
a@y,...,001"

= det|—22 1 4g,...do,, 1.405

¢ [a(al,...,an)] 1 (1.405)

which is different than expected form of Jacobian — it is inverse of the
Jacobian.

1.12 Grassmann variables
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If A is a n x n antisymmetric matrix then
detA = det(-4)T = (-1)" detAT .

So, if n is odd, the determinant vanishes.
Hence, all odd dimension antisymmetric
matrices are singular (not invertible) as
their determinants are always zero. The
even-dimensional case is more interest-
ing. It turns out that the determinant of
A for n even is always positive [cf. (1.409)-
(1.410).]

1.13 Gaussian Integrals over Grassmann
Variables

We wish to compute
Lor
db, ...d61exp 50 AQ] . (1.406)

Here we consider that n is even and that the matrix A is antisymmetric
(or skew-symmetric). Specifically, for the case n = 2 we have

19T 1 1
/d92d91€20 40 = /d92d916291A1292+292A1291

/ do,do, A9

/d02d91 [1 + A129192]

= Ap = VdetA = PfA. (1.407)

Vdet A is well defined for both A;; > 0 and A1 < 0. PfA is called
Pfaffian. For any antisymmetric (skew symmetric) matrix we have

(PfA)? = detA. (1.408)

For general n we first recall that for each real antisymmetric matrix A
there exists unitary transformation U such that

UAU' = A,. (1.409)

Here A, is matrix in a block diagonal Jacobi form

0 1
a(_1 0) 0 ... 0

- 0 1
Ay = : b(_l 0) (1.410)

0 0
If nis even (our case) a, b, . . . are real and positive definite. Define now

matrix

+q7 12 0
0 +a V2 0

T=| : +bh71/2 ) (1.411)



1.13 Gaussian Integrals over Grassmann Variables

Note that det(T ‘1) = Vdet A and, in addition

T (UAU"‘) T =TA,T

Let us now introduce new Grassmann variable

0= (r7v)e.
Then
exp(%ﬂTAG) = exp(%aTUTT—lAST—luo)
1.7~
= exp (50 A 0)
This implies that
17
df, - - - dbfy exp 50 A0
~ ~ 1.7~ -
- / db, - df; det (T—lU) exp(EGTASH) :
Note that
det (T1U) = det(T™!)detU = Vdetd = Pfa.
Because

ool e )

=/d9~2d9~1 (1 + 9~19~2) =1,

we can generally write

/dén -~ dfy exp (%éTﬁsé)

s d9~1 exp (9152 + 5394 +--+ én—lén)

/dé,,
/dén-
1.

-+ dy exp (610>) exp (9304) - - - exp (0n-10,)

(1.412)

(1.413)

(1.414)

(1.415)

(1.416)

(1.417)

(1.418)
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Involution 67 is often also denoted as ;.

So, when we finally collect all our results we get
/ d6, . .. d6y exp (0TA0) = VdetA = PfA. (1.419)

To be able to treat Dirac (charged) fermions we double the number
of generators in the algebra and define an involution that takes an
element 6; to an associated element 67, inverts the orders of products,
and takes the complex conjugation of coefficients. The term “involu-
tion” means that if we perform the mapping twice, we get back the
original element, i.e. (97)* = 6;. Despite the similarity of this procedure
to the operation of Hermitian conjugation, the variable 6} should be
regarded as being an object quite independent of ;. This means that
{6;} and {6} are distinct sets of Grassmann variables.

Following the rules above, we have
/ dodo*e? 0 = / dode* (1+6*ab) = a. (1.420)

The exponential series terminated after the second term because 6% =
(02 =0.

Gaussian Integrals with Complex Grassmann Variables

Let us use the notation

N
[d0][d6"] = ]_[daidaj. (1.421)
i=1
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We wish to compute
/ [d6] [do7] e Aisi

= / [d6] [d6] [%(H?Aijgj)lv

:/[dﬁ] [d67] [%N!Gfmi]@il@;z‘\ziz@iz"'vaANiNQiN

= / [dO][dO"] Avi, Aziy -+ Aniy 6076i,650, - - - Oy 0iy

- / [d0][d07] Ayi, Ay - Aning 005 -+ Oy 0, « - - 0y, (=1)1 735+

_ / [d6] [d6"] A1, Agiy -+ ANiy 91“9; . 9;‘\]91 o ONEL iy (_1)1+3+5+...

=/[d9] [dO"] A1j, Adiy - - - ANiy Ei, iy 010105602 - - O On

N
= / (l—[ d9id9f9f9i) A1, A2iy - ANin Eiy i
i=1

detA

=1

= detA. (1.422)

An essential point is that the determinant appears in the numerator (!!),
rather than in the denominator (as one could naively expect).

To complete the analogy with Gaussian/Fresnelian integration, we
should define and evaluate integrals of the form

/ [d6] e20Aii0i+mibi (1.423)

To do this, we must embed the original Grassmann algebra in a larger
one, where the vectors 5 form a set of elements that anticommute
with each other and with 6;. They serve as “constants” that will not be
integrated over (i.e., no integral of type [ dn;, but [ dé;n; =0 Vi, j). To
evaluate the integral we must complete the square in the exponent and
shift the variable of integration. Despite of no “domain of integration”
in Berezin integration we know that

/ dog = 1 = / doo +1). (1.424)

So, the integral is by construction invariant under shifts. The same
holds true for the general shift 6; — 6; + ;. By using the fact that the
inverse of an antisymmetric matrix is also antisymmetric matrix one

717; here is an analogue of Schwinger’s
source.
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can write

/ [d6] 0 20i4ij6;+1:6;

1 -1 -1 1 1
/[de]ef(el-—A,.knk)A,-,-(9;—A_,,m)+§nkAk,m

1 1 -1
/[d@] e§9iAij9je§77kAk,7h

(PEA) 2™ AWM = \detA ™A (1.425)

This is exactly the same result we obtained for real Gaussian integral
— except that the determinant is now in the numerator rather than
denominator.

As an exercise, prove that

/ [d6] [d6"] &% A0 Onvmi0r — (det A)e A (1.426)

Measure definitions

Sometimes the measure (1.421) is defined differently, e.g.

/[de] [d9*]=/1_[d9i1_[d9;‘ =/d91...d9Nde;...d9;:,.

This brings about an extra sign (—1)"*~V/2 in comparison with our
definition of the measure given by Eq. (1.421).

We agian stress that * denotes here invo-

lution and not complex conjugation.
Now, we make transition from discrete-index Grasmann variables
6; and 6; (= 6;) to two sets of continuous-index Grassmann variables
Yo(x)and Yp(x) = zp;(x). We further introduce two Grassmann sources
no(x) and 7jg(x) and define the generating functional

Zn, 7] = N/Dwﬂlﬁeifd%[io(lﬁ/lﬁ)+ﬁlﬁ+¢71}], (1.427)
where
Lo = Gy 8, —my, (1.428)
and
N 4
DYDY = lim (]_1[ 1_! Ao (x1)dFa (x7) | (1.429)

Let us now compute Z[z, 7] by using the same analysis as for discrete
Grassmann variables 6; and 6}, i.e.

In expressions 7(z)A"1(z,x) and Z[I], ﬁ]
ANy, 2)n(z) the integration over z is
tacitly assumed.

N / Dy Dot | a8y d=mpw)] + i [ dxtuvim)

N / DY D ¢l ] A ) A (00) A7 3.2m(2)

x o~ [drxd*y[()AT (xyn()] | (1.430)
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Recalling that (id — m)Sr(x,y) = §(x — y) we get [cf. Eq. (1.426)]

Z[n, 7] = N det(id — m) ¢7' [ 4 xdy1(ISe oyt (1.431)
— e
Z[0,0]

To obtain a free particle Green function we should compute

6 6 Znmnl
on7(x) on(y) Z[0,0]

0 6
on(x) on(y)

n=1=0

(—i d4X1d4X2T7(X1)SF(X1,X2)77(x2))

= 677(2)()% (—i/d4X1d4X277(x2)5F(x2,X1)77(x1))

= —iSp(y,x) = iSr(x,y). (1.432)

Antisymmetry of Fermion Propagator

From definitions of time-ordered products:

T [ba(Wip()] = 6(tx = ty)a()Wp(y) = 0(ty = £:)p(Y)alx),
T [Fp(nWa(0)] = 6(ty = )0 Wa(x) = O(tx =ty Wra (Wp(y) -
This implies that
T [Wa@is()] = ~T [Gp(0Walx)] , (1.433)

and hence for propagator we get that

{SF(x, M}ap = —{SF(y, )}pga - (1.434)

1.14 Wick Theorem for Dirac Fermions

In order to formulate Wick’s theorem for Fermion fields we introduce
anticommuting sources 77 and n for ¢ and . These sources anticom-
mute among themselves as well as with ¢ and § (so that 7y and ¢¥n
are bosonic quantities that can enter in action). With the help of  and
77 we can write

Here N contains both i factors and
prospective — signs resulting from the
choice of functional integral measure. .

Note that the sources are Grassmann
variables while now ¢ and ¥ are con-
sidered to be operators.
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[7() (x), g (y)n(y)]
= ¢ () [P (), n()] + [P (x), ¥ ()] n(y)
= (A {Y(x),n()} = &) {a(x),n(y)} ¥ (x)

=0 =0
+ 7)) {g (), g (M n(y) — {7, ¢} g (m(y). (1.435)
N———

=0

So, [7(x)y(x), ¢ (y)n(y)] = 71(x) {¢(x), ¥ ()} n(y). We now introduce the
source Lagrangian

Ls(x) = ()Y (x) + g(x)n(x). (1.436)

Note that [Lg(x), Ls(y)] is a c-number and hence it commutes with
Ls(z), indeed

[Ls(x), Ls(Y)]

(70O (x), G ()] + (7)Y (x), g (y)n(y)]
+ [ (x)n(x), 7y ()] + [¥(x)nx), ¥ (y)n(y)]
= =) {y(x), ¥ ()} 7(y) +7(x) {¥(x), ¥ ()} n(y)

———
=0

+ 1) {(x), g (0} 1) = () {&(x), ¥ (3)} (y)
————
=0

= c¢—number. (1.437)

Thus indeed [Ls(z), [Ls(x), Ls(¥)]] = 0.

To prove Wick’s theorem for fermion field we will follow the same
strategy we employed when dealing with scalar field. In particular, we
will show that

T [exp (z’ / d*x [ (x) + zﬁ(x)n(x)])]
=:exp (i / d*x [0w(x) + &(x)n(x)]) :

X exp (— / d*xd*y 7(x) (O T[y(x)i(y)]10) n(y))- (1.438)

Since [Ls(z), [Ls(x), Ls(y)]] = 0, we can use our strategy from Chap-
ter 1.5 and substitute instead of —J(x)¢(x) the source term 7(x)¥(x) +
J(x)n(x). By employing the Baker—Campbell-Hausdorff formula we
can write

T

exp (i / d*x [ (x) + tﬁ(x)n(x)])] = o dxLs)

xexp =3 [ sty B AW, FOMO) + 10O
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In the second step we split ¢ and ¥ to positive and negative frequency
parts and write

o BxLs) _ i [ d [0 ) + FO@n) + (4) = ()] (1.439)

With the help of the BCH formula eA*8+1[AB] = ¢ApB o oAB

eAeBe=2[AB] we can rewrite (1.439) as

eifd“xls(x)
— eifd4x[77(x)w(’)(x) + PO (x)m ()]
X ei/d4x[77(x)z//(+)(x) + PO (x)m(x)]

x et [ d*xd*y[aCw 00 + §OGmE), x » y and () = ] (1 440)

Plugging this results back we obtain

T[exp (i / d4x.£5(x))] =:exp (i / d4xL5(x)) ced, (1.441)

where
A= 5 [ sty {25700, £570)] - o0 - 30 L2500, L1}

Since the integrand is a c-number, it can be evaluated via its vacuum
expectation value, i.e.

O [ £9), £§0)| = 830 = y0) [ L), Ls(2)110)

= —(01 L5 (0) L () 10) = 6(x0 — y0) (O] Ls(x)Ls(y) 10)
+6(x0 — y0) (0] Ls(y)Ls(x) |0)
= —1-(0| Ls(y)Ls(x)|0) - 6(x0 - y0) (O] Ls(x)Ls(y) |0)

—_——
0(xo—yo) + 6(yo—x0)

+60(x0 = y0) (0] Ls(y)Ls(x) [0)
—6(yo — x0) (0] Ls(y)Ls(x) [0) = 6(x0 — yo) (0] Ls(x) Ls(y) 10)
—(OIT[Ls(x)Ls(»]]0) - (1.442)

Note that terms of the type (0| 7[¢(x)n(x)¥(y)n(y)]|10) = 0O, since ¥
contain only a' and b and there is no way how the product y¢ could
survive vacuum expectation value. So, the only surviving parts are

OIT[Ls(x)Ls(y)]10)

OI T (I ()a(y)w(y)]10)

+ (01 7[R (x)d (y)n(y)] 10)

= () O T[Ty (x)y (»)]10) 7(y)

+7(x) O T (g (NT0) n(y).  (1.443)
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By noting that T [y (x)¥s(y)| = —T [#5(y)¥a(x)] we have that
OIT[Ls(®)LsNTI0) = 7(x) O T[¢(x)d(»)]110) n(y)
+ () O Ty (M ()]10) n(x) . (1.444)
This consequently implies that

A= - / d*xd*y 7i(x) O T[y () ()]10) () - (1.445)

=iSF(x,y)

If we now take the vacuum expectation value of the Wick theorem
generating identity (1.438), we obtain

o [exp (,- [ atctaw + lﬁ(x)n(X)])] 0)

= exp (— // d*xd*y7i(x) (O] T[w (x)d (»)] 10) n(y)). (1.446)

This again allows to obtain relation between (0| T[yy ...y ... ] |0)
and two point Green functions (0| T[¢]|0). In particular, we see that
the n-point (free field) Green function must have equal number of ¢’s
and i’s, so that n must be even.

Working with the fermionic Wick’s theorem is analogous to the situa-
tion with scalar fields. Let us, for instance, twice functionally differen-
tiate the LHS of (1.446). This yields

5 5 o ]
—i i i [ d*z[7()(2)+(2)n(2)]
( ’6ﬁ(x>) (’6n(y>) I [t/ 17 1}10)

1,7=0

_ 6 ©O|T [_id—’(y)ei[d4z[17(z)¢(z)+¢(z)n(1)]] |0)

o7(x) 1,77=0
= (O T [(=ig(Y)(=igg(x))] 10y = = OI T [ (y)r(x)]10)
= (OIT [y (x)g(»]10) , (1.447)

When the same differentiation is performed on the RHS of (1.446) we
get

(_i J )(, J )e— [ d*z1d*z ) OIT ()0 2)]0(2)
oip(x)) \ on(y)
5 6

&77(x) on(y)

1,i7=0

[—/d4Z1d4zz 7(z1) {0 Ty (z1)¥(22)]10) U(Zz)]

% / d*2i(z) O T (1) B ()] 0)

= O[Ty () (y)]10) - (1.448)

Let us also notice that successive differentiation over the source fields
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on the LHS gives
n 5 n \
—i i [ d*zly+gm)
L ( s [ ( 6n(y,)) or| [0,
= OIT [¥(x1)... ¥ (x ) (y1) ... ¥ (ya)]10) . (1.449)

As an exercise, we now show that

(OIT [ (e ) (2)uf (x3) (x4)] 10)
= = {OIT [y (x1)y(x3)]10) €O T [ (x2)(x4)] 10)
+ (O T [¢ (1) (x4)]10) COI T [y (x2) (x3)] [0) . (1.450)

To see this, we 4 times functionally differentiate the RHS of (1.446),
namely

(=)o (=i)d ][
07(x1) 677(x2) | | 6m(x3) 577(x4)

] — [ dhxdty A0 T T F)0)7()
17,7=0

d*x77(x) (01 T [y (x) (x4)] 0)

5TI(X1) 57]()62) 577()63) /

x &= Aty A OO0
1,i7=0

_ 6 6 N [ s 7
= 5,7()@[ / d4x7(x) O T [ (x)F (x2)] 0)

x / d*x77(x) O T [¥ (x5 (x3)] [0)

% e/ d4xd4y17(X)<0|T[w(X)l/7(y)]\0>77(y)]

n,/7=0

_L [— O T [¢(x2)eh (x4)] |0>/d4xﬁ(x) O T [y (x)(x3)]10)
017(x1)

w ¢~ ] d*xd*y() OIT [0 R()
+ / d*x77(x) 01 T [ (x) (x4)]10) 01 T [y (x2) (x3)] 10)

s o= [ dxdyT OTWEONII) | . ”
1,177=0

= OIT [¢ (x1)d(x3)] 10) €O T [ (o2 (x4)] [0)
+ (01T [¢ (x1)d (xa)]10) (O T [ (x2) (x3)] [0) - (1.451)

This coincides with the assertion (1.450). The minus sign is clearly
associated with the odd permutation 1234 — 1324 while the plus sign
with the even permutation 1234 — 1423. Analogous statement holds
also for higher-order Green functions.
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More generally, one can write

OIT[[Fly, ¥110)

= |l i O] Sty omuerolone| (1459
677 577 n,7=0

where F is a function (or functional) of Dirac field operators.

In order to compute the vacuum expectation value of the time ordered
product of Dirac fields in Heisenberg picture, we can follow the same
strategy as for scalar fields. It is not difficult to see that we can write

QITlYu(x1) . a1 - ()] Q)

_ O ) Y)F ) . G m)e' S T 41110)
(O 7[e/ 417 o)

(1.453)

This is the Gell-Mann—Low formula for Dirac fields. The actual reason
why the aforestated form emulates the form (1.218) for scalar fields is
because the basic logical steps that went into the derivation of (1.218)
do not depend on spin.

Now, we note that for free fields we can write
OIT[W(x1) . .. 5 (ym)e' [ S5 417|0)

e I )
o\ omCx) ) S\ en(yy)

L

x e i [ d*xd*yi(x)SF (xy)n(y)

(1.454)

1,7=0

This can be equivalently rewritten as

OIT[Y(x1) ... Fy)e [ 45 L1]10)

T
077(x;) on(y;)

i=1 j=1

x z71[0,0] / Dy DSl s i

17,177=0

z7'(0,0] / DYDIY(x1) ... F(yn)e WIS

2710,0) [ DuDIu(x).... 6. (1.455)
Here S|y, ] is a full action. With this we can write

QITWrH(x1) ...y (yn)] 1)

[ DYDY(x). . (ya)e S
B Z[0,0]10|T [eiSl [W] |0)

(1.456)
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In particular, for n = 0 we get

f DL&D(/?e"S[“’"&]

L= Q) = o AT

(1.457)

With this we finally arrive at functional-integral representation of the
2n-point Green function for Dirac fields

QITlYr(x) . ()] Q)

[ DYD(x). . Gly) e SV
) [ DyDgeisvil :

(1.458)

Yukawa Interaction

In cases when only scalars and spin-1/2 fermions are present in the
theory, or when we are interested only in scalar-fermion sector of a
theory (e.g., when describing pion-nucleon scattering) the Lagrangian
has the generic form

L = -EO +-£int
_ _ 1 1 _
= UV O + My + 50" 40, ~ §m2¢2 + Line(, 0, ¢) . (1.459)

Here both ¢ and ¢ might be generally field multiplets. A particular
form of L;;; is the so-called Yukawa interaction, which appears in two
versions:

a) when ¢ is a parity even scalar then

Lyine = —g¥oy, (1.460)

b) when ¢ is a parity odd scalar (i.e., pseudoscalar) then
Lyim = —ighy ¢y (1.461)

(Here i ensures that Ly ;,; is Hermitian).

Note

For real pion-nucleon interaction the Yukawa interaction term is a
bit more complicated, because both nucleons and pions are field

multiplets:
+

n
w=(wp), and ¢ > ¢ =|n"
Yn 7T0

Besides, Higgs scalar field (in Standar Model of particle physics it
is a complex scalar doublet) is also coupled to quarks and leptons via
Yukawa interaction.

In order to quantize such systems via functional integrals, we first
write generating functional (we consider for simplicity only one, parity
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even scalar field and one Dirac fermion)

Z[n,1q,J]
. .0 .0 )
P (l /]R Lin [” o0 () 6J(x)])

x O|T [ei/]M d‘*x[J(X)n(X)+ﬁ(x)w(X)+¢(x)J(X)J] 10)

. .0 .0 )
P (l /]R Lin [” O 6J<x)])

% N / DlﬁDlZl eng[l,lr,Jf] + ifd4x17w + ifd4x¢777

% /D¢ei50[¢]+ifd4x1¢

N/D{ﬁ@lﬁf)d)eisw"p"’” +ifd*xqy +if d*xgn +if d*xJ¢ . (1.462)
Here

- - 1 1 -
St ¥, 4] = / dx | g (id = M) g+ 50,994 ¢ — Sm* ¢ — gddup |

Here M and m are masses of fermion and scalar particle, respectively.
We can get rid of the factor N by working directly with the generating
functional for Green functions

Z[n,7q,J]

210,001 (1.463)

Zn, i, J] =
For this we get

5 . / Z)wz)lpz)gbeiS[«//,«Z,q)]H/ d4x77¢+i/ d4xzﬁn+i/ d*xJ ¢
[T]/U/ ]_ fDlﬂDlﬁDqﬁelS[w"ﬁ'(p]

(1.464)

By having Z[n, 7, J], we can generate the mixed full Green function in
a standard way, for instance

QIT [ (x1) - .. ¢ ()Wu(1) - . ¥ (@m)] Q)

ST Y o (R Y & R
=11 (" 6J<xl->) L] (" 6ﬁ(yl>) L (l 6n(zj>) 200N

=1 J=1
[ DUDIDG(x1) . (1) - () €S (1.465)
= / Z)wz)lpz)qjeié’[l&,lzfﬂﬁ] ‘ .

Feynman Rules for Yukawa Interaction

In the position space we can formulate Feynman rules as we did for
scalar fields. Lines (i.e. propagators) are deduced from quadratic parts
of the action (propagators correspond to the inverse of the integral ker-
nel), while the vertices are implied by the interaction term. So, Feynman
rules read:
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» Draw all topologically distinct diagrams for given n-point Green
function with n external legs for order g use m vertices.
» A line between points x and y can be either bosonic
_ d*p ie7iP(x-)
x y Q)i p2-m?+is

) (1.466)

or fermionic

d*p ie7iPxY)

X y Qr)ytp-m+ic’

(1.467)

Arrow Orientation

The orientation of the arrow is just a convention. Since

_ —ipx T ipx
U o= Z [ap,,luplﬂe P +bp’lvp,,1ep ] ,
p.A
T = —ipx To= ipx
U = Z [bp,,lvp,le +a, jiip, e ] .

pA

For xg > yp we have that

OITTwF0Y = D (0l apa a,, [0y,
pA T — —
Nx Ny

which describes a particle created at y and annihilated at x and
particle, hence charge of a particle flows from y to x.

For xp < yp we have

OITwFWN0Y = D (0] bpa B, [0y,
pA S~ ——
Ny ~ox

terms which describe antiparticle created at x and annihilated at y,
hence charge of an antiparticle flows from x to y, which is equivalent
to saying that charge of a particle flows from y to x.

» A vertex with 3 lines is represented by

~ —ig / d*x- -, (1.468)
X

or

~ +gy° / d*x--- . (1.469)

X

» Introduce symmetry factors where necessary.
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It is quite instructive to see explicitly that the rule for pseudoscalar

~ +gy’ / dix--, (1.470)

is correct (i.e., correctly factor i is absent and the overall sign is +).

This can be directly seen from the fact that in the functional integral we
have the action multiplied by i and the interaction term in the action
comes with the factor —ig , so the overall factor in the vertex in Feyn-
man diagram should be i - (—i)g = +g. This can also be independently
checked by computing an appropriate 3-point Green function in a tree
approximation. In particular, let us consider the generating functional

o, i s & s
Zing, ) = &Sl me i sel g mz. @4

The connected 3-point function at tree level is given by the term

i(_ig)/ &' (i 5;,(2;6)) v (‘i 5,7(zx)) (—i %(x)) Zoln, MZo[J]. (1.472)
Given that
ZolJ] = e i/dmdniGonrm-x)It)
Zoln, 7l = el [ d*x1d*xom7(x1)S F (x1-x2)17(x2) ) (1.473)

we find from Eq. (1.471) that

L 4 (. O 5. 0O N
e [ <l ) (s i 15

= {relevant part only, i.e., we want to end up with connected diagram

with two Grassmann sources and one J source }

g x (i d 5 0 / 4 4. =a :cab b
=2/ —i——| [ d*xid _
2 / g (l 6na(x)) Yap ( lgﬁﬁ(x)) x1d” xo 75, iSE” (x1 = x2)n,,

x / dtydtys 76,1859 (1 - yond, / 2 [ Ap(z - 0N ()

- / dhxd x1d xad®z (xS (e — )y S (x = x2)i(x2)
X Ap(z—x)J(2). (1.474)

The corresponding 3-point Green function is obtained by taking 3
functional derivatives of Z[,1, J] (which on the tree level is the same
as Z[n, 1, J]), in particular
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(OIT [ (x1) (x2)p(x3)] 10)

. 0 . 0 . 6 I
(—l 577(X1)) (l 577()62)) (l (5J(x3)) Zln.m, J]|77,71,J

(ci)g / d*x (“1)Sk (1 — X)ySp(x = x)AR(x = x3) + O(g2)

(-i)g / A4S (x1 = 1)y Se (x = x2)Ar (x - x3) + O(5?)

= /d4x [iSF(x1 = x)] 87 [iSF(x = x2)] [iAF (x = x3)] + O(g?) . (1.475)

This is precisely the result that we would have obtained should we
have used Feynman rules with the vertex prescription

~ gy / dix - (1.476)

As an exercise, compare relative signs of loops in:

A) Yukawa theory with Ly i, = —gy¢

X1 o—@—oxz (X102 gy -

B) scalar theory with L, = —%¢3 theory
X1 '—Q—o X2 > <x1x2>¢3 .

To make this comparison, we can employ the generating functionals
Z[7,n,J] and Z[J] for respective Green functions. We should use only
that parts of Z[7, n, /] and Z[J] that contributes to the second order in
the coupling constant and use only as many external source terms J
that are relevant to the above Feynman diagrams. In particular, for the
diagram A) we can thus write
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6 SNl Lo SN[ .5\
(_’ 6J(x1>) (_’ 5J(xz)) 308 [ s ( 6n<x>) (_’ 577(X)) (_’ 6J(x>)

NN AT RYRE:
x( ’)g/d y(’én(y))( ’6ﬁ(y>)( laJ(y))

1 ’ ) =( ’ ’ 4
—E/d4x d*y' 7(x")Sp(x" =y n(y")

X

x / d*xd*y7j(x)Sr(x —y)n(y)]

x|z [ da IWAR = I0)
X / d*xd*y J(x)A(x - y)J(y)]. (1.477)

Similar formula would hold for diagram B) but with only J sources
and different combinatorial factors.

Now, due to anticommuting property of Grassmann derivatives we ob-
tain from the functional differentiation of Grassmann sources overall
—1 sign. On the other hand, in the diagram B) the structure of compu-
tations would be analogous, but the commuting nature of functional
derivatives 2 brings an overall sign of +1.

Notes on Fermionic loops

i) Above result is quite generic. Fermionic loops appear with op-
posite sign than analogous bosonic loops. In fact, one should add
to Feynman rules for Yukawa theory that each Fermionic loop carries
extra —1 factor.

ii) In exactly supersymmetric theories bosonic loop diagrams are
cancelled by fermionic loop diagrams.

1.15 Feynman Rules in Momentum Space

It is often technically simpler and conceptually more convenient to
give Feynman rules in momentum space, i.e., to consider the Fourier
transform of 7(x1, ..., x,)

T(p1,...,pn) = /d4x1e_ip1"1~ .- / d*xpet P r(xy, ..., xn), (1.478)
where

T(x1,. ., x0) = (QIT [¢n(x1) ... du(xa)] [€2) . (1.479)
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"Sign convention"

The minus sign in the exponent in (1.478) is associated to incoming
particles (momenta flow to interaction zone) and the plus sign in the
exponent is associated to outgoing particles (momenta flow from
interaction zone). We will say more about this convention when
discussing LSZ formula.

Recall that in the position space we had following rules (e.g., for 1¢*
theory)

o = Ap(x-y) = d'p i e~ iPy)
x y Q2m)t p?2—m? +ie ’
:><: - i / dix--- | (1.480)

+ other diagrams

Clearly, in 7 the momentum of every external line is affiliated to the
external momentum (appropriate argument of 7). This is due to the fact
that d*x; integration is followed by d*p; integration. So, that

where p1,. .., p, appear as arguments of 7.

In order to better understand the situation let us discuss some exam-
ples.
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Example 1

*——o — _
X1 X2 p1 p2

= / d*x1d*xp e PP A L () — xp)

d4p e~ iP(x1—x2)

= /d4x1d4xze_i”1xlei”2"2i 15 T
2r)* p? —m? +ie

/ d4x1d4x e~ P1+p) UCZ(pzw)—
(2m)* p2—m?+ie

= ot —Pz)lﬁ;~ (1.481)

1—m2+i5

Example 2

q
.&0 — _)Q)_
X1 ox X p1 P2

= /d4x1d4x2 e IP1X16iP2X2 (_j 1) /d4xAp(x1 - X)Ar(x — X)Ap(x — x2)

d4q1 je~ia1(x1—x)

= (-id d*xyd*xyd*x e P1¥1 o TP22
( )/ ! 2n)* q%—m2+is

d*q i d*qy iemi20x2)

@t g?-m*+ie ) n)t g3 —m?+ie

d* dq1 d*q d*q
= ) | d*xd*xod*x
’)/ R ot 2t 2n)

3
% e~ X¥1(P1+4q1) pix2(P2+q2) ,ix(q1-42) l_[ L
q2 —-m2 +ie

i

. 1
= (—lﬂ)m / d*q1d*qd* 5(p1 + 1)(p2 + 42)8(q1 - 42)
(012 i
@) (qu—m2+is)q2—m2+is

d*q i
Q) q2-m?2+is’

. 2
= (—u)(zn>46<p1—pz>( — ) (1482)
p;—m”+ie
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Example 3
X2 X3 p2 pP3
—
X
X1 X. P1 P4

4
= (-id) /d4x1e_i”1x1 /d4xze_i”2x2 /d4x/d4x3eip3x3 /d4x4eip4x4

x i*Ap(x1 = X)AF(x2 — X)AF(x — X2)Ap(x — x3)

= (-id) /d4xl514)62614)63d4x4d4xeiiplxle’il’”‘zei”‘”“*eiP”4

4 . 4 ;
d*qr i i) [ 40 : omid2(x2=x)
Q@n)* g2 —m? +is @n)t g3 -m? +is

4 . 4 ;
d qi - 1 o ia3(x—x3) d q‘i 5 ! e~ iqa(x—x1)
@m)t g5 —m? +ie @2n)* g3 —m? +ie

d4 d4 d4 d4
= (=id) /d4x1d4x2d4x3d4x4d4x e 929 939 44
()6

x e 1(P1+q1) ,=ix2(P2+42) ,ixa(P3+43) Hixa(Patqs) Hix(q1+92-q3—q4)

4

i
| ==
i1 d; —m®+ie

= (—iﬂ)/d4Q1d4612d4CI3d4q4 Qr)*6(p1 + q1)8(p2 + @2)5(p3 + q3) (1.483)

4

X 6(ps+qa)o(q1 + g2 — 43 = q4) l_[

I
i1 ql.2 —-m? +ie

(1.484)

4 .
. l

= (=i)2n)*s(m +P2—P3—P4)| | o -

i=1 Pi —motie

What we have learned from the foregoing 3 examples:

» Momentum of every external line is affiliated with the external
momentum (the argument of 7). This is because each d*x; inte-
gration is followed by d*p; integration in the propagator that is
associated with a given external line.

» Each d*x integration of a vertex enforces momentum conserva-
tion at that vertex. For instance, for 1¢* theory we have

P2 P3
>< ~ (—i/l)/d4xeix(p4+1’3‘p1‘p2)
P P4

= (=id)2n)*5(p1+ p2 = p3 — pa).

» Since each propagator has argument either at a vertex or on
external point, all e*'P~ factors of propagators Ar’s are used up.
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we integrate over x and we integrate over yo and xs

Ap(z1 —y1) Ap(ys — 2)

5 @
= @

2

Ar(yr — y2)

we integrate over y; and y

In particular, all e*'?* disappear and are turned into §-functions.
» Momentum conservation at all vertices is enforced via §-function
and “kills” many of the @*p integrations.
» All those propagator moments that are not fixed by the 5-functions
(originating from integrating d*x over external or vertex points)
are still integrated over with | (311;4 . These are the so-called “loop

momentum” integrals. In fact, the following statement holds:

Note

There are as many remaining momentum integrations (in a given
Feynman diagram) as there are loops.

Proof: External lines do not have any integration (as we said, d*x;
and d*p; integration follow each other and e*P* in the propagator
produces 6-functions that cancel integration and set the momenta in
propagator to corresponding external momenta.

» What remains are integrations for each internal propagatot/line
(=1).

» Each vertex produces one §-function representing momentum
conservation. Hence the number of §-functions is equal to the
number of vertices (= V).

» All é-functions are not independent, they provide overal mo-
mentum conservation ¢-function.

» Hence we end-up with V — 1 independent é-functions.

Total number of integrations is then I — (V—1) = I -V +1 = L by Euler
formula.

Note

The fact that the 6-function corresponding to total momentum con-
servation must always be factored out from 7 is a consequence of
translational invariance of 7.
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Indeed, we first note that

QIT [¢n(x1) ... pr(xn)] Q)
— <Q| eiP"avT [efiP"av(ﬁH(xl +a)eiP"aV o
cox e L (x +a)eipv""] P10y . (1.485)

By employing assumption of the translational invariance of the vac-
uum state [Q) (i.e. 7% |Q) = |Q)) we get

T(x1,...,%) = T(x1+a,..., x5 +a). (1.486)
Now,
F(p1,...,pn) = /d4x1 .dx, e‘iprfxiT(xl, oo xn) . (1.487)
Here p;’s appear with appropriate signs. Then

f([)lz o /pn)

/d4(x1 +a)...d*(p+a)e P EiPiitA (e 4 q L x, +a)

e_iZipf“/d4x1 codrxp e TEIPiT(xy L xp)

e TZiPIAE (1 D). (1.488)
This gives an equation
(e—iZiPia_l) #(p1,...,pn) = 0. (1.489)

That must be satisfied for all a. Particularly for small a we have up to
the first order in a that

(Z pi)f(p1,..., pn) = 0. (1.490)

This has a general solution

#p1,-- - pn) = 5(21%) @ *t(pr, - pn), (1.491)

where the residual Green function 7(py, . . ., pn) is (for simplicity) de-
notes with the same symbol “7” as the position-space Green function.
Factor (27)* is mere convention.

Consequently, the total momentum conservation is always factorized
out from momentum-space Green functions. Since this is true for any
full Green’s function, it must be true also order by order and diagram
by diagram.
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Summary of Feynman rules for momentum-space
Green functions 7(p1,...,pn)

1. Draw all topologically distinct diagrams with n external lines
with ensuing momenta py, . . ., pn. Incoming momenta are consid-
ered to be positive, while outgoing momenta are negative. For each
diagram denote by ¢, ...,gr the momenta of internal lines. /
stands for a total number of internal lines. (In scalar theory with-
out derivative coupling the choice of an orientation of internal
lines is irrelevant.)

2. To the j-th external line assign the factor

i

pj2. -m?+ie
vertex
vertex
pj pj
— —
— or —e
outgoing ingoing

3. To the i-th internal line assign the propagator, i.e.

. qi

1 —
q? —-m? +ie - A /
vertices

4. To each vertex assign vertex factor, i.e. (-id) for ¢t /4! theory
and (-ig) for g¢*/3! theory, i.e.

>< ~ —id, ~ —ig.

5. Additionally the following rules apply:

» Assign momenta at each vertex so that the momentum
conservation is e4nsured.

» Multiply by f (;l;)l‘i for each closed loop, here g is the free
(unconstrained by momentum conservation) momenta prop-
agation along the loop.

» Factor out total factor (27r)46(pf — pi) representing total mo-

mentum conservation.

6. Divide by the symmetry factor.
7. Sum the contributions of all topologically distinct diagrams to a
given order in A or g, etc.



Example 4
q
P1 P3
P2 4
q—pP1—P2
= (i1 i i i i

p%—m2+iap§—m2+isp§—m2+ispﬁ—m2+i8
d*q i i

@r)t = +ie (q-p1—p? —m? +is’

This is a second order contribution to the 4-point Green’s function
T(p1/p2/p3/p4)'

1.16 LSZ Formalism

Particle physicists and phenomenologists are mostly interested in S-
matrix elements

out \P1r -, PulP1s e D)y

that are directly relevant, e.g., for cross-section computations (see,
Section 1.19). On the other hand, quantum field theorists are mostly
interested in Green functions

QT [¢r(x1) ... dHXnem)] 1) = T(X1, ..., Xptm)

because they are easily calculable in perturbation theory and they also
provide basic building blocks in applications that go beyond simple
scattering theory.

We will now demonstrate that it is possible to compute the S-matrix el-
ements (i.e., scattering amplitudes) directly in terms of 7(x1, ..., Xptm),
so that all our labor with a perturbation computations of 7(xy,...) can
be justified, e.g., in cross-section computations. Let us, however, first
start with two important concepts.

Spectral density and Zy-factors

For simplicity’s sake we will carry out our subsequent argumentation
in terms of scalar fields, even though the results obtained will be more
general and with small modifications valid also for Dirac fermions and
gauge fields.

In the following, we will use the Heisenberg picture (hats over opera-
tors are omitted)

ou(x) = eflps(x)e™™', H = Hy + Hy,

) = lyu) = st =0)) . (1.492)
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By convention momenta entering ver-
tex have positive sign and outgoing mo-
menta have negative sign. So, the mo-
mentum z propagating on the lower half
of the loop satisfies p1 + pp —g +z =0or
equivalently z = g — p1 — p>.
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Here H is the full Hamiltonian in Schrodinger picture.

Consider now the correlation function

iA(x—y) = (Q¢u(x)pu(y) Q) . (1.493)

For a free field (let us denote it here as ¢() with mass my we have

(0 go(x)¢o(y) 10)

D7) (Olalp)a’(g) |0 e'P+iay
p q

3> (0l La(p), a'(g)]0) e~P+ia>
P 4q

/ d?’—pe*ip(xfy)
R3 (27)32w),

P iy 22
= ]R4@€ o(p” — my)6(po)

iDi(x -y, mg). (1.494)

Let us now turn to the general case (i.e., situation when interaction is
included). Then we can write

Qlu(x)pn(y) Q) = Z Q| pu(x) |) (] ¢ () 1€) , (1.495)

where the sum runs over some complete set of states in the Heisenberg
picture. We chose these base states to be eigenstates of the full Hamil-
tonian (Hy = H). Since the momentum P operator commutes with H,
we can chose |agp) to be eigenstates of H with momentum zero (i.e.,
P|ap) = 0), then all the boosts of |a) are also eigenstates of H. The
eigenvalues of the 4-momentum operator p* = (H, p) are organized in
sets of hyperboloids.

multiparticle continuum

{ Y/\bound state in motion
/ (/on—shell bound state)
7

7
g /7 one particle in motion
N~ — (on-shell particle)
ight be more hyperbaloids N | 2
might be more hyperboloids \ // light cone
i 7\
/ N P
corresponding disctinct 7~ N
/ N
bound states Y N
o / AN
Figure 1.14: Schematic picture of the en- / N
ergy spectrum for scalar field theory. / N\
/ AN

Multiparticle continuum is bounded by a hyperboloid with H = /(2m)? + (p)?.



Consider two-particle state with

H = \/m2+p% + \/m2+p§. (1.496)

Taking into account that y/m? + p? is a convex function in p, one can
then use the Jensen inequality

M2+ (spy+ (L= 9)pal < syfm?+p2 4 (1-s)\m2+p2,  (1497)
which is valid for any s € [0,1]. For s = 1/2 we get

1 1 > 1 :
E\/(Zm)2+(p1+p2)2 < E\/mz it + E\/mZ +p, (1498

which implies that (we set the total 3-momenta P = p; + p,)

V@2 +P? < \fm? 4 p? + \/mZ +p2. (1.499)

Thus, the lower bound for two-particle state is hyperboloid H =
V(2m)? + P?. For more than two particle states the Jensen inequality

implies
N
\/(zvm)2+(zf.vpi)2 < > \m2+p?, (1.500)
i=1

which is still bounded from below by the hyperboloid H = +/(2m)2 + P2.

Bound states have lower energy than is a sum of free particles energies
(due to negative binding energy). So, for instance, energy for bound
state of two particles must appear in the graph H vs. P below the

hyperboloid H = v/(2m)? + P?, see, Fig. 1.14.

Let |a;) be the boost of |ag) with momentum p. The resolution of unity
can be formally written as

3
Sl = @@+ 3 [ G5 e G

Q) (@l + /(2—)3—| ) (o]

+ - multiparticle contributions. (1.501)

p—
Il

Here wp(@) = Vm2 + P2, m,, is the mass of the state |ap), i.e. the energy
of the state |ag). Y, in the first sum in a is meant both over discrete
and continuous indices and in the second sum we sum over all zero-
momentum states |ap).

Let us now use two already known relations, namely
d(x+a) = PP p(x0)e Py = g(x) = &P H0)e P, (1.502)

and
e—if’" a,

lap) = e o™ Jap) , (1.503)

1.16 LSZ Formalism
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(in short 7P |) = ¢~Piav |o)). With these we get

Qlpu(x)pu(y)1Q) = Ze‘i’g‘v’("‘””HQIaﬁH(O)la) ?

a

[ a3 e 1@ on @ o) o -0

d*q _.

—L T p(g). 1.504
/ S 1 0(g) (1.504)
Here we have used the fact that e=i7"* |Q) = |Q) and defined

p(g) = @1 Y 6(pa — q) QI (0) ) . (1.505)

Note that p(g) is obviously positive and vanishes for ¢° < 0 (due to
positivity of the energy of physical states |«)). Furthermore, it is invari-
ant under a Lorentz transformation as required by the corresponding
property of the field ¢n. To see this we use the fact that under the
Lorentz transformation

UN$u(x)U (A) = ¢(Ax). (1.506)

and U(A) |Q) = |Q). With this we see that the LHS of (1.504) equals
to

(Ql ¢ (x)pn(y) 1)
QLU MU (U (AUN (U (AU(A) Q)

(Q pu(AX)¢r(AY) Q) . (1.507)

This implies that the LHS of (1.504) is a Lorentz scalar and hence also

p is a Lorentz scalar. This, in turn, implies that p(g) can depend only
2

on ¢-.

At this point we can introduce the spectral density o-(g*)

p(q) = 0(q0)o(q?). (1.508)

o thus defined quantifies the contribution of the intermediate states
la) with p? = ¢°.

Further rewriting yields
Q[ ¢r(x)pr (y) 1€)

® d4q —ig(x—

= /0 aor?) [ e 182 = M0 ()

= / wd(Mz)iDJ,(x— y, M®)o(M?). (1.509)
0

It can be easily seen that by choosing o(¢%) = 6(¢* — m}) we obtain the



result for free field. At this point we note that

plq) = 6(q0)o(q®) = (27T)3Zc5(pa—q)l (Ql¢r(0) o)
= (21)°6(9)| (Ql ¢ (0) 1)

d3
+ @) / maw — )6(d0 — wp)] (@ 651(0) |p)

3
#3050~ an@)] @ 4@ e -

(1.510)

The vacuum term (Q| ¢ (0) |Q) is typically zero by symmetry (cf. 1¢*
theory, but not g¢%) and for higher-spin fields, it is zero by Lorentz in-
variance. If the vacuum term is non-zero, we can appropriately shift the
field ¢y — ¢ + const. So, in the following we neglect (Q| ¢ (0) |€2).
We can further manipulate matrix elements (Q| ¢ (0) |ap) as follows

(Ql pu(0) lap) = (Qpu(O)Up'Up lap) = (Q| pu(0)|ag) . (1.511)

Here Up is an unitary operator that implements a Lorentz boost from P
to 0. In the above derivation we used that Up¢y (O)U;,l = ¢y (0) which
implies that ¢5H(0)U1,‘,1 = U;1¢H(0) and (Q| U;,l ={(Q| s0, (Q| ¢ (0) |ap)
is momentum independent due to Lorentz invariance. For fermions it
is more difficult to show, but it works as well. Consequently we can
write

8(qo — Vm? + ¢?) |
N

_ 2 2
D 5(‘10—‘/"72‘1)| (@] $1(0) lao) 2

@ 2 m(21+q

o(q)

(Q] ¢1(0) [1p=0) I

8(q* = m»o(g")Zy

+

D 8(q% = m2)og") | (Ql gu(©)lag) 7. (1.512)

This means that

o(q?) = 6P -m)Zy + Y 6(q* -~ m2)(Q 6r(0) lao) P (1513)

ap

Here Zy = [ (Q] ¢ (0) [1p-0) |2 and it is known as field-strength renormal-
ization or wave-function renormalization parameter. For free fields we
have clearly Z = 1.

The quantity m is the exact mass of a single particle — exact energy
eigenvalue at rest. The mass m will, in general, differ from the value of
mass parameter that appears in the Lagrangian.

1.16 LSZ Formalism
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Figure 1.15: Typical spectral function
o(M?) for an interacting theory looks
like this. The peaks shortly before (2m)?
correspond to multiparticle bound states
or resonances. These peaks start at the
multipartcle threshold M?.

Zy — 1 accounts for the overlap of
¢ m (0) |Q) with multiparticle states.

Note on Mass

It is customary to refer to the mass parameter in the Lagrangian
as mp and call it bare mass. m is known as the physical mass (or
renormalized mass).

Using (1.509) we can write
(Qlon(xX)PH(y) Q) = i/O d(M*)D,(x - y, M*)o(M?)
= iZyDi(x —y,m?) + i / N dM*)o(M*)D,(x -y, M?). (1.514)
M2

t

M? is known as multiparticle threshold and M? ~ 4m?>.

M?

U(]L/fz)

From (1.514) it follows that the full Pauli-Jordan function reads as
(Ql[dr(x), ¢ (¥)] 1€2)

= iZyA(x —y,m?) +i / 0: d(M*)or(M*)A(x -y, M?),  (1.515)

with iA(x — y, M?) = (0] [¢(x), #(¥)] |0). Here ¢(x) is a free field with the
mass M.

To understand some further properties of Z, we apply 6iy0 to the
Y0—X0

full Pauli-Jordan function. For scalar field we use the fact that ¢ = «
and obtain

[6(x%, x), 7(x%, y)] = i6®(x - y). (1.516)

Both for the interacting and free fields. Thus we get

i6®(x —y) = iZs6®(x —y) + i6®(x - y) / N d(M*)o(M?). (1.517)
M}

This implies that
1= Zy + / d(M*)o(M?), (1.518)
N M?
>0 S————
>0

which means that 0 < Z < 1 (and particularly Z = 1 for free theory).



Finally, in complete analogy, we can derive spectral expansion for
two-point Green function

QIT [¢(x)$(y)] 1€2)

= iZyDeltap(x —y,m?) + i / d(M*)o-(M*)Ap(x -y, M?)(1.519)
M7

Note on Mass

Spectral representations for

QI ¢u(x)eu()1Q), (Ql[pn(x), ¢u(»)]IQ2) and
QIT [¢r(x)pu(N]1Q) ,

are generically known as Killen—Lehmann representations.

Note that in momentum space we can write the two-point Green
function as

iZy
(p) = > (1.520)

— + i d(M?)o-(M?
-m? +ie Z/MTZ( ot )p2

-M?2+ig’

The analytic structure of this function can be seen on Fig. 1.16

1

(2m)?
m? \y
L 4 000
\/
poles from bound states ¢

(two-particle bound state) pranch cut

The Kéllen-Lehmann dispersion relation has also representation in
terms of contour integral. To see this let us recall that for arbitrary
analytic function f (»?) Cauchy’s theorem states that

2\ L S f(s)
fp°) = .jéd g (1.521)

provided that

» p? € Cis inside the contour y.
» Contour y does not cross any singularity.

Let us apply this to the two-point function 7(p) and use the knowledge
of its analytic structure. We choose the contour y as in Fig. 1.17.

1.16 LSZ Formalism 115

Figure 1.16: The analytic structure of
7(p).
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Figure 1.17: Choice of y contour for 7(p).

Figure 1.18: Detail of the branch cut
avoidance in f(p?).

Re(p?)

R — o0

Consider first that f(p?) has only branch cut but no poles. We further
assume that f(p?) falls of rapidly enough so that the contribution from
the large radius circle can be neglected. Note that the contribution
from the part “A” in Fig. 1.18 (represented by curve y,4) goes to zero
ase — 0.

A

\Q/\ﬁ

Indeed, for z = p? we can write

27 M? + & + ge'®
/ ds& = limig/ dy f(2 d - )
ya S72 &0 0 M; —¢e+¢ge? -z

Let us now observe that the absolute value of the right-hand-side of
(1.522) reads

(1.522)

27{ “ e
lim| .| < lime/ dy /G-l = 0. (1.523)
£ 0

£-0 |Mt2—8+si‘/’—z| B

Here we have used the fact that |[M? — & + & — z| = M? — 7+ O(e).

Thus, after the double limit & — 0 and R — oo we are left only with
contributions from with y¢ and yg, i.e.

co+in co—in
/ PGS / s 1O
M12+i77 §=z M,z—ir] §=2

Jastom - [Cadeom s

M2 s+in-—-z M2 S—in-—z

Fo) = lim = {

1 {
= lim —
n—0 2711
Since z is not on the cut, we can neglect +in in the denominators and

write 1 [ fls+in) - fls—in)
3 s+in) — f(s—in
fz) = %/ ds .

Mtz S—Z

(1.525)

The numerator of the integrand is the discontinuity of f(z) across the
cut, which is typically denoted as “disc f(s)”. When f(z) is real on



the real axis except for a cut, then f*(z) = f(z*) for z € R\(branch cut
region). This property can be analytically extended to entire complex
plane (except of branch cut). So we have

= (s +im)]

lim [f(s+in) = f(s—im] = Lm[f(s+in)
n—0 n—0

= lim2iIm f(s +in)
n—0

2iIm fi(s). (1.526)

This relation is known as the Schwartz reflection principle. Hence, f(z)
can be rewritten as

17 ImAG)
f(Z) = ;‘/thzds?

If f(z) has simple poles at z = z, k = 1,... (for us are relevant
poles zx € R*) then f(z) is analytic inside of the curve depicted on
Fig. 1.19.

(1.527)

X

Consequently, we can use the Cauchy theorem to write

fo) = - PO

Zm T

1
I ...+_.2/ s 1)
2ni ), 2mi J 2ni oy -2
1 r= Imf+(s) /
- d R
ﬂ/M} s— o Z es f(zx) - S—Z)(S—Zk)

1 Im fi(s) Res f(zx)
- ;/Mgds s—2 +Z w-z

k

(1.528)

Here O vy, denotes (anticlockwise) integration around small circles that
encircle respective simple poles. Now, by setting z = p* +in (n — 0)
we get

1, I R
A0 = - / ds ASS) 3 Ress () (1.529)
TJm2  S—pt—im X w—pr-in
Comparing this with formula
(p) = Zo L / d(M)o(M?) . (1.530)
pr-m?+ie M2 p2—M?+is

1.16 LSZ Formalism 117

Figure 1.19: Curve of integration for
f(z = p?) with simple poles included.
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we see that that by setting it(p) = f.(p?), s = M?, zx = my (my corre-
sponds to a mass of single particle state and bound states) and 5 = ¢
we obtain the following importnat relations

Im(it(p? = M?))
o

o(M?) = Zs = —Res(it(p*> = m?)). (1.531)

1.17 LSZ Reduction Formulas

In this chapter we will relate time ordered correlation functions (i.e.,
full Green functions) (x1...x,) = (Q|T [¢g(x1)...dg(x,)]|Q) to scat-
tering amplitudes.

Letusdenote @ = {p1, ..., pn} tobe set of initial state momenta and 8 =
{q1,.-.,qm} to be set of momenta of outgoing particles. In scattering
processes we are interested in scattering amplitudes

(B8,in|S|a,in) = (B,out|a,in) . (1.532)
This can be rewritten as
(b,outlal (p1)la’,in) = (b,outla (p1)la’,in)
— (b out|a,,,(p1)la’,in)
+ (b,out|a) ,(p1)la’,in), (1.533)

where o’ denotes the set of momenta {py, ..., p,}. At this stage we also
realize that

aout(pl) |q1r - rqmy out)

Aout (Pl) |ﬁr out)

Gout(P)ab e (q1) - - - b (gm) 10, out)

|a0us(P1), @b (@) - @hgam)| 10, 0ut)

D @r)2w,,8(q; - p,) 1B outy . (1.534)
j=1

Here ﬁjl = {‘111 q2,---,9j-1,9j+1,- - - /Clm}-

Now, from the mode expansion of a free scalar field

1 d3 —ipx T ipx
P(x,1) = (zﬂ)y)/ﬁ[ (p)e™P* +a' (p)e'P¥]

—ipx T ipx
Z [ape +Clp€ ]

p

Z [ape_i“’t’t + aipeiwpt] erx (1.535)
p
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and its canonically conjugated field momenta

n(x,t)

Oop(x,1) = Z [—iwpape_ipx + iwpa;eipx]
p

Z [—io)pape_i“’l” + iwpajpei“’l”] err (1.536)
P

we can find that ¢, and a;, can be written as

a(p) = /d3xeipx [wqu(x,t) + iﬂ(x,t)]

i / Bx P dop(x, 1). (1.537)

Here u(gv = u(dv) — (Qu)v.

It should be noted that despite explicit appearance of 7 on the right-
hand side of (1.537) the integral is r independent (as is the left-hand
side). So, one can choose to work with any ¢ that is convenient for
computational purposes. By Hermitian conjugation we also get

a'(p) = —i / P 7P Gop(x, 1), (1.538)
With this, we can write (1.532) and (1.533) as

(B,outla,in) — (B, outla},,(ps)la’,in)

= (B,outla; (py)la’,in) - (B,outla;,,(py)la’,in)

= —i lim | d®x1e7 P18y (B, out|pin(x, 1)|e’,in)

t——00
+ilim [ d®x1e7 P19y (B, out|dous(x, )|, in) . (1.539)

Time limits used are taken for future convenience and at this stage
they might seem to be redundant since the corresponding integrals are
time independent. To proceed, we now use a simple identity

(lim _ lim ) / Bx £(x)302(x)

t—oo t——00

/ d*x 3oL (x)og(x)]

/ d*x ( f3Rg - g2 f) . (1.540)

Note that while both af,m and ajn de-
scent from free fields, the correspond-
ing free fields have different (asymptotic)

boundary conditions (cf. Eq. (1.151)).
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By setting f(x) = ¢”"P* we have
/ d*x ( foRg — gR f)
={05f = -p3f = (=p*—m*)f = (V2 =mP)f}
= [t (roRe - o5 r wamis) "L [ dtxs(@ - v e mirg

= / d*x fF(O+m?)g. (1.541)
Consequently, this allows us to write
(B, out|er,in) — (B, outla},,(py)le’,in)

= lim — [ d®x1e7 P13y (B, out|dp (x,1)|e’, in)
— lim — [ d®x1e7 P18y (B, out|py(x,1)|a’, in)

= \/? d*x1e7 P (0 + m?) (B, out|dp (x,1)|e’,in) . (1.542)
¢
Mass m is the on-shell asymptotic mass. It enters through in/out-states

in S-matrix. So, this mass is actually measured mass (when preparing
the initial particle state) and hence it corresponds to physical mass.

As for the appearance of the factor Z, (wave function renormalization
factor) let us remind that originally we introduced the limits

t — —0 t

$in(x) = pu(x) ' Bow(), (1.543)

where the Heisenberg field ¢ (x) interpolates between “in” and “out”
asymptotic regimes. Even though this picture is logically persuasive it
is mathematically not entirely correct. Indeed, if we understand (1.543)
as a “strong” operatorial relation (in sense of asymptotic identity be-
tween operators), then it can be shown that the S-matrix becomes triv-
ial and no scattering takes place. For this reason, Lehmann-Symanzik-
Zimmerman (LSZ) proposed that the form of the asymptotic condition
should be understood as a “weak” relation (in sense of asymptotic
identity between expectation values) as

tli_>mw Wlom(x)|y2) (out, ¥1|Pous (o0, x)|out, ¥) ,

lim Walgn(la) = (in,grlgile, —oo)linyo) ,  (1.544)

for all states 1 and y».

Convergence Issues

Even convergence in this weak operatorial sense is not strong enough
to ensure that the limit of a product is the product of the limits.
Consequently, it is generally not true that the limit of a commutator
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is the commutator of limits, e.g.

Lim (Yllgn (x), or()]l2)
* <Out/ U1 | [¢0ut(°°/ x), ¢out(°°r y)|OUtr l//2> ’

and similarly for “in” regime.

On the other hand, we know that both the Heisenberg field ¢ (x) (that
we used in deriving the Lehmann-Kallen representation) and ¢;p/ou:
fields obey canonical commutation relations. At the same time we can
use translational invariance of full quantum vacuum and write that

(Qlpr(0)I1p) = P (QUn(0)1p=0) = Olp(X)P)VZy.  (1.545)

Here ¢(x) is a free field. In deriving (1.545) we used the fact that

Ololp) = 3 (0l (alge™ +a' (@) ' (p)]0)
q

= e Ola(g)a (p)I0)

q

= e (Olfa(g), a' ()]0}

q

= 7P, (1.546)

and the definition of Z,, cf. (1.513). So, Lehmann—-Kéllen representation
implies that

lim (QIgn (x)[1) = (out, 0lous(x, ) |p, out) y'Zg,

Tim (©QIgn(0l1p) = (in,0lgin(x,~0)lp,in)y/Zy . (1547)

By denoting the interpolation Heisenberg field as ¢ and the Lehman—
Killen Heisenberg field as ¢x(x), we see that there must hold the weak
relation

Sr(x) = Zgu(x) =5 \Zg Pour(x, )

t——00

—  \Zypin(x,—0). (1.548)

This weak relation was used in formula (1.542). So, by collecting our
results together we can write that

(B,out|a,iny = d*x1e” (3 + m?) (B, out|gy(x1)la’, in)

=/
Zy
+ disconnected term. (1.549)

We have neglected the disconnected term {8, outla:m(p1)|cx’, in). In fact,
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this term can be explicitly written as (cf. Eq. (1.534))

(G, qn,outlal (P12, ..., pm,in)

= (0laour(q1) - - - Gour (qn)al (PP, - - -, Py N

(Ollaour(q1) - - - @our(@n), @b (P12, - - -, P, iN)

> 2w,,2n)6(q; - p1)
i=1

X Aq1, ., qi-1,9i+1 - - -, qn,0ut|p2, ..., pp,in)y . (1.550)

This is clearly disconnected term because in the sum there is always one
particle whose energy and momenta are unaffected by the scattering
process.

We have now completed the first step in the LSZ program. In order
to proceed let us now define 8’ = {q2, g2, . . ., gm}. With this we can
write

<ﬂ/ Out|¢H(xl)|a'// 1n> - <ﬁ// Out|¢H(xl)ain(Q1)|a// 11'1)

<ﬁ,/ OUtlaout(Q1)¢H(x1)|a’/ 1I'1> - <:B// Out|¢H(x1)ain(q1)|a', ln>

i/d3y1€iq1y130 (B’, outlpous (y1)¢r (x1)la’, in)

—i/d3y1€iqulc97)<,3’,0ut|¢H(X1)¢in(y1)|a',in>- (1.551)

Since the relation between a;,, /o, and ¢;y/ou; is true for any time argu-
ment, we can again rewrite the later identity as

i im [ d®y e 213y (B, out|pou (y1)dm(x1)la’, in)

ty—00

—i lim [ d®y,e" M9 (B, out|gp(x1)din(y1)la’, in)

fy——00

= lim

i
in )

d®y,e" 118 (B, outlpp (y1)¢m (x1)la’, in)

~ lim —— / Py, 3y (B, outlgs (x1)éu ()l in) . (1.552)
Yo—>—00 / Z »

Clearly, some trick is needed in order to recast this to the full-fledged
four-dimensional integral (as we did before in the first LSZ step). Time
ordering is what does the job here. Note, that previous identity can be
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rewritten as

. l i o ’ [
Jim Z &y, 1160 (B', outl T[r (y1)dm (x1)]la’, in)

_ fim / Py, 3o (B, out T[o s (y1)ra (x1)]ler’, in)

yo—>—00 [Z¢

i
lim - lim | — [ &%, -
(y0—>oo y0—>—oo) [Z¢‘/ yl

a1 (O, +m) (B, 0utiTIgn (y)gm ()l in)

\/_

(1.553)

So, once two particles have been reduced in the tsansition amplitude
the element of the S-matrix looks like

(B,out|a,in) = (B,in|S|a, in)

2
— i 4, g4 piaiyi—ipixa 2 2
_ (@) [ atntecinn (@, 4n) (0, + )
x (B',out|T[¢p(y1)¢n(x1)]le’,in)
+ disconnected terms, (1.554)

(disconnected part here involves one or two §® functions). The same
reasoning can be now carried further until all incoming and outgoing
particles have been reduced

(B,outla,in) = (q1,...,gm,o0utlp1,...,py,in)

n+m

/d4y1 - d4ymd4x1 - d4xn exp (i Z qryr —1 Zpkxk)
k=1 k=1

x Oy, +m?)--- (O, +m?) (O, +m?) - (Oy, +m?
(B #02) o (B 0) (O 7). (B, + )

X QT (Y1) - - - (x2)|Q)

+ disconnected terms. (1.555)

In the last line we passed from |0, in) to |Q) by using the weak limit,

namely by denoting

Wl = ¢ out| Tlgu(y1) ... du(xa-1)], (1.556)
we have
1
i in) = i — 1.557
Wi (IO in) = Tim _@lon(sl0) ==, (1557

and similarly for (out, 0].

Expression (1.555) provides the relation between the on-shell transition

amplitudes of n + m particles and the full n + m point Green function.
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This relation is known as LSZ Reduction Formula and it implies, in
particular, that in the momentum space the Green functions must
have poles in the variables pf (pi are conjugates to x;) as otherwise
the S would be trivially zero. So, up to a wave function normalization
constant the S-matrix elements are nothing but the residue of the multi-pole
structure of full Green function.

Note that there are many n + m-particle scattering processes but to
compute their S-matrix we need to know only single n + m point full
Green function (difference is reflected only in the plane-wave factors in
the integration). In this respect, Green functions are more elementary
than scattering amplitudes.

LSZ for Dirac Spinors

For Dirac spinors one can derive LSZ reduction formula along the
same lines as for bosons. Due to extra indices and anticommutativ-
ity, the derivation is more involved.

1.18 Perturbative Computation of the S Matrix

Define

‘F(plr- «erPns—q1,- - /_Qm)

_ d4y,~) ( /d4xj) e_iZipiyj+izj qjXj
/)11

X T(X1, ey Xy Yy e oo s Yim) - (1.558)

The LSZ formula in the momentum space then reads

Spi = () inlSI{i},in) = ({f}, outl{i},in)

<m0

X f(le--/pn/_Ch/u-/_CIm)

@rIS Sy Pi=Ey 7 )T (P1 oD =1 elm)

+ disconnected term . (1.559)

Here we have identified {f}, with set of outgoing-particle momenta
q1, - - - gm and {i} with set of incoming-particle momenta py, . .. p,.

\/
/\



1.18 Perturbative Computation of the S Matrix

Presence of the terms (pl2 - mlz,), el (ql2 - mlzj) causes that the external
lines in the diagrams contribution to the 7 are amputated. We speak
about amputated Green function in the LSZ formula. So, for instance, for
a scattering of 2 particles to 2 particles (e.g., 2-particle elastic scattering)
we obtain

{q1, q2, 0ut|p1, p2,in)

2

(\(/;)4 g2 ﬁ ( ' 127) 1—[ (%2 —m,%) (p1, P2, —q1, —q2)- (1.560)
M

i=1

The diagrammatic representation of ¥(p1, p2, —g1, —¢2) has the form

f(pl/pZI _611/_612) ~

external
propagator

where the external propagator has pole in the physical mass, i.e. m,. One
particular contribution in this schematic diagram is (we use ¢* theory
as an example)

ampute
_—

For a general diagram with external legs, we define amputation in the
following way: start from the tip of each external leg, find the last point
at which the diagram can be cut by removing a single propagator, such
that this operation separates the leg from the rest of the diagram. Cut
there. Consequently we can graphically depict this as

{(q1,---,gm,out|py, ..., pp,in)

q1

(1.561)

dm

Here the circle with the acronym AMP denotes the sum of all ampu-
tated n + m-point diagrams and Z; is the wave function renormaliza-
tion factor. Here the external lines do not contribute with any propaga-
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Expansions (1.562) and (1.562) represent
the so-called Dyson equation for (full) 2-
point Green function.

tor. They merely indicate flow (and hence sign) of the incoming/out-
going momenta.

In passing we should notice that we have factor (1/Z4)"*™ and not

m+n
(1 / \/Z,,,) (as one could expect from Eq. (1.559)). This requires some
explanation. Before truncation the full external propagator has the
structure:

AMP

— + @) + 8 + O 4+ e <AMP

+w+£ﬁ+8—8+---<AMP

L, 000 , .., <AMP

N <
= + 1PI + 1PI + .-
Pl AMP

For simplicity we have omitted the symmetry factors. Acronym 1PI
stands for all 1-particle irreducible diagrams, i.e., diagrams that cannot
be split to two by removing/cutting one line. By denoting the value of
1PI as —iZ(p?) (also known as 1PI self-energy or simply self-energy), we
see that

= + 1PI + ...
\

i . i
= + —iX —_— ...
2 2 2+is[ (p )]pz—m(z)+is

i
pz—mé—E(p2)+is.

{geometric series} = (1.562)

Here my is a mass parameter in Lagrangian, not a physical mass m,,. If

we now power expand the self-energy correction around p? = m3, we
get
(%) = Tmd) + PP -md)Em?) + S . (1.563)

——
~O(p-m})?)
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This implies

i i

p?— mé - X(p?) +ie p?— m% - X(p2) - (p? - mf,)E’(mlz,) -S+ie

i
p?— [mé + Z(mf))] -(p? - mI%)Z’(mIZ,) -S(p?) +ie
I
(P2 —m2)[1 -2/ (m3)] - E(p?) +ie
iZy

pz—mlz,+is

+ regular terms. (1.564)

On third line we have set m3 + £(m3) = mj,, which allows to fix the
unknown my in terms of physical mass m,,. The wave function renor-
malization factor Z, = [1 - X'(m3)]™". The “regular terms” refer to

parts of the full propagator that have no poles at p* = m,.

Now, by cutting external leg it will survive factor iZ, (from denomi-
nator of Green’s function). On the other hand, LSZ reduction formula
multiplies each external leg with the factor —i/+/Z4. Consequently we
get precisely Eq. (1.561).

In passing we note that all amputated Green functions should only be
connected Green functions, because in LSZ we discard disconnected
scattering parts.

By knowing the momentum-space Feynman rules for Green functions,
we can now directly write Feynman rules for the elements of the S-

matrix {q1, ..., gm,out|p1, ..., pn, in).

Bosonic Feynman rules for (qi,...,gm, out|pi, ..., pn,in)

» Draw all topologically distinct connected diagrams with n +m
external lines with incoming momenta considered as positive
and outgoing momenta considered as negative.

» To each internal propagator assign

ki i
*——o ~ B —
kl.2 —m? +ie

» To each vertex assign vertex factor, i.e. (—id) for A1¢*/4! theory,
(—ig) for g¢3 /3! theory, etc.

>< - Zia, /K ~ —ig.

» To each external propagator affiliate the factor 1/Zy, i.e.

Pi Di
e—— and ——e ~ /Z,
N— N—
outgoing incoming

Compare with the Killen-Lehmann rep-
resentation (1.530).
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For fermions the LSZ reduction formula prescribes that each external
line should carry also spin polarization factors u or v. This in turn
changes the rule 4 from the previous box. The corresponding Feynman
rules for fermions read:
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P e
_Y \IZ,# V(p)
N———
outgoing

» Impose momenta conservation at each vertex.
d*p
@m)*

» Integrate over undetermined loop momenta |
» With each fermionic loop affiliate sign —1.
» Divide by the symmetry factors.

Note: By convention, the arrows on the fermion lines do not represent
momentum flow, but particle number flow: particle number flows
into the diagram along an in-coming fermion line and out of the
diagram along an outgoing fermion line. For antiparticles, the flow
is reversed.

Lest us finally stress that the factor Z, = [1 - 2’(111[2,)]‘1 can be dis-
carded when the leading order computations (i.e., tree diagrams) are
considered but it must be reinstated when higher-order corrections are
considered.

1.19 Cross Section and Particle Decay

If there is no interaction the S matrix is 1. One therefore often writes
that
S =1+1iT. (1.566)

Here T is the so called T-matrix and it contains the information on the
interaction. In particular, for the matrix elements of the § matrix we
have

(ISl = 6pi + i{fIT]i) . (1.567)

Here 67; symbolically represents the particles not interacting at all and
(fIT|i) is represented by LSZ formula. Thus

n+m
i1y = i(VZ) R P an = dmdam

= i@2n)* (\/E)Hm 0 (Zil?i - quj)

X T(pll ceesPms—q1, - - ~/_Qn)amp

i) 5(p; — 4)Tyi (1.568)

The subscript “amp” denotes amputated Green’s function. Matrix Ty;
is known as the transition matrix. In the following we will consider
only f # i which implies that 6;; = 0.

From (1.568) it follows that the probability of making the transition
i— fis
2
[ATID P = (@n)* (6 = )] ) 1Tl (1.569)
In order to make sense of the square of a §-function we can proceed

heuristically and use the fact that 6(x) f(x) = 6(x) f(0) for any function
f(x). By analogy we can formally write that 6*(x) = §(0)d(x). By using

Note that the unitarity of the S matrix,
i.e. the relation STS = 1 implies an im-
portant non-linear relation

i (T"‘ - T) =2ImT =T'T.  (1.565)



130 1 Quantum Field Theory 2

Note that 6(0) has a very different phys-
ical interpretation depending whether
S-function is in p or in x space.

This is nothing but the relativistic ver-
sion of Fermi’s “Golden Rule” known
from quantum mechanics.

Figure 1.20: A target with N7 target par-
ticles is bombarded with a beam with
Np particles. The cross section o is the
effective size in m2 of each target particle
as seen by the beam.

the Fourier representation of §-function we have

d*x o VT

4) - s@¢, = — it -
§H0) = sW(p=0) = B¢ B

(1.570)
Here V is the volume of the system in question (in this case our uni-
verse) and T is the time of the universe duration. Thus we can write
that

AT P = VT @n)* 6D ps - po)lTig . (1.571)

In other words, the transition rate i — f per unit volume is
Ly = @n)* 6@ (ps - po)lTip . (1.572)

If the rate of transition is restricted to some range of final states (i.e.
final momenta of particles are not sharp but belong to some allowed
range of values) then

Ly = Y Q0@ (ps - po)ITigl?. (1.573)
f

Let us now discuss the connection between I';s and scattering cross-
section. In fact, there are many ways in which to define the phenomeno-
logically important concept known as cross section. The simplest and
most intuitive is to define it as the effective size of each particle in the
target.

Let us consider a thin target with Ny particles in it. Each particle has
the effective area o (= cross-section). As seen from an incoming beam,
the total amount of area taken by these particles is Nro. If we aim at
the target a beam of particles with area A then

NTO'

probability of hitting particle =

o
o
/E U
Np Ny

Let the beam has Np particles. A total number of events is thus

NBNTO'

— (1.574)

Np x probability of hitting =

and hence

o - number of events A (1575)
NpNr

This can be still rewritten in more expedient form. If the beam is mov-
ing at velocity v towards a stationary target. The number of particles
is ppV. If the beam is a pulse that is turned for r seconds then V = vtA
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and hence N = pgvtA, which implies that

(number of events)

(pBVt)NT
_ (number of events)/t
pvorVr
_ transition rate (1576)
psverVr ’
If Ng and Ny = 1, then
transition rate _ probability transition rate -y (1577)
VT VT
Thus
P Ty = ! Z(Zﬂ)45(pf —p)ITifl?. (1.578)
psprv " pepTv 4 o
If we consider a final state of n distinct spinless particles, i.e.
p3
P
(1.579)

Pn+2

then the corresponding cross-section is given by

On 2

1 / d3p3 d3pn+2
prpEY Ja 20)2w,,  (21)2w,, ,

X (27)*6Y (p1+p2 = p3 =+ pusa) [Tyl (1.580)

Here A is restricted range of observed momenta. In case we have
scattering where all n final particles are indistinguishable, we need to
include 1/n! factor before the integral.

We will now use two facts:
» velocity v of a particle (i.e., relative velocity of the particle in the

laboratory frame) is given by v = |p|/Ep = |p|/wp

» relativistic normalization of plane-wave states |p) implies that
the number of particles per unit volume (i.e., particle density in
state with 4-momenta p) is 2E, = 2w,.

The second statement comes from the fact that the average number of
particles in state |p) is

ppV = (plllp) = (Olapay|0)

Ollap, apll0y = (2n)*2w,sP(©0).  (1.581)

(pIN|p)

By realizing that V = (27)364)(0) we getthat p, = 2wy, = 2E,. If we take
particle 1 to be at rest (target particle) we have p; = (m1,0), p» = (E2, p»)

Note that we use here the Lorentz invari-
ant measure.
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Let us recall that elastic scattering is a type
of scattering process in which the total ki-
netic energy of the system is conserved.

This is because (p1 + p2)? = (E1 + E»)? —
(p1 + p,)? and since in the center-of-mass
frame p; +p, = 0.

and v = vy = |p,|/Ep, = |psl/wp,, hence

prosy = 4mEp, 22 < 4 ip,). (1.582)

P2

Now we can finally rewrite cross section as

One2

11 / dps &p a2
4mi|py| nt Ja 27)2wp,  (27)2wp,,,

X 2m)* 6@ (p1+ p2—ps =+ pus2) ITifI*. (1.583)

Of special interest are the elastic scattering cross sections in the case
where n = 2. In these cases we can simplify (1.583) by partially evalu-
ating the phase-space integrals in the center of mass (COM) frame . This
is possible because two-particle elastic scattering is known to be most
simply described and managed in the COM frame.

P p3

@ (1.584)

p2 P4

For scattering processes of two particles to two particles one introduces
kinematic Lorentz invariant

s = (p1+p2)? = (p3+pa), (1.585)

which is nothing but the squared center-of-mass energy (i.e., s > 0).

Mandelstam Variables

The kinematic invariant s is known as the Mandelstam variable. In
connection with two-particle elastic scattering one introduces yet
another two kinematic invariants — the Mandelstam variables

t = (p1—p3) = (p2—pa),
w=(pr—ps = (p2-pa)°.

s, t and u are not independent. In fact

(p1+p2)® + (p1=p3) + (p1—pa)’

= pl +p5+ P+ p;+ 2pi(pL+p2—p3—pa)

s+t +u

2,2 2 2
my +mj + m3 +my .

Mandelstam variables encode the energy, momentum, and angles
of particles in a scattering process in a Lorentz-invariant fashion.

Symbols s, r and u are also used to name 3 possible scattering chan-
nels: s-channel, -channel and u-channel. These channels represent
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different Feynman diagrams or different possible scattering events
where the interaction involves the exchange of an intermediate par-
ticle whose squared four-momentum equals s, f or u, respectively.

R R R\/% R /ps
B a a ea e// R
s-channel t-channel u-channel

Let us in the passing stress that since o represents effective area of
the scatterer, perpendicular to incident beam, it remains invariant
under a Lorentz transformation to any other collinear frame (Lorentz
contractions do not affect the size of any area provided boosts are in
directions perpendicular to that area). Consequently, the cross section
is not a true Lorentz invariant, since it transforms like area under
arbitrary Lorentz transformation.

Two most important collinear frames where o does not changes are
the laboratory frame (one particle is in rest) and center of mass (COM)
frame. Both frames are routinely used in ¢ analysis.

Let us now analyze the elastic scattering p; + p» — p3 + ps of equal
mass particles (m; = my = m3 = my = m) in laboratory frame. We do
not assume that final particles are identical. In this case we can chose
the experimental setup so that

pP1 = (ELIOIOIPL)/ p2 = (m,0,0,0), (1586)

which implies that

©u
1l

(EL, +m)2—p2L = EI%+2mEL +m2—p2L

= 2m?+2mE; = 2m(m+Eyp). (1.587)
In other words )
-2
E, = 2= (1.588)
2m

With this result we can also express pr. in terms of s, namely

2,2
2 2 2 s —2m 2
= E?_ = _
i = it = (52

_ §2 —4dm?s + dm* — Am* _ §2 — dsm? . (1.589)

4m? 4m?
This in turn implies that
(s — 4m2
pL = —s(s ™) , (1.590)

2m

and so s > 4m? must be satisfies for the process to occur. 4m? is thus
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the threshold value of s. With these results
1 d°p3 d°py
2+/s(s — 4m2) Ja (21)32wp, (27)32wp,

x 2m)*6W (p1 + p2 — p3 — pa) ITif*. (1.591)

022

For identical final particles the combinatorial factor 1/2! would need
to be included. While the prefactor 1/+/s(s — 4m?) is Lorentz invariant,
the integral part of (1.591) is invariant only under collinear boosts.
For computational purposes it is particularly convenient to move to
the COM frame. In this case the incident particles have the respective
3-momenta in the z direction p and —p, and energies v/s/2 and v/s/2.
Consequently

n=(%

7/0/0/17) , P2 = (?,0,0,_}7) . (1592)

Since

o= o i‘p2:m2 = p= /i—m2, (1.593)

and p1 +p2 = (v/5,0,0,0).

In computing o> > we need to evaluate (wp, = Ep)

d3p3 d3p4 4
21)*6 (Ep, + Ep. —
/A(2n>32E,,3 @np2E,, " (Ep, +Epy —V5)

x 6% (py + py)ITifl*. (1.594)

We now extend /A /A to /R3 /]R3. The latter yields the so-called total cross
section 0o 2 2. In this setting the integral (1.594) reduces to

d3P3 2
———— 6 (Ep, + E,, — T:r|~. 1.595
./]Ra (27r)24E12,3 (Ep, + Epy = V5) ITiy| ( )

At this stage we use that py = —p3, which in turn implies that E,, =

Ep, = \Jm? + |p3]2. Next, we denote W = E,_ + E,, = 24/m? + |p5|> and
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write the integral in (1.595) as

E
/]Rs (271')22E§3 O = Vs)

|psl? 5

= /dQ(Ps)d|P3|m5(W— Vs) = {Eps =Ep, = 7}
_ /dQ(Pg) s _ [ dw _ 2lpsl  _ 2ipyl

(2m)2s |%‘ dipsl  \m? +|p;? Ep,
_ /dQ(P:s) lPs(s)l Vs _ /dQ(p3) Vi-m
T e 2 2 ) @em4 s
_ /dQ(Ps) Vi_mz (1.59)
- 1672 s :

By combining (1.591), (1.595) and (1.596) we get for the total cross
section

1 Vs — 4m?
2+/s(s — 4m2) 16722+/s

1

= dQ(p3)|Tif|*. 1.597
s | 40wy (1597

Ttot,2 2

/ dQ(py)|Tiy

From this formula we can read off corresponding rate of change of the
cross section with respect to solid angle, i.e.,

dop o 1 2
- T2 1.598
dQ(p;)  64n2s ] (1.598)

This is the so-called differential cross-section fro two-body elastic scat-
tering of non-identical (but equal mass) particles. Formula (1.598)
works also for more general 2 — 2 scatterings such as, e.g., e"e* —

Hopt

Note on Frames

In laboratory frame we have seen (cf. Eq. (1.582)) that

0102|v12| = 4dmy|py| = 2vs(s — 4m?).
N———
Lorentz invariant under collinear boosts

This fact was used in deriving (1.597). This can be written in the
explicitly Lorentz invariant form

4\/ (P1p2)? - pip; = 4\/ (P1p2)? —mms3 .

Indeed, if we go to laboratory frame p; = (E1,0), p2 = (E», p,), then
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the previous formula acquires the form

4JE2E2 “EXE2-p?) = 4\E2p2 = dipslEr

|ps|
4EZEBE = vilpips,
E;

where on the last line we used that p; = 2E; and pp = 2E; (cf.
Eq. (1.581)).

Cross sections — summary and generalizations

(number of events)/r
pBVNT

number of events per unit time and unit target particle

incident flux

Here, the incident flux = pgv = (pgvtA)/(tA) = (pgV)/(tA) = num-
ber of incoming particles per unit time and unit area.

Q)T 126 (py — pi)
7 4\ J(p1p2)? —mim3

which in differential form reads as

> Open =

1 n)* N
dopes = 5 TrPoi—pp) | | di.
4\/(p1p2)? = m2m3 =3
3
Here dp = _9Pi__ s the Lorentz invariant measure for bosons.
@n) 2wy,

The factor S = [1]; k;! must be included for identical particles (k;
identical particles of species i) in the final state.

doan 1
dQ(p;)  64n>s

|T;f |

Which is valid for equal-mass (non-identical final) particles in
the COM frame. Here Ty; = 7(p1, p2, —p3, —P4)amp and Z = 1 at
tree level.

Further important use of the S matrix elements is in computations
describing a decay of unstable particle. As an example we consider
interaction described by the Lagrangian

L = —gd)(x)goz(x). (1.599)

The corresponding tree level interaction vertex is

m

M P1
*)—< (1.600)
Pi —1g\ P2

m
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The initial state is a single unstable particle state P; = (M, 0) in the
rest frame of the unstable particle. The S matrix describing the decay
described on (1.600) is

Spi = (pL,palSIPy) = iQr)*6W(p1+p2— P) Ty (1.601)

In the lowest order in g we have Ty; = (=i)3(~ig) = g. Thus the corre-
sponding probability of transition (decay) is

= ISu1* = > @0t 0)@r) W (py + pa - P ITi? . (1.602)
N’
=VT

p1,P2

So, the rate of transition per unit volume is

Pfl

= o7 = @ 3 %1+ pa =P Tl (1.603)

P1,P2

For the rate of transition per particle we might thus write

w Pyi 2n
r=2--1_ ( ! o 2 0o = POITEE . (1604)
p  pVT
PLP2
Here p = 2E which is 2M in the rest frame. Consequently, to the lowest

order in g we have

Qn)* 51 &*p, Ppy
r =~ ) +pr—P;
oM 8 21 ) @n)P2E,, 2n)2E,, (P1+p2=Fi)
d°p,
- S(E,. +E, —M). 1.605
(2n)24M/4E g, O ¥ Ep = M) (1.605)

Here the factor 1/2! must be included because the final particles are
identical. By using the fact that in the rest frame of unstable particle
p1+py =0, then E, = E, = +m?+ |p;|?. With this the momentum
integral in (1.605) simplifies to

{W = Ep, + Ep, =2{/m? + |p1|2}

/ d\py11p1 PdApy)5(W - M)

Ji d9<p1)|

/d3p16(W -M)

W pisw - M), (1.606)

dlp|

Applying further that

dw _ 2lps| _ 2lps| _ 4lpal

dipil Ep B % M

MZ M2_4 2
Pyl = \JEZ, —m? = T_mZ:\/Tm’ (1.607)
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we arrive at

Q 2 2 Q ————
d |p1| — 8 1 d M2_4m2

g 1
r = @m/m—m pecyyva YYe
M P1

2
& a2 2
= M?* —4m=. 1.608
327 M? ( )
Particle decay is a Poisson process, and Since density of unstable particle decays proportionally to e, the
hence the probability that a particle sur- 1/T represents the mean lifetime of a particle.

vives for time ¢ before decaying is given
by an exponential distribution.
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