
Problem 20. Using canonical commutation relations show that if the symmetry gene-
rators form a Lie algebra

[Ta,Tb] = icabcTc, (1)

then the total charges obey the same algebra:

[Qa, Qb] = icabcQc. (2)

Solution. Following relations are used during the procedure:

� Noether current:

Jaµ = −i ∂L
∂(∂µφr)

[Ta]rqφq, (3)

� Noether charge:

Qa =

∫
Ja0 (x) d

3x = −i
∫
πr(x)[Ta]rqφq(x) d3x, (4)

� canonical commutation relations:

[φr(x), πs(y)] = iδrsδ(~x− ~y), [φr(x), φs(y)] = 0, [πr(x), πs(y)] = 0. (5)

Let’s compute commutator of Charges:

[Qa, Qb] =

[∫
Ja0 (x) d

3x,

∫
Jb0(y) d

3y

]
=

∫ (∫
[Ja0 (x), J

b
0(y)] d

3y

)
d3x. (6)

Commutator [Ja0 (x), J
b
0(y)] can be rewritten in terms of Ta and Tb as follows:

[Ja0 (x), J
b
0(y)] =

(3)

[
−iπr(x)[Ta]rqφq(x),−iπm(y)[Tb]mnφn(y)

]
=
(5)
− [Ta]rq[Tb]mn (πm(y) [πr(x), φn(y)]φq(x) + πr(x) [φq(x), πm(y)]φn(y))

=
(5)
− [Ta]rq[Tb]mn (−iδrnδ(~x− ~y)πm(y)φq(x) + iδqmδ(~x− ~y)πr(x)φn(y))

=iδ(~x− ~y)
(
[Ta]nq[Tb]mnπm(y)φq(x)− [Ta]rq[Tb]qnπr(x)φn(y)

)
=iδ(~x− ~y)

([
TbTa

]
mq
πm(y)φq(x)−

[
TaTb

]
rn
πr(x)φn(y)

)
. (7)

Plugging this result into equation (6), one can obtain:

[Qa, Qb] =i

∫ (∫
δ(~x− ~y)

([
TbTa

]
mq
πm(y)φq(x)−

[
TaTb

]
rn
πr(x)φn(y)

)
d3y

)
d3x

=i

∫ ([
TbTa

]
rn
−
[
TaTb

]
rn

)
πr(x)φn(x) d

3x

=− i
∫ [

Ta,Tb
]
rn
πr(x)φn(x) d

3x

=icabc
(
−i
∫
πr(x) [Tc]rn φn(x) d

3x

)
=icabcQc. (8)
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